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Abstract :We present the min-max construction of critical points of the area in arbitrary closed
sub-manifold of euclidian spaces by penalization arguments. Precisely, for any immersion of a closed
surface 3, we add to the area functional a term equal to the LY norm of the second fundamental form of
the immersion times a “viscosity” parameter. This relazation of the area functional satisfies the Palais-
Smale condition for q > 2. This permits to construct critical points of the relared Lagrangian using
classical min-max arguments such as the mountain pass lemma. The goal of this work is to describe the
passage to the limit when the “viscosity” parameter tends to zero. Under some natural entropy condition,
we establish a varifold convergence of these critical points towards a possibly branched smooth closed
minimal surface realizing the min-mazx value. This method opens the door for exploring new min-mazx
values based on homotopy groups of the space of immersions of surfaces into sub-manifolds of arbitrary
dimension.

Math. Class. 49Q05, 53A10, 49Q15, 58E12, 58E20

I Introduction

The study of minimal surfaces, critical points of the area, has stimulated the development of entire fields
in analysis and in geometry. The calculus of variations is one of them. The origin of the field is very much
linked to the question of proving the existence of minimal 2-dimensional discs bounding a given curve in
the euclidian 3-dimensional space and minimizing the area. This question, known as Plateau Problem, has
been posed since the XVIIIth century by Joseph-Louis Lagrange, the founder of the Calculus of Variation
after Leonhard Euler. This question has been ultimately solved independently by Jesse Douglas and Tibor
Radé around 1930. In two words the main strategy of the proofs was to minimize the Dirichlet energy
instead of the area, which is lacking coercivity properties, the two lagrangians being identical on conformal
maps. After these proofs, successful attempts have been made to solve the Plateau Problem in much more
general frameworks. This has been in particular at the origin of the field of Geometric Measure Theory
during the 50’s, where the notions of rectifiable current which were proved to be the ad-hoc objects for
the minimization process of the area (or the mass in general) in the most general setting.

The search of absolute or even local minimizers is of course the first step in the study of the variations
of a given lagrangians but is far from being exhaustive while studying the whole set of critical points. In
many problems there is even no minimizer at all, this is for instance the case of closed surfaces in simply
connected manifolds with also trivial two dimensional homotopy groups. This problem is already present
in the 1-dimensional counter-part of minimal surfaces, the study of closed geodesics. For instance in a
sub-manifold of R? diffeomorphic to S? there is obviously no closed geodesic minimizing the length. In
order to construct closed geodesics in such manifold, Birkhoff around 1915 introduced a technic called
”min-max” which permits to generate critical points of the length with non trivial index. In two words this
technic consists in considering the space of paths of closed curves within a non-trivial homotopy classes
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of paths in the sub-manifold (called “sweep-out”) and to minimize, out of all such paths or ”sweep-outs”,
the maximal length of the curves realizing each ”sweep-out”. In order to do so, one is facing the difficulty
posed by a lack of coercivity of the length with respect to this minimization process within this "huge
space” of sweep-outs. In order to ”project” the problem to a much smaller space of ”sweep-outs” in which
the length would become more coercive, George Birkhoff replaced each path by a more regular one made
of very particular closed curves joining finitely many points with portions of geodesics minimizing the
length between these points. This replacement method also called nowadays “curve shortening process”
has been generalized in many situations in order to perform min-max arguments.

Back to minimal surfaces, in a series of two works (see [6] and [7]), Tobias Colding and Bill Minicozzi,
construct by min-max methods minimal 2 dimensional spheres in riemannian manifolds. The main
strategy of the proof combines the original approach of Douglas and Radd, consisting in replacing the
area functional by the Dirichlet energy, with a ” Birkhoff type” argument of optimal replacements. Locally
to any map from a given ”sweep-out” one performs a surgery, replacing the map itself by an harmonic
extension minimizing the Dirichlet energy. The convergence of such a ”harmonic replacement” procedure,
corresponding in some sense to Birkhoff “curve shortening procedure” in one dimension, is ensured by
a fundamental result regarding the local convexity of the Dirichlet energy into a manifold under small
energy assumption and a unique continuation type property. What makes possible the use of the Dirichlet
energy instead of the area functional, as in [32], is the fact that the domain S? posses only one conformal
structure and modulo a re-parametrization any W12 map can be made almost conformal (due to a
fundamental result of Charles Morrey [24]). This is not anymore the case if one wants to extend Colding-
Minicozzi’s approach to general surfaces. This has been done however successfully by Zhou Xin in [39] and
[40] following the original Colding-Minicozzi approach. These papers are based on an involved argument
in which to any ”sweep-out” of W12—maps a path of smooth conformal structures together with a path
of re-parametrization are assigned in order to be as close as possible to paths of conformal maps.

Because of the finite dimensional nature of the moduli space of conformal structures in 2-D, and
the “optimal properties” of the Dirichlet energy, Colding-Minicozzi’s min-max method is intrinsically
linked to two dimensions as Douglas-Radé’s resolution of the Plateau problem was too. The field of
Geometric Measure Theory, which was originally designed to remedy to this limitation and to solve the
Plateau Problem for arbitrary dimensions in various homology classes, has been initially developed with
a minimization perspective and the framework of rectifiable currents as well as the lower semicontinuity
of the mass for weakly converging sequences was matching perfectly this goal. In order to solve min-
max problems in the general framework of Geometric Measure Theory, the notion of varifold has been
successfully introduced by William Allard and by Fred Almgren. A complete GMT min-max procedure
has been finally set up by Jon Pitts in [26] who introduced the notion of almost minimizing varifolds
and developed their regularity theory in co-dimension 1. Constructive comparison arguments as well as
combinatorial type arguments are also needed in this rather involved and general procedure (The reader
is invited also to consult [5] and [19] for thorough presentations of the GMT approaches to min-max
procedures).

The aim of the present work is to present a direct min-max approach for constructing minimal surfaces
in a given closed submanifold N™ of R™. The general scheme is simple : one works with a special subspace
of C* immersions of a given surface ¥, one adds to the area of each of such an immersion P a relaxing
“curvature type” functional multiplied by a small viscous parameter o

A% (®) := Area(d) + 02/E curvature terms dvol, (L.1)

where dvol, is the volume form on X induced by the immersion ®. The “curvature terms” is chosen in
order to ensure that A7 satisfies the Palais-Smale property on the ad-hoc corresponding Finsler manifold
of C'—immersions. This offers the suitable framework in which the mountain path lemma can be applied.
Once a min-max critical point of A7 is produced one passes to the limit ¢ — 0- - -



More precisely, we introduce the space s, of W??2P—immersions d of a given closed surface % for
p>11into N® C R™. It is proved below that this space has a nice structure of Banach bundle modeled
on the Banach space W?22P(3%,R™). For such immersions we consider the relaxed energy

. - S P
A% (®) := Area(®) + 02/ {1 + |H<§|2} dvol,
)

where gg and ]_I;i; are respectively the first and second fundamental forms of 5(2) in N™. Unlike previous
existing viscous relaxations for min-max problems in the literature, the energy A? is intrinsic in the sense
that it is invariant under re-parametrization of & : A°(®) = A?(® o W) for any smooth diffeomorphism
U of 3. Modulo a choice of parametrization it is proved in [16] and [14] that for a fixed o # 0 the
Lagrangian A satisfies the Palais-Smale condition. Hence we can consider applying the mountain path
lemma to this Lagrangian. Our main result in the present work is the following convergence theorem.

Theorem I.1. Let N™ be a closed n—dimensional sub-manifold of R™ with 3 < n < m—1 being arbitrary.
Let ¥ be an arbitrary closed riemanian 2-dimensional manifold. Let o, — 0 and let @y be a sequence of
critical points of

A% (D) := Area(P) + 0']%/ [1 + |]f(£|2}p dvoly
b

in the space of W22P —immersions of ¥ and satisfying the entropy condition

- P 1
2 1+ Iz |?| dvol,. = () 1.2
O-k:/g { g, | ] VOlgg, = O log o ! (1.2)

Then, modulo extraction of a subsequence, there exists a closed riemann surface S with genus(S) <genus(X)
and a conformal smooth harmonic map ®o, from S into N™ such that

lim A% (®)) = Area(Poo)

k—+oco

Moreover, the oriented varifold associated to (I;k converges in the sense of Radon measures towards the
oriented stationary integer varifold associated to P, which is a smooth sub-manifold away from at most
finitely many isolated points . O

The main difficulty in proving theorem I.1 in contrast with existing non intrinsic viscous approxima-
tions of min-max procedures in the literature is that there is a-priori no e—regularity property independent
of the viscosity o available. Indeed the following result is proved in [22].

Proposition 1.1. There exists Py € C>(T?,5%) and o, — 0 such that dy, is a sequence of immersions,
critical points of A%, which is conformal into S® from a converging sequence of flat torii R?/Z + (ay +
iby)Z towards R?/Z + (aoo + i boo)Z, for which

lim sup A%* (®y,) < 400

k——+oo

such that also ®y, weakly converges to a limiting map O in WE2(R2/Z 4 (a0o + ibso)Z,S3) but o,
nowhere strongly converges : precisely

Y U open set in R?/Z + (oo + i boo)Z / Voo |? da? < liminf/ V&, |? da?

a

IThe condition p > 1 ensures that @ is C1. This last fact permits to use the classical definition of an immersion. The
case p = 1 was considered in previous works by the author where the notion of immersion had to be weakened.



In order to overcome this major difficulty in the passage to the limit o — 0 we prove a quantization
result, lemma III1.2, which roughly says that there is a positive number @)y, depending only on the target
N™ C R™, below which for k£ large enough, under the entropy condition assumption, there is no critical
point of A%+. This result is used at several stages in the proof. The main strategy goes as follows. We
first establish the stationarity of the limiting varifold. The proof is based on an almost divergence form of
the Euler Lagrange equation associated to A° following the approach introduced in [28] for the Willmore
Lagrangian in R™. The existence of such a an almost divergence form is due to the symmetry group
associated to the same Lagrangian in flat space and the application of Noether theorem (see [1]). As in
[22], the exact divergence form in Euclidian space is just an almost-divergence form in manifold. Next we
choose a conformal parametrization of dy on a possibly degenerating sequence of riemann surfaces (3, hy)
(where hy denotes the constant curvature metric of volume 1 conformally equivalent to 613;2 gnn). We use
Deligne Mumford compactification in order to make converge (3, hy) towards a nodal riemann surface with
punctures (see for instance [12]). We then use the monotonicity formula, deduced from the stationarity,
in order to prove that away from a so called oscillation set the limiting volume density measure on the
thick parts of the limiting nodal surface is absolutely with respect to the Lebesgue measure. We then use
the monotonicity formula again in order to prove the quantization result lemma II1.2. This quantization
result is used in order to show that the limiting volume density measure restricted to the oscillation set
is equal to finitely many Dirac masses. The quantization result is again used in order to prove that for
the weakly converging sequence @, there is no energy loss neither in the necks in each thick parts of the
limiting nodal surface, nor in the collars regions separating possible bubbles, which are possibly formed
(see lemma II1.6). The previous results are proved to show the rectifiability of the limiting varifold (see
lemma II1.7). We then prove that there is no measure concentrated on the set of points where the rank
of the weak limit ®.. on each thick part and on each bubble is not equal to 2. Finally we use all the
previous results to prove a strong W1 2—bubble tree convergence of the sequence & on each thick part
(lemma II1.11) which gives in particular that the limiting rectifiable stationary varifold is integer. The
last lemma, lemma II1.14, establishes that the limiting map is a conformal target harmonic map on each
thick part of the nodal surface and on each bubble. A proof of a point removability result realizes the
main core of the proof of lemma II1.14. Finally we use the regularity result of [30].

Theorem 1.1 can be used to prove various existence results of optimal surfaces realizing a min-max
energy level. We first define the following notion.

Definition I.1. A family of subsets A C P(M) of a Banach manifold M is called admissible family
if for every homeomorphism Z of M isotopic to the identity we have

VAe A Z(A)eA

d

Example. Consider M := W>?2 (%, $3) for some closed surface ¥ and take for any ¢ € N and ¢ €

mm

7,(Imm(X), S?) then the following family is admissible

A= {<f> € CO(ST, W2 (S%R%));  st. [B] = c}

O
Our second main result is the following.
Theorem I.2. Let A be an admissible family either in Es, ,(N™) such that
inf max Area(®) = 8° > 0 (1.3)

A€EA Feca



then there exists a closed riemann surface S with genus(S) <genus(X) and a smooth conformal harmonic

map P from S into N™ such that =
Area(Po) = f°

d

This general existence result has to be put in perspective with the previous min-max existence re-
sults discussed above either in GMT (see [26], [34], [5], [19], [20]---) or in harmonic map theory (see
[6],[7],[39],[40]). First of all theorem 1.2 implies all the known existence results proved in these papers
for 2 dimensional objects in arbitrary codimensions. It’s novelty resides maybe in the fact that it gives a
direct approach to the construction of min-max minimal surfaces and does not require any ”replacement
argument”. We do not use the fact that the index in some sense is bounded and any notion like “quasi-
minimality”. The entropy condition (I.2), which is obtained using Struwe’s argument, however is central
in the proof. The viscosity approach gives, without any additional work, an upper bound of the genus of
the optimal surface. Such lower semicontinuity of the genus has been established in the GMT approach
in [9] in co-dimension 1 and was not given by the min-max procedure itself. As in the geodesic case
studied recently in [22] and where a passage to the limit in the second derivative is proved, the viscosity
approach could possibly give also informations on the limiting index. We hope to study these questions
in future works.

The second, and possibly main advantage, of the viscosity method resides in the fact that one can
explore min-max within the space of immersions of fixed closed surfaces. The spaces Imm(3, N™) offers
a richer topology than the space of integer rectifiable 2-cycles Z5(N™) considered by Almgren whose
homotopy type is more coarse.

In order to simplify the presentation and in particular the computations of the Euler Lagrange equation
to A° we are presenting the proof of theorem I.1, in the special case N™ = S3. There is however no
argument below which is specific to that case and the proof in the general case follows each step word by
word of the S3 case.

IT The viscous relaxation of the area for surfaces.
II.1 The Finsler Manifold of immersions into the spheres with L? bounded
second fundamental form.

For k € Nand 1 < ¢ < +oo We recall the definition of W*:¢ Sobolev function on a closed smooth surface
Y (i.e. X is compact without boundary). To that aim we take some reference smooth metric go on X

Wh4(8,R) := {f measurable s.t V];Of € L%, 90)}

where Vgo denotes the k—th iteration of the Levi-Civita connection associated to 3. Since the surface is
closed the space defined in this way is independent of gg. Let N™ be a closed n—dimensional sub-manifold
of R™ with 3 <n < m — 1 being arbitrary. The Space of W* into N™ is defined as follows

wWha(s, N = {5 e Wha(s,R™) d € N™ almost everyvvhere}

We have the following well known proposition

Proposition I1.1. Assuming kq > 2, the space W* (%, N") defines a Banach Manifold modeled on the
Banach space W* (X, R™). O



Proof of proposition II.1.
This comes mainly from the fact that, under our assumptions,

Wh(Z,R™) < CY%Z,R™) . (I1.1)

The Banach manifold structure is then defined as follows. Choose § > 0 such that each geodesic ball
BY"(2) for any z € N™ is strictly convex and the exponential map

exp, : V. Cc T,N" — BN"(2)

realizes a C*° diffeomorphism for some open neighborhood of the origin in T, N™ into the geodesic ball
BY" (). Because of the embedding (I1.1) there exists o > 0 such that

Vi, e WIS, N ||d—0|wea <o
= sty (@(z), U(2))|| Lo (s) <0
We equip now the space W#4(X, N*) with the distance issued from the W* norm and for any @ € M =

WH4(5, N") we denote by B2 (i) the open ball in M of center @ and radius &.
As a covering of M we take (B2 (i))zer. We denote by

E" =Ty (€ 'TN) = {& € WFI(S,R™) ; @(z) € TyyN" V 2 € £}

this is the Banach space of W*4—sections of the bundle @ 'TN and for any @ € M and ¥ € BX! (@) we
define % (%) to be the following element of E%

Veek @ (T) () == exp2} )(U(x))

u(x
It is not difficult to see that
W7o (W)t o @t (BM(a@) N BM () — @ (BX (@) N B ()
defines a C'*° diffeomorphism. O

For p > 1 we define

mm

Exp = W22 (52 N") = {cii € W24(x2 N") ; rank (d®,) =2 Vz € 22}

The set W22 (£2, N™) as an open subset of the normal Banach Manifold W22P(¥2, N™) inherits a

rmm
Banach Manifold structure.

We equip now the space Win%fl(E, N™) with a Finsler manifold structure on it’s tangent bundle (see

the definition of Banach Space bundles and Tangent bundle to a Banach manifold in [15]). For the
convenience of the reader we recall the notion of Finsler structure.

Definition I1.2. Let M be a normal Banach manifold and let V be a Banach Space Bundle over M. A
Finsler structure on V is a continuous function

l-1:v —R

such that for any r € M
|| : ||:c = H . |||7T*1({3:}) S @ norm on Vr



Moreover for any local trivialization T; over U; and for any xqg € U; we define on V, the following norm

Vaer {z})  0)la =17 (o, p(1:(F))) Il

and there exists Cy, > 1 such that

Veel Ca?()l H'||z§||‘||zo<czo ”Hx
O

Definition I1.3. Let M be a normal C? Banach manifold. T M equipped with a Finsler structure is
called o Finsler Manifold. O

Remark I1.1. A Finsler structure on T M defines in a canonical way a dual Finsler structure on T* M.
O

The tangent space to &y, at a point $ is the space ['yr2,2p ((1_5 “ITN™) of W22P —sections of the bundle
S-ITN™, ie.

3

T3Es, = {w € W22($2,R™) ; di(x) € Ty, N" Ve 22}

We equip T3Es , with the following norm

1/q
P
]| g == {/z [|V2y|2$ + |Vv|_(2]$ + \yﬂ dvol%} + [ VTlgz Iz

where we keep denoting, for any j € N, V to be the connection on (T*E)®J ® ®~ITN over ¥ defined by
V = V9% @ &*V" and V9 is the Levi Civita connection on (%,95) and V" is the Levi-Civita connection
on N".

We check for instance that V27 defines a C° section of (T*X)2 @ &~ 'TN.

The fact that we are adding to the W?2?2P norm of #' with respect to gg the L norm of [V,
could look redundant since W?22P embeds in W1, We are doing it in order to ease the proof of the
completeness of the Finsler Space equipped with the Palais distance below.

Observe that, using Sobolev embedding and in particular due to the fact W24(X, R™) — C1(%,R™)
for ¢ > 2, the norm || - || as a function on the Banach tangent bundle T'€s, ,, is obviously continuous.

Proposition IL.2. The norms | - ||g defines a C?*—Finsler structure on the space Es . O
Proof of proposition II.2. We introduce the following trivialization of the Banach bundle. For any
® € &, we denote P‘f’(m) the orthonormal projection in R™ onto the n—dimensional vector subspace
of R™ given by Ty N™ and for any € in the ball Bff"(fi')) for some &1 > 0 and any 7 € Tgls,, =
Ty2q(E1TN) we assign the map w(z) := P(I;(I)ﬁ(:z:). It is straightforward to check that for ey > 0
chosen small enough the map which to ¢ assigns @ is an isomorphism from Tgé'&p into Tg&s , and that
there exists kg > 1 such that V7 € TBff"’(qg)
kgt 10lle < llwllg < kg (191l
This concludes the proof of proposition II.2. O



I1.2 Palais deformation theory applied to the space of W*?”—immersions.
Theorem II.1. [Palais 1970] Let (M, ] -||) be a Finsler Manifold. Define on M x M

dw

— dt
dt

1
dp.g)i= it |
0

WENy ¢

w(t)

where
Qg i={weC([0,1,M); w(0)=p w(l)=gq}

Then d defines a distance on M and (M, d) defines the same topology as the one of the Banach Manifold.
d is called Palais distance of the Finsler manifold (M, | -||). 0

Contrary to the first appearance the non degeneracy of d is not straightforward and requires a proof
(see [25]). This last result combined with the famous result of Stones on the paracompactness of metric
spaces gives the following corollary.

Corollary IL.1. Let (M, ] -||) be a Finsler Manifold then M is paracompact. O

The following result? is going to play a central role in adapting Palais deformation theory to our
framework of W?2:2P —immersions.

Proposition I1.3. Let p > 1 and Ex.,, be the space of W??P—immersions of a closed oriented surface ¥
into a closed sub-manifold N™ of R™

Esp=W22P (52 N") = {5 € W22 N™) ; rank(d®,) =2 Va € 22}

mm

The Finsler Manifold given by the structure

q/2 1/f1
I3 = [/ [IV252, + Va2, + o1?] dvoz%] + 111V 3lgg Nl 5)

is complete for the Palais distance. O

Proof of proposition IL.3. For any ® € M and 7 € TgM we introduce the tensor in (T*E)®2 given
in coordinates by

2
Vi©dd +dd V=Y [vamia-azthazicii-va%a] dz; ® du;
2
=Y {vh 5700, O+ 0, @ VI g} dr; @ da;

where - denotes the scalar product in R™. Observe that we have

‘va@ ad + dd & Vi

< 2|V,
93

Hence, taking a C'!' path &, in M one has for 7 := 9,

2
||dT@d® + dPRdT] §$||Lm(z) = Z gfff gf;;l 0s(9g)ir 0s(98)1

0.k, 1=1 (11.2)

Lo (%)
= H |8S(g”d1'1 ® d{E]) 2‘

9%

= as “24
Lo (%) H‘ 93195 Loo (%)

2As a matter of fact the proof of the completeness with respect to the Palais distance is skipped in various applications
of Palais deformation theory in the literature.



Hence )
ds <2 / 10:® |5, ds (IL.3)
0

1
/O H |8sg$|§$

We now use the following lemma

Le= (%)

Lemma II.1. Let M, be a C* path into the space of positive n by n symmetric matriz then the following
inequality holds
Tr(M~2(0sM)?) > |05 log M ||> = Tr((0s log M)?)

Proof of lemma II.1. We write M = exp A and we observe that
Tr (exp(—2A) (0 exp A)?) = Tr (9, A)?

Then the lemma follows. O
Combining the previous lemma with (II.2) and (II.3) we obtain in a given chart

1 1 1
/ |05 log(g:5)]| ds < / \/Tr ((0slog g;5)?) ds < 2 / ||855\\5S ds (I1.4)
0 0 0

This implies that in the given chart the log of the matrix (g;;(s)) is uniformly bounded for s € [0,1] and
hence ®; is an immersion. It remains to show that it has a controlled W24 norm. We introduce p=gq/2
and denote

Hess,(®) := /E [1+|Vd®[} 17 dvoly,

and we compute
d - - = _
— (Hess, (®)) = p Aas|Vd<I>|§5 [1+ [Vad[;_ 1P~ dvoly,

ds
(IL5)
+ / 1+ [VaB[2, ] 0, (dvol,)
>
Classical computations give
Ou(dvolyy) = (VO,8,8)  dvol,,
93
So we have
/2[1+ VD] 1P Os(dvoly, )| < || [VO.®|,, ||Lm(z)/2[1+ VdB[2 |7 dvol,,

(11.6)

<l0.8l5 [ [1+[VdB, ) duol,

In local charts we have

2
5 ij  kl h 5 h 5
Vi, = S ol (V4 0n 855 50.8)
i g kol=1

Thus in bounding [y, 8S|Vd<1_5|2$ 1+ \Vd@gi]p*l dvol, . we first have to control terms of the form

2
/E > 0.9% g% <vgwiq;axkq>,vgméamq>>h [+ [Va®[7_]7~" dvol,, (IL7)

0.5,k =1 !



We write

Z asg”g{;f< iamké’,vgw'q;améh

i,7,k, =1
2
= Y 0929197 d% <ng 58M<I>,V’5m‘q;3ﬂ¢>
i,k Lt r=1 ¢ J h
2 2
ij ki h 2 oh 2
i.4.k,l,=1 \t,r=1 J h

Hence

-

/ Z 0593 g§f< 5  300,9, V) q;az,,cl>>h [+ [Vd®[2_|P~" dvol,,
i,7,k,l=1

IN

1095 g =) [ 11+ IVaBE,P duoly, (1L.8)

IA

.81, [ 1+ V4B )7 dvol,,

We have also

By definition we have

v (vh axké’) =V (vh 43%5) + R0, 8,0,8)0,, &

K

where we have used the fact that [0, 0, ®] = B,[s,0,,] = 0. Using also that [0, d,, B] = 0, since
V" is torsion free, we have finally

v (vh ~ax,c<1>) vh g (vh ~6S<I;)+Rh(8zi<13785<13)8xk§ (1L.9)

where R" is the Riemann tensor associated to the Levi-Civita connection V". We have

20,B 4+ V! 0P (11.10)

Vi 5 (V5 50.8) = (V2 5,

0., B
K

Hence

(IL.11)

10



Combining all the previous gives then

2
/ > gidio. <vg 500, 8, V" q;axl<13> dvol,,
b)) T4 T h

6,5,k 1=1 !

SC/
>

<V26S<§,Vd<i5>

[+ |[Vd®[2_ [P~ dvol,,

s (11.12)
+c/Z VO, By, VD] [1 4 [Vd®[2 77" dvol,,
IR imorey [ 10,8 [Va8lyg [1-+[Va2, 1 dvoly,
Combining all the above we finally obtain that
D Hess,(B)| < C']|0.8 5 [Hessp(é’HHessp@)l*l/?p (IL.13)

Combining (I1.4) and (II.13) we deduce using Gromwall lemma that if we take a C! path from [0, 1) into
M with finite length for the Palais distance d, the limiting map ®; is still a W22 —immersion of ¥ into
N™, which proves the completeness of (£, d). O

The following definition is central in Palais deformation theory.

Definition I1.4. Let E be a C function on a Finsler manifold (M, || -||) and B € E(M). On says that
E fulfills the Palais-Smale condition at the level B if for any sequence u, staisfying

E(up,) — B and ||DE,, ||lu, —0 ,
then there exists a subsequence U, and us, € M such that
d(up/, o) — 0
and hence E(us) = 0 and DE,__ = 0. O

The following result is the Palais Smale condition for the functional
- R Y
AZ(B) := Area(d) + o /E [1 + |]Iq;|2} dvol,

Theorem I1.2. Let p > 1 and &y, such that

lim sup Ag(CI;;C) < 400
k—400
and satisfying
lim  sup OAJ(Px) - W=0 . (I1.14)
k=Fee | g, <1
Then, modulo extraction of a subsequence, there exists a sequence of W22P—diffeomorphisms ¥, such
that @y converges strongly in &, for the Palais distance to a critical point of Aj. Moreover, if one

assume that ®y, stays inside a fized ball of the Palais distance one can take Vi (x) = x. O
Remark I1.2. The first part of this theorem has been proved in [14] in the flat framework which does
not differ much from our case of W22P—immersions into N™. The second part is a direct consequence of

the proof of proposition I1.8 above and is being used below since in the main Palais theorem I1.8 the flow
issued by the pseudo-gradient maintains the image at a finite Palais distance. o
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Definition I1.5. A family of subsets A C P(M) of a Banach manifold M is called admissible family
if for every homeomorphism Z of M isotopic to the identity we have

VAe A Z(A)eA

d

Example. Consider M := W24

4 (S%,R?) and take ¢ € m (Imm(S?,R?)) = Zy x Z then the following
family is admissible

A= {qB e ([0, 1], w2e

mm

(S%,R%) ; 8(0,) = B(1,)) and [B] :c}

We recall the main theorem of Palais deformation theory.

Theorem I1.3. [Palais 1970] Let (M, ||-||) be a Banach manifold together with a C1! — Finsler structure.
Assume M is complete for the induced Palais distance d and let E € CY(M) satisfying the Palais-Smale
condition (PS)g for the level set 8. Let A be an admissible family in P(M) such that

inf E(u) =
B =0

then there exists u € M satisfying
DE, =0
(I1.15)
E(u) =5

I1.3 Struwe’s monotonicity trick.

Because of theorem II.2, theorem II.3 can be applied to each of the lagrangian A7 for any admissible
family A of & ) satisfying
inf Area(®) = 8° > 0 IL.16
Jnf, max rea(®) = (I1.16)
However, beside the difficulty of establishing a convergence of any nature to the corresponding sequence
of critical points @, given by theorem II.3, although it is clear that

lim inf max A%(®,) = B°
c—=0A€A Fecp p( J) p

nothing excludes a-priori that
lim inf Area(® 0
o A ey Areal®e) <7
- P
and it could be that the smoothing part of the lagrangian o2 fz [1 + |]qu6 |2] dvol g does not go to zero.

In order to prevent this unpleasant situation where the smoothed min-max procedure is not approximating
properly the limiting min-max procedure, M.Struwe invented a technic consisting in localizing the action
of the pseudo-gradient close to the level set Area(®) = By exclusively. Precisely we have the following
result

12



Theorem I1.4. Let (M,]|-||) be a complete Finsler manifold. Let E° be a family of C' functions for
o € [0,1] on M such that for every ¥ € M

o— E°(¥) and o — 0,E°(%) (I1.17)
are increasing and continuous functions with respect to o. Assume moreover that
IDES — DEZ||ly < C(o) 6(|o —7]) f(E°()) (I1.18)

where C (o) € L72.((0,1)), 6 € LY. (Ry) and goes to zero at 0 and f € LS (R). Assume that for every o

loc loc

the functional E° satisfies the Palais Smale condition. Let A be an admissible family of M and denote

Then there exists a sequence o, — 0 and ¥; € M such that
E% (V) = Blor) » DE™(Fk) =0

Moreover vy, satisfies the so called “entropy condition”

1

o) log («%)

ao'kEUk (ik) =0

O
A proof of this theorem is given for instance in [31]
Theorem II.5. Let p > 1 and A be an admissible family either in Es, ,(N™) such that
inf Area(®) = ° > 0 11.19
jnf, max rea(®) = 3 (I1.19)
Then there exists o, — 0 and a family o of critical points of Aj* satisfying
lim Area(@) = and o? [ |1+ 2] dvol,, = !
i Areattn) =57 and oy [V Ra L] dvotan, =0 iog o
O

I1.4 The first variation of the viscous energies A7.

Let ® be a smooth immersion from a closed 2-dimensional manifold ¥ into the unit sphere S% C R%, let
W be an infinitesimal immersion satisfying 1 - ® = 0 and denote ®; : a sequence of immersions into S3
such that d®/dt(0) = . The Gauss map of the immersion is given in local coordinates by

L 0, Dy ND,, D
Ty = hpa | Oy N —2 L2 L (I1.20)
|0y, Dy A Oy, Dy

Assuming @ is expressed locally in conformal coordinates and denote e* = |9,, ®| = |0, ®|. We have

gy =1+t (a1 €1+ as €y + b‘ﬁ) + O(t) s (11.21)
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where &; = e 0y, ®. Since 7, - 0., P, = 0 and 7 - D, = 0 we have

dit
di

Since g;j := (“)mff) . 8%.(1;, we have

dt

(0) =—

(0) = 0y, @ - 0y, ® + 0,5 - 0, B

i+ g, €™ &

St

g

Sl
|

Il
_

7

-

\
St
g1
KL
St

i, dcf>>
g

3

= =

i

Since Y, gri ¥ = 0x; and gr; = €2 §;, we have

dg¥

We have also using (I1.22) and (II.24)

dldii|2. g
dt  dt

,j=1

e [axiéi Oy T+ O, B awiw}

2
> g0y, - awjﬁ)
2

. . dit
— 9 <d<1>®du7, dﬁ@dﬁ> n <d”; dﬁ>
93 g

b
— 9 <d<f®du7,dﬁ®dﬁ> YAH B -2 <d<ﬁ-du7, d(f>>g$ ;dﬁ>g

Finally, we have dvol% = /911922 — g%2 dx1 A dxo, hence

93

2
%(dvol%)(()) = [Z 9,.3 - aziw] dwy A doy = <d<i>’ : dw> dvol,,

=1

using (I1.25) and (I1.26) we obtain

d .
%Area(qn)

For any p > 1 we denote
F,(®

Using (I1.22) and (I1.25) we have
= [ f7 (d®;dw
= L (adia),
—2p / 1 <d<ﬁ.du7, dci>’>
b g

where f := [1 + |]T5|2}

d

@Fp(‘bt)

)

3

3

_ /E (48 :d) dvol,

t=0 P

- /E [1+|ﬁ§|2}; dvol,,

dvol,, —Qp/fp_l <d<f>®dw, dﬁ@dﬁ>
)

9%

; dﬁ> dvoly, + 4p / Pt H-@ dvoly
9z z

14
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(I1.22)

(I1.23)

(I1.24)

(I1.25)

(I1.26)

(11.27)

(I1.28)



-

I.5 The almost conservation laws satisfied by the critical points of A7(®).

The fact that A7 is C' in &y, is quite standard for p > 1 and is proved in [27]. Let & be a critical point
in &, of A7. We then have

Bads [[1+0° 7] dB] - 2p0® B d7s [ a6 [ i) - S i)
(11.29)
—2po? BA ds [fpfl (dit & dii) L, dcﬁ} L Ap fPLBAH=0 mD(%)

where f := [1 + |E5|2} as above and (dii @ dii) L, d® is the contraction given in local conformal coordi-

nates by
2
(dii ® dit) Lo, d® := e Y " 0,71 0,71 0, ® da;

ij=1

In conformal coordinates the equation becomes

B A div [[1+02f7] VB - 2p0? e 2 11 ((VitdVii; V8 )

(I1.30)
+2po? e 2 div [P Vii] - VD ﬁ] 4p? L EAH =0
We rewrite the first term in the second line.
2po? e div [P VA] - Ve 7
(I1.31)

= 2p0? e div [fp—l [Vﬁ+ Hvéﬂ V& i—2pa® V[P H] i

For any k = 1,2 we compute

2
So0u [0 [ui+ HOLS]| 00,8 = =00, (77 ] = O, (177 1]

i=1
Denoting V- := (0, +, —0s,+) and (V)*: := (9y,-, 0, ), we have then
2po” e div [f”*l [Vﬁ+ HV(f)H Ve = -2po? e V[ + (V)L [f77119,] ] (IL32)
Combining (I1.31) and (II.32) gives
2po? e div [P~ Vil VB it = —2po? V [fp—l Er] +2po? 7 H Vi
(I1.33)
—2po? e [V [P + (V)L [P 11, 7
So the equation (I1.30) becomes

d A div [[1—1—02]“’] Vo —2po? V [fp_l ﬁ} —2po? e 2 prl <Vﬁ®Vﬁ;V<§>

+2po? PV H Vi — 2po® e [V [P 1] + (V) [P 1)) f] =4po® PN O AH
(IL.34)
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The equation (I1.29) is also equivalent to the almost conservation law which holds in D’(X) and which
is due to the translation invariance of the integrand of Fj, in R? (see [1])

_div [[1 +o2fP] VB —2po? V {fp* ﬁ] —2po? e~ fp1 <Vﬁ®Vﬁ; v<f>>
+2po? fPVH Vi - 2po? e [V 1] + (V)L [f711,]] 7] +4po? o7 H o (IL35)

=[1+02(1—p) f2+ pa®fr'] |VO[* S
Finally we end up this section by quoting the following theorem

Theorem II.6. Let p > 1 and ® be an element in the space Exp of W?22P —immersions of a closed
surface 3. Assume ® is a critical point of A7 (CI;) then ® is C™ in any conformal parametrization. O

Remark I1.3. A proof of theorem I1.6 has been given in [14] without balancing constraints and for C*
immersions into the euclidian space. The method of proof in [14] relies on the work of J.Langer with the
decomposition of the immersion into the union of graphs. O

III The passage to the limit 0 — 0 with controled conformal
class.
The goal of the present section is to prove the following theorem

Theorem III.1. Let p > 1 and let §k be a sequence of critical points of A7* in the class Es , where
or — 0 and satisfying

0 < limsup Area(®y) < 400 (ITL.1)
k—4o00
and .
o2 E,(8)) = o2 / [1+|Hq; 2 rdvolga —0<> . (I11.2)
> R T log(1/a%)

Assume moreover that the conformal class associated to (X, g5k) 18 precompact in the moduli space, then,
modulo extraction of a subsequence, there exists a closed riemann surface S with genus(S) <genus(X)
and a conformal target harmonic map ®o, from S into N™ such that

lim A% ($;) = Area(P)

k— 400

and the oriented varifold |Ty| equal to the push-forward by o of ¥ converges in the sense of Radon
measures towards the oriented stationary integer varifold associated to ®o,. The surface S is moreover
either equal to the union of ¥ with finitely many copies of S% or is equal to finitely many copies of S%. O

In order to prove theorem III.1 we shall need several lemma.
Lemma II1.1. Under the assumptions of theorem III.1 the sequence of varifolds |Ty| equal to the push

forward of ¥ by 3, converges, modulo extraction of a subsequence, towards a stationary varifold. In
particular, introducing the Radon measure in S® given by

< iy >i= / o(Br) dvol,; (I11.3)
>
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L converges modulo extraction of a subsequence to a limiting Radon measure | satisfying the following
monotonicity formula

d Cr ~ Br
YV q€ supp(pioo) Vr >0 p {w] >0 . (I11.4)

for some C > 0 independent of ¢ and r. O

Proof of lemma ITI.1. The monotonicity formula for the limiting measure i, is a direct consequence
of the fact that |Tj| converges towards a stationary varifold (see [2] and [33]). So it would suffices to
prove this last fact in order to get (II1.4). However the proof of both statements (that can be proven
independently of each other) are very similar. In the first case it suffices to prove that for any vectorfield
X we have

4
. . = 2 _(E).B 512 2 _
Jim [ diva X ane = i | 2 (0, X (Br) V0L VBi) = X(By) - By [VE[2| da® =0
(I1L5)
where M}, := ®4,(X) and &), = (®1,---,®%). The computations for proving (IIL.5) are more or less the

same as the one for proving (II1.4) and we shall only present the later since we shall revisit them in the
forthcoming lemma IT11.2.

We omit to write explicitly the o and k indices when there is no possible confusion. For any ¢ € S3
and any radius 7 small enough, Simon’s monotonicity formula ( see [33] chapter 4) applied to ® () (which
is a smooth immersion for any k) that we see as a varifold from R* gives

1 iAD —q)|?
d [/ dl] :dl/* @A DLE P |,
dr | L(BA(@) dr | Ja-1(Baa) B — gl

o

2r% Jg-1(Ba(q)
RS

- 2% Jimay

(® — ) d*d® dvoly, (I11.6)
(® — q) - d**d® dvoly,
Using the form (I1.35) of the equation (II.35) we obtain
—[ (® —q) - d*#d® dvoly, = / (®— ) - AD da?
B-1(B4(])) -1(BX(q))
_ —[ (& — ) - div [02 FLFVE - 2p (H Vit — e < VgV Ve >)]}
H(BA@)
+2po? / (®—q)-div[e® [V [P+ (V) [f7'1,] | 7] da? (IIL.7)
E-1(BH(@)
+2p02[ (5—@’)~A{fp*1ﬁ} da?
(B(@)
—[ [14— (1—p)o? fP+po? fp_l] (5—@')5|V<§\2 dz?
(B(@)

Regarding the second to last line observe in one hand that (& — §) - ® = 1 — cos (®,7) = O(r2) hence

1 C
< = / dvoly (111.8)
HBXMD)

7/ (®—q)-D|VD|? da?
$-1(BA())

r3
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and in the other hand, again for fixed r and ¢, as k — 400

[ [(1-p)o® P+ po 7] (- )-8 |VE] da?
H(B())

(I11.9)
< C 02 Fy(®) +C o M(T)? [F, ()P =0

Integrating by parts each of the two first lines in the r.h.s. of (IIL.7) gives
7/* (@ — @) - div [02 UV - 2p (H Vit — e < VAQVH; VE >)]]
H(BD)
+2p o / @—q)-div[e? [T ]+ () [P 1] 7] da?
- 1(BX))
= o2 / o [f|V§|272pHVﬁ-V§+2p(ffl)62>‘}] da?
HB)

—02/ fP o8 (&) - 2p o H 0t (& — (ITL10)
L(0B(q))

+2po? / el <8Vﬁ~Vﬁ,V(f-(‘f—zj)> dl
$-1(0BX(D)
a0t | D @)t [ 0oy [P — a0 [V]]
$-1(8BL(]))
Fapot [ e @i [ ] 4 0 [P R @
(0B())

Where v is the outward unit (in the coordinates ) normal to ®~1(B%(7)) and is given explicitly by

v = (00| ® — 41,05, ® — @1)/IV|® — g

This is nothing but the normalized gradient of the function distance to ¢. We clearly have

lim o2 / U FIVO2 —2p H Vit -V + 2pe® (f — 1)]} dz? =0 (ITL.11)
B-1(BA(@)

k—+oo

Multiplying (IIL.10) by an arbitrary compactly supported function x(r)/r® in R% and integrating over
R% gives successively

dr - o B L
02/ X(T)i‘g o [fpay(l)-(q)—(j')—prp1H8Vn-(q)—®} dl
R, r Jé-10B2(@)

dr >
+2p02/ x(r) / frl (0 ViE, Ve - (- §)
Ry 7% Jo-10msay < )

= o2 / X(|§—(ﬂ) l ‘V| (ﬂ‘z prp V‘CI) _1 <vﬁ(q§q)>] da2 (III.lQ)
p

ERE TR
+2po? /E (18 = @) <|V;_:ﬂ;| Vi, Vi, VS - (& —q)>

— 0 ask— +oo
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where we have bound the r.h.s. of (III.12) by a constant depending on x times Usz(é)

st [ G [ e @ o, ) a@
R, $-1(0B1(D)

r

dr _ _
+2po? / x(7) ?ﬂ e 2)‘( —q) -7 [VQ [fp 11[(1)1]] di
Ry @-1(0BA())

r

. G .
——po’ /X(|<1>—q-1) ((f) fﬁﬁ €72 0,18 — @12 0, [/ 1] | da®
) —4q

SN It R -
#pet [ ME ) (T [ ol o [ 1]

Integrating by parts the r.h.s of (II1.13), we have using again (I11.15)

=4 (é—(f) — — 5 p—
p o [ 20E ) [ 06 o [ )

(#-a)
-

_ = > S—q) 7| _ =
= po? /pr 1]I?1le(|<b—q_]) (5—4)1416 2\ V|q)_cj12dx2

+pot [ x(E-a) 7|7 0l a0, [

., SN o/ R
wpe® [ d ) T [ iE g

We recall that we have respectively
V- (6_2’\ V@) =2¢ 2D, and (V)L (e_z)‘ Vcﬁ) = 2¢ 2 I,

combining these identities with the fact that ® is conformal we deduce that

v [em V|<I>Lq-12] — 2V [e*% V(<f>f¢j’)} (B2 V@ - V(-

=4, (-9

Combining (ITI.14) and (I1I1.16) we deduce

‘— po [ x(-a) g_‘_ﬁi e 0,18 — 12 0, [T

spot [ 8- (@ 1"

< C 02 Fy(®)+C o M(T)Y? [E,(®)' /7 =0

o ol o 12|

19

. We also obtain

(111.13)

(I11.14)

(IT1.15)

(I11.16)

(I1.17)



So finally deduce that for any x compactly supported in R* we have
d - = . -
—/ x(r) —g/ (@ — @) - div {02 Ve - 2p (H Vil — e < ViaoVii; Vo >>]} da?
Ry ™ Je-1(B(q)

+2po? / NOEA / @ — ) div[e? T[]+ () [P1%] 7] da?
Ry " JE3-1(BXD)

—0

(T11.18)
It remains to bound

:/ x(r) =o /fl(Bm)V(é—qu[fp—l ﬁ} da? (I11.19)

dr - 1=
S RCE ) @90, [ H] @
R, r $-1(0B4(D)

The last integral in the r.h.s. of (II1.19) is equal to

—

dr - _
—/ X(r) —302[ (& —q)-0, [/ d] @
Ry T §-1(9B1(@)

== [ (F-a) ViF-a- <v ] |§__;> da?

(I11.20)

We integrate by parts and we observe that in the domain where x(|® — g]) # 0 we have
(5—®%ﬁa_W@2_W@—ﬂP

|® —q] [®—q |24
and using the fact that A® = —® |[V®|2 + H |VP|? we finally obtain

Al®—q =

g & (F-q VIR VEE |VIE
| - g @ — g | - d @ — g
Hence combining (II1.20) and (I11.21) we obtain
dr - 1A
x(r) o @-q)-0, [/ H| @
R r $-1(0BH()

< Cy 0% Fy(®) + Cy o M(T)'V7 [F,(8)]'17 =0

Al —q =— (I11.21)

(111.22)

Taking now the first integral in the r.h.s. of (II1.19) we have

dr - o=
IRGELN) V(& gV [ ] de?
Ry r @-H(BHD)

d 3 3
:—:/ xw»%UZ/: N (IT1.23)
R4 r

e~ (BHD)

vt [(F-a) VIF—a- (V@ -, ) a0t
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So we have also

dr - 1~
/ X(r) %o’ / V@)V [ | da?
re o Jiamaay

(I11.24)
< Cy 02 Fy(®) + Cy 0> M(T)V? [F (@)1 =0
Combining (IT1.19) and (II1.22) and (III1.24) we have
/ x(r) d—§a2 [ (-7 A [fp—l Iﬂ da? (111.25)
Ry r @=H(BXD)

Combining now (II1.7), (I11.8), (111.9), (I11.18) and (II1.25) we have that for any fixed non negative x(r)
compactly supported in R¥ and any ¢ € R*

o 1
— ()dr—/ dvolg, >
/o r? Sy

> 1
-C / x(r) dr f/ dvoly_ + o (1)
0 "JE N (BY@) g

Taking s the Radon measure on R* given by (II1.3) this can be rewritten as

(I11.26)

- [0 b B @) 2 ¢ [T x0) dr L (BHD) + o)

We extract a subsequence such that py converges weakly in Radon measure and we finally obtain that
for any fixed non negative x(r) compactly supported in R* and any ¢ € R*

_/OOX’( ) dr 2MOO(B4 D) > c/ ) dr fuoo(B‘*(cD)
0

which classically implies (II1.4) and lemma III.1 is proved. O

The next result establishes a uniform lower bound of the limiting area for any sequence of immersions
satisfying the assumptions of theorem III.1. This result is the “work-horse” in our proof of the main
theorem and shall be used crucially at several steps. Precisely we have the following result

Lemma II1.2. [Global Energy Quantlzatlon] There exists Qg > 0 such that the following holds. Let
Y. be a closed surface. Let p > 1 and let dy be a sequence of critical points of A7* in the class & p Where
or — 0 and satisfying

lim sup Area(®,) < 400 (I11.27)
k—+oco
and )
2F<i>’:2/1 I 2 1P dvoly, =o(——r— | Area(®y) . 111.2
ok Bl ) =k | [+, Jg,, )7 dvolsg, =0 1oo75,7 ) Areal®s) (2
then,
lim inf Area(®y) > Qo > 0 (I11.29)
k—+oco

Proof of lemma III.2. We denote as usual



Let n > 0 to be fixed later. We omit to write the subscript k. For any ¢ € 5(2) we consider the
4-dimensional ball in R*, B2(q) centered at ¢ with radius 0. We consider the subset E,, of ®(X) given by

E, = {cje 3(x)cs® 0—2/ dvoly, < n}
Bi(

DNPL(D)

From the covering (B2(q))ger, we extract a Besicovitch sub-covering (B3 (q;))icr such that each point in
R* is covered by at most N balls where N is a universal number. Using Simon’s monotonicity formula
we have for each i € I (see [27])

271' 1 —md
—2 R* |2
o dvol,. > — — f/ |H= |* dvol,. . (I11.30)
/Bémmq?k(z) T3 2 ma ? g“"
Considering 7 = 7/3 this imposes
/ AR dvol,, > 2T (I11.31)
Bi@) T3
Hence ) 5
HE |2 dvol,. > — / HE 2 dvol,. > il card/ 111.32
/u,-,ezB:t(qw' ‘| TN ZE; Bé@)' | 3N (H1:32)
Combining (II1.28) and (I11.32) we obtain
5 2T -
o o card] < f(o) Area(®) (I11.33)
So we have
/ dvol,_ < / dvol, . < T o2 cardl < f(0) Area(®) (I11.34)
E./3 Uie1 B3 (d:) 3

Let 1 > § > 0 to be fixed later . Consider now for j € {1,2---log, o0 ~'}. We use the notation

A(4,q) = dvoly. and F(j,q) = 02/ \]I5|§’f dvol,
BY, (DNE(D) Bl (DHNE(D) *

(272 AG+ L)Y F+ 1,9 P+ F(1,D) _ flo)

7€ D)\ E, /3 ; .
7€ P(X)\ Erys AG.3) 5

G =
and  A(j+1,q) < 372272 o2
For each j € {1,2,---,log,0~' — 1} we consider (nga(cj'))@ng and we extract from each of these

coverings a Vitali sub-covering (nga(cj;))ie 1; of Gg such that each point in R* is covered by at most N
balls B3, . (q;) of double radius where 9 is a universal number. From the union of these Vitali coverings
(B3;,(:))ic1, which contains

Gs = Uje{1,2- log, 0—1,1}G(J;

we extract a Besicovitch sub covering that we denote (B;ljm(q_;))ie 1. For such a covering each point of

R* is covered by at most N balls ngig((j;), moreover we have for any o > 0 that

1

log, o™
> 1ps |, (@) 2 <CN Y 2 <CNo (I11.35)
el Loo(R4) 7=0
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where 13;_+1 (g, is the characteristic function of the ball B;*j#la(q:-). For any j € {1,2---logy o~}

and ¢ € G§7 the whole support of ®() cannot be included in B3,(q) otherwise we would contradict
the limiting monotonicity formula (II1.4) for o small enough. Hence, since ¢ € 5(§) for any radius
r € (270,27 0) we have ®(X) N IB,(§) # 0 and we can apply lemma A.1. Hence we deduce

0<eo(4) < / |1T§4\2 dvoly, (111.36)
ngla(@

Since A(j + 1,) < 372%72 2 inequality (II1.36) implies

A +1 2 -
Y + D) < ST o / |]I]§4|2 dvol,
22j+2 c0(4) B @ & &
g o2 o 1/p (I11.37)
<A+ LYY / [1+ [I3]%]7 dvoly,
80(4) B§j+1,,(lf)
and we deduce that
A +1 ;
% <SC @M o) PF(i+1,0) + 0" A +1,9)] (IIL.38)
So for ¢’ € Gg we have
19) 4.0 < PG C (2771 0)? 2P F(j 111
5 AGD < F(.9)+ C (27 o) (G+19 (IT1.39)
summing this identity with respect to ¢ € I we obtain
M/ dvolg,. < @ Z/ dvolg_
5 Gs * 6 €1 B4jv (q;) *
Hte (II1.40)
< ZO—Q /4 R |H<§‘!27§> d’UOZgé +02 / ZIB;‘,»JA (@) 208 O—a|]1<f>‘§g dv()lgq?
iel B, (@) el e
where « := 2 — 2p. Using (II1.35), we then deduce
flo) dvol,. < Co? [13|%P dvol,. = C f(o) [ dvol (T11.41)
5 Cs 98 — - Plgg 98 — 5 98 .
We deduce from (II1.34) and (II1.41)
/ dvoly. < (C 6+ f(0)) / dvol, (111.42)
E./3UF5 b

Since f(o) — 0as o0 — 0, by taking any 0 < 6 < 1/N we have that for o small enough 5(2)\(E7,/3UF5) #
0. Let now € ®(X)\ (Ex/3 U F5) we then have the existence of jo = j(q)

/ dvoly, > 229052 1/3 and
Bl ()
o [flo) / ) / ,
VJ > Jo —_— dvol ., .. >0 I~ 11 dvol...
o JBY (@n3(R) o Bi, ()nd(%) sl ge (I11.43)
l—l/p 1/I)

e / 555 dvolag 2’”/ dvol,,

B @nde) By, @ndE)
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Let j € {jo, - ,logy0™! — 1} and let ¥ be an arbitrary smooth function, bounded by 1, supported in
[27720,27F1g] and such that |x'| < C 277071, We can estimate each error terms between (II1.6) and
(II1.26) in the computations of the monotonicity formula at fixed & between (IIL1.6) and (II1.26) by the
mean of the area we obtain

Foo d Foo 1 1
_/ X/(r)—g/ dvoly, > —C / x(r) dr [ + 0(2)] / dvoly.
" Je, H(BYD) * 0 ro..r 3, (BLD) .

0
+oo dr
2 2
- = I3 dvol,.
/O X(r) s g g5 dvoly, (I11.44)

1-1/p 1/p
- C27¥o7? [02 / L mgle dvol%] [2% / ) dvol%]
Bl (003(D) B, (@N3(®)

Using (I11.43) we deduce that for any r € [27° 0, 1/2]

d |1 C 1
e [2/* duol% ] > — [ + 0(2)][ dvol%
T I N (BAD) ¥ r r 3 1(BX()) *
-C M ig/ dvol,
T e N (BHD) §

Let Y(r) := %2 f(f,;l(B&(qA)) duolgq_)k, .this ordinary differential inequality gives the existence of C' > 0
independent of k such that for r € [2790,1/2]

(I11.45)

d -
— [ec rp S5 )Y} >0 (II1.46)

Integrating between 270 o and 1/2 gives

C2 Y (1/2) e SR 7 (90 U)C{f‘”y@jo o)

Using the fact that ¢ € (%) \ E, /3 we have then

C f(o)

Y(1/2) 2 702 250 00 (g0 ) THT T (IT1.47)
Since f(0) = o(logy o~ 1) we have (270 U)Cfn(o) = 20 f(@)n™" logy(200) > 90 f(@)n™" logao 5 | a5 o goes
to zero. So Qo := 4" e~¢/2 11/3 satisfies (I11.29) and the lemma II1.2 is proved. O

We shall now prove the following lemma.

Lemma II1.3. [Quasi Equi-integrability] Under the assumptions of theorem III. 1, the sequence of
vector-valued functions Fy = ®y |d<I>k\,2”C over the surface of volume 1 and constant scalar curvature

(3, hy,) which is conformally equivalent to (X, 52953) s equi-integrable with respect to the Lebesque mea-
sure induced by any reference metric gy on % in the following sense

5k dvol,..
/Bp(m o

where B,(p) and Bs ,(p) are geodesic balls with respect to the reference metric go of center p and radii
respectively p and 2p. O

VpeX Vp>0 Ilimsup

k—+oco

<C / |d® o |2, dvoly, (I11.48)
B2, (p)

24



Proof of lemma III.3. Let 2y € ¥ and let = be a conformal chart for (3, hy) in a fixed open disc
U around x5. We can take the coordinates to be converging strongly in any norm C'(3, go) for any fixed
reference metric go on ¥ since (X, hy) is assumed to be pre compact in the moduli space. We can now
work on the flat disc D? which is mapped conformally and dlffeomorphlcally into (U, hy). We can assume
that @), converges weakly in W 2(D?%,S%) to a limiting map P (a-priori non necessarily conformal) .
On ¥ x S% we consider the sequence of measures given by

YV F el xS%) < Ni, F >:= / F(z, ®) dvoly
» k
We extract a subsequence that we keep denoting ®;, such that Ny, weakly converges in Radon measures
towards a measure Ny, on ¥ x 52 and we have in particular on D?
vy = |d<fk|,%k dvoly, = |V§k\2 dz? — v, in Radon measures

We are going to prove the existence of C' independent of this subsequence such that

YV By, (z1) € D? |< Noo, 15,4y @ idgs >| < C VO |? da? (I11.49)
BQﬂ(zl)

where 15 (;,) ® idgs is the function on ¥ x S3 given by

for z € B,(x1)

Y

1, (z,) ®idgs(z,q) =

=1

for x € ¥\ B,(x1)

Since for any Bs,(z1) C D?

2p . 2p .
/ drliminf/ |V, % dl < liminf/ dr/ |V, dl < veo(Ba,)
o k=400 JoB, (x1) k=0 Jp OB, (1)

Using the mean value theorem and Fubini theorem, there exists » > 0 and a subsequence that we keep
denoting ®; such that simultaneously we have

limsup/ |V®|? dl < +o0,
OB, (z1)

k——+oo
- (HI.SO)
IB2,,(x1) |VCI)OO|2 dx?

P

and / IV®oo|? dl < 2
oB (7'1)

Since for any r € (p,2p) we have that &, — @, weakly in HY/2(B,(z1),53), classical interpolation
inequality says . .
), — P strongly in H*(0B,(21),5%) Vs<1

Hence using (II11.50) and Cauchy-Schwartz we obtain
kgrf ||‘I’k( ) — k(y)H%Loo(aBT(xl)))z = ||5m($) - (I_)’OO(y)”%LW(BBT(ml)))?

(ITL.51)

2
< / VO | dl <| <8r / VP o|? da?
9B, (z1) Bap (1)
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To simplify the presentation we assume

s:= /8w / |V®oo|? dz? > 0
B2p(ml)

the case s = 0 could be treated in a similar way in the forthcoming arguments except that we would
have to introduce a small parameter that can be taken arbitrarily small. Let §:= @, (x2) for some fixed
arbitrary zo € 0B,.(z1). For k large enough we have that

®,(0B,(x1)) C BA(]) . (I11.52)

For any 7 € [2s,4s] we denote by wy(7) the connected component of ‘5,:1(Bf_(cj)) in 3 containing 0B, (1)
and denote
k(1) := w(T) U By (21)

Observe that 0Q (1) C @;1(833(@)) is included in the level sets of |®; — gl Let x(t) be a smooth cut-off
function on R4 such that x(t) =1 for t < 2 and x(¢t) = 0 for t > 4. We denote x;(z) the function given
by

Xs(z) == x (W) on Q(4s) \ Qk(2s)

xs(x) :=0 on X\ Q(4s)

xs(x) :=0 on Q(2s)
Taking (I1.34) and integrating by parts exactly as in the proof of lemma III.1 together with (III.15) we
get

lim | () div {ék A vqﬂ L[® —q dz® =0 (I1L53)
k——4oc0 »

where the contraction operator L is defined as (@ A b)_é=< @,é> b— < b,&> @ We then have

lim —/ Vxs(z) - VB Oy - &), — 7 da? +/ By, |[VOL|? da® =0 (IIL.54)
k—)+OO b)) »

We have |Vys(z)| < ||)'(||LOC(R+)S*1 |V<§k|(m) 1o, (4s)\Qu(25) Where 1o, (45)\0,(25) 1S the characteristic
function of the set Q2 (4s)\ Qx(2s). Since on this set ®;(z) € Bi,(q), we then have using the monotonicity
formula of lemma III.1

lim sup < C pso(Bi,(9) < C 8*

k—+4o0

/ o() By [VEL|? da?
b

(I11.55)
<C / IV®o|? da?
B2p(x1)

Since also By, (€ (4s) \ B,(z1)) C B1,(q) we have using again (II1.4)

lim sup < oo (B ()

k— oo

/ Xa(x) Br VB ? da?
S\B,(z1) (I11.56)

< Ccst<cC / VD |? da?
B2p(w1)

Combining (IT1.55) and (I11.56) we obtain (I111.48) and lemma II1.3 is proved. O

We now introduce two definitions. First we define the Oscillation set.
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Definition IIL.6. Let &) be a sequence of conformal smooth immersions, critical points of
AT* (®) := Area(®) + o} F,(B) = /2 [1 +of [1+ |]fq; 34_)]” dvol,

in the space of weak immersions into S® and for o), — 0. Assume

-

$), — Doy weakly in W2 (2, %)

where Y. is equipped with a reference metric gy. Assume the sequence of riemann surfaces (Z,gq;k) 18
pre-compact in the moduli space of conformal structures on ¥ and assume

v 1= |d<f>k|%k dvoly, = |V®|? de® — v in Radon measures
The oscillation set O C X is the set of points x € X such that
rE€X; VU(By(x)#0 Vp>0

= 111.57
S () AP oc]2, dvoly, (IL.57)

and  liminf — =
=0 Voo (By())

Now we define the vanishing set V.

Definition IIL.7. Let &) be a sequence of conformal smooth immersions from (X, gx), critical points of
A% (B) = Area(®) + 0 Fy(8) = /E (1402 [+ T3, 1] dvoly,

in the space of weak immersions into S° and for o — 0. We assume (X, gx) to be pre-compact in the
moduli space of conformal structures on 3. Denote

cr,,%/2 |H<f>k‘§§:k dvolgq;]C
flon) =

(I11.58)
/Z dvol%k
We call the "vanishing set” the subset Yo of 3 given by
f(ak)/ dvolg,

So:=qe € ; liminf limsup B (z) -0 (I11.59)

"0 ke 52 Iz, 1% dvoly,

Bo(z)  © %k *
O

We will need later on the following lemma which justifies the denomination vanishing set.

Lemma IIT.4. [No Limiting Measure on the Vanishing Set] Let Dy be a sequence of conformal
smooth immersions from (X, gi) into S3, critical points of

AT* (®) := Area(®) + o} F,(B) = /2 [1 +o? [1+ |E<f>‘34;]p dvol,
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in the space of weak immersions into S® for o, — 0. We assume (X, gx) is strongly pre-compact in the
Moduli space of ¥. Assume = =
D — Dy weakly in WH2(%, S%)

and assume the following sequence of Radon measure weakly converges

v = |d§k\§k dvoly, — Ve
then we have
Voo(Xo) =0 . (I11.60)
O
Proof of lemma II1.4. We have
VeeXy V>0 Vr>0 Fky5€N Jr>r, >0
flow) /B . dvoly (I11.61)

<46

s. t. Vk>kys
2 L |2p
7k /Bm (@) |H¢)’°|95k, dvolgs,
For any 6 > 0 and j € N we denote
SH0) i ={x€So ; kps <j}

We have clearly 3o = UjenY?(8). From the covering (B, s (I))zeog(é) we extract a Besicovitch sub-

covering of ¥ (§) that we denote (Br,, s(%i))ier in such a way that any point of X is covered by at most
N balls from this sub-covering. We have for all k > j

)
dvol,. < 2 Iz 2P dvol,.
/B Vo 98, — f(o'k) Ok ‘/Br,-zi(wi) | @klgq;k Y 98,

ra; (T;)

summing over ¢ € I gives

n 4 2 2
(Umi) S, e g A, e b,

iel iel V Bra () iel (I1L.62)
<N f(ik) or /U b g, ggk dvolg, <N § /E dvolg,
This implies that
VOO(Z%@)) < lim sup vy (U M) <N §ve(X) (111.63)
k=0 il
This inequality is independent of j and since ¥ (8) € £ (§) we deduce that
Voo(X0) < N 6§ Voo (%) (I11.64)
Since this holds for any § > 0 we have proven
Voo(Xg) =0 . (I11.65)
This completes the proof of lemma II1.4. O

The next goal is to prove the following orthogonal decomposition of the limiting measure v,.
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Lemma III.5. [Structure of the Limiting Measure] Under the assumptions of theorem III.1, we
have the existence of finitely many points ay - - - a,, in % such that the measure Vo, decomposes orthogonally
as follows

Voo =m(x) L2+ Y a; b, (I11.66)
=1

where L2 is the Lebesgue measure on X equipped with the reference metric go, m is an L' function with
respect to the Lebesque measure and o; are positive numbers bounded from below by the universal positive
number Qqy given by lemma I11.2. a

Proof of lemma III.5. Step 1 We prove that
/ |dBoc |2, dvolg, =0 (IIL.67)
o

Indeed, for any € > 0 to any = € O we assign r, such that

/ |d® o |2, dvoly, < / |dBoc |2, dvoly, < e vao(By, (2)) (I11.68)
Brm (J*) B> T (I)

Extracting a Besicovitch covering (B,,(x;))icr) such that each point of ¥ is covered by at most N balls
from the covering. We obtain that

/ |dPoo |2, dvolg, < &> voo(By, (1)) S & N va(E) (I11.69)
UierBr, (i) i€l
and since this holds for any ¢ > 0 we obtain (III.67).

Step 2 : Proof of the absolute continuity of v, with respect to the Lebesgue measure away from the
oscillation set O. Precisely we prove in this step

Voo L(Z\ O) = m dL? (I11.70)
where m € L1(%).
Let € > 0. Following(II1.69), we first include O in an open subset O¢ such that

/ |d® o |2, dvoly, < e (I11.71)
OE

Let z € ¥¢ := ¥\ O° then there exists 0, > 0 such that

inf J sy ) 19®oclgy dvolgy
p>0 Voo (Bp(2))

We denote Fj :={z € S\ O ;d, >277}. We then have

S\O=[JF

JEN
Let G be a closed subset of ¥¢ := ¥\ O¢ such that H?(G) = 0. We claim that

Veo(G) =0 . (I11.72)
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Since ¢ := X\ O¢ is closed G is compact. Let o > 0 to be fixed later on. Since H?(G) = 0 and since G
is compact
135>0 st.  H2(Gp) <a where Gg:= {r €Y ; dist(r,G) < 8}

Indeed the closeness of G implies G := NyenG1/rn, Gi/y is decreasing for the inclusion and fundamental
properties of Hausdorff measures give then H?(G) = lim,, 4 o Hg(ﬂneNGl/n). Let j € N. From the

covering (Bg/2())zeanr; we extract a Vitalli covering (Bg/2(;))ier in such a way that the balls Bg¢(z;)
are disjoint. Since all the balls have the same radius §/2 with centers at distances at least 8/3 each point
of ¥ is covered by at most N balls Bg(z;) where N is a universal number. since each z; € F)

Voo (Bg jo(x)) < 2741 / |d® o |2, dvoly, (I11.73)
Bg(x)

Since all the balls Bg(x;) are included in Gg we have

H? (U Bg(%—)) < Na (I11.74)

iel
‘We have moreover
vo(GNEF) <Y v (U By /Q(Ii)’) <2t 3 / 1A o |2, dvoly,

iel il ¥ B (i) (IT1.75)

<Pt N |d o |2, dvoly, < 27T N |dP |2, dvoly,
UierBg(z:) Gp

Since |d5m|§0 dvoly, is absolutely continuous with respect to the Lebesgue measure, for any 7 > 0 there
exists a > 0 such that

V E measurable H(E)<a = / |dBoc |2, dvolg, <7 . (I11.76)
E

Hence we finally get combining (111.74), (111.75) and (IIL.76)
Voo (GN Fj) <277H N g (I11.77)

For any j € N the inequality (III.77) holds for any n > 0 thus v.(G N F;) = 0 and we deduce (II1.72).
Since (I11.72) holds true for any closed measurable subset of 3¢ := ¥ \ O¢, then using the fundamental
property of Radon measures saying that

V G measurable vy (G) = sup{ve(K) ; K C G ; K compact}

we obtain that v, for any measurable subset G of 3\ O¢ satisfying on ¥\ O¢ is absolutely continuous
with respect to the Lebesgue measure. By making & go to zero this implies (II1.70).

Step 3 : Detecting the ”bubbles”. In this step we are just splitting the oscillation set O into it’s
vanishing part Q) := ¥y N O and the bubble part B where we recall that the ¥y is the so called
vanishing set defined in definition I11.7 :

B:=0\ (0%)

Recall that we have proved in lemma II1.4 v (3g) = 0 hence

Voo (Og) =0 . (ITL.78)
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Step 4: Finiteness of the bubble set 5. Precisely in this step we are proving that for the constant
Qo > 0 given by lemma II1.2 then

Ve eB Vr>0 veo(Br(z)) > Qo (I11.79)

Once (I11.79) will be established we can then deduce that B is made of finitely many points. Let then
r € B, then there exists J, > 0 and r, > 0 that can be taken as small as one wants such that

flok) / dvol,
. B,(z) k
Vr <rg lim sup

k— o0 2 2p
o Iz |27 dvol,.
i /BT.(m W5, los, dvolos,

> 6, >0 (I11.80)

Let 0 < r. < r; to be fixed later, let fﬁk/ a sequence for which

f(ok/)/ dvoly.
By (x) T > 6l
-2
2 2
/ Iz |7 dvol,.
ok /Br(ac) |(I)k/ 98,/ ve 9%,

By assumption (II1.2) from theorem II1.1 we have that f(o) = o(1/logo 1) we are "almost” fulfilling the

assumptions of lemma III1.2 except that we have a surface with boundary B, (x) and not a closed surface.

So we have to choose a "nice” cut 7. in such a way to be able to apply the arguments of lemma II1.2.
Since x € O, by definition, for any 1 > 0 there exists p < r, such that

VEk €N

(IT1.81)

N Voo(B,(x)) > / VDo |? da? (I11.82)
BQp

Using Fubini and the mean-value theorem, as in (II1.51), we can find r € [p, 2p] such that

lim (| (2) = Pr(y)l|Fre @8, @))2 = [Poo(®) = Poo (W) ITLo0 (88, (21)))2

k—-+o00
(I11.83)

2
< / VO | dl <| <8r / VD o|? da?
OB, (z1) B, (x1)

isr=r, i .
We take this r = r. to be our "nice cut”. We can assume

s:= /87 / |V®oo|? dz2 > 0
BQ/J(II)

the case s = 0 could be treated in a similar way but we would have to introduce a new small parameter...
Let ¢ := Poo(22) for some fixed arbitrary x5 € B,.(21). For k large enough we have that

F4(0B.. (1)) € BL@) - (111.84)
Let R > 4 to be fixed later. The monotonicity formula (IT1.4) and (IT1.82) imply that
oo (B s(@)) < C R*s? < C R*nus(B,(z)) . (I11.85)

Hence for 7 chosen in such a way that C R2n < 1/2 we have that for &’ large enough (recall that k' is
the sequence satisfying (II1.81) for our "nice cut” r, which is fixed now)

/ B dvol% 24_1/ dvol%
B (@)\(®4r) =1 (B% . (d0)) w By (x) r
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Taking the same notations of the proof of lemma III.2 where ¥ is replaced by B, (z) we can then find
@1 € @ (B, (2))\ (Er/3UF5 UBp (o)) As in the proof of lemma II1.2 we shall apply the monotonicity

formula centered at this point ¢, but we will remove from @ (B, (z)) the balls B (g) for t € [2,4].
The monotonicity formula with boundary (see for instance [Ri4]) gives for all r > 0

dll /
dr | r? JB, (2)nd-1(B(@)\BL. (@)
_d[ /
dr Br. (2)N&~1(BX(@1)\ B}, (%))

1 - -
S / . (@ —q1)-d*d® dvol,,
27 I, (@)= (BH@)\BL (@) (I11.86)

5 22
L(& ) dwl%]

% [ <a-@r> a8, @) 0 BHG) N OB (@)
]R4

),
~ 20 JB, (@)nE-1(Bi@)\BL, (@)

-

(® — q1) - d*od® dvoly,
5 [ <a-@r> L8, @) 0 B@) N OB (@)
]Rél

where 77 is the outward unit tangent to the surface @ (B, (z))\ B2, () along the boundary

-

O(®r(B,, (2)) \ Bt (@) = Or(By (x)) N OB} (Go)

and perpendicular to this boundary®. We consider x(t) a smooth non negative function supported in
[1,2] satisfying f24 x(t) dt =1, x <1and |x'| <1. We multiply the inequality (III.86) by x(¢) and we
integrate between 2 and 4 this gives

d|1 [*
— = [ x(t)dt dvoly
dr | 7% /2 By (2)N8=1(BA(3)\ B}, (@)

I . .
>—53 [ x(t)dt / (B — ) - d**d® dvoly, (IT1.87)
2r° J By, (2)n&~1(BA(d)\ B2, (d@))

4
-= / NO) dt/ <T-@,7> dH'L[B(B,.(2) N BX@) N OB}, (@)
2 R4

By substituting d*s d® with it’s expression deduced from (I1.35), exactly as in the proof of the mono-
tonicity formula (II1.4) and as in the proof of lemma III.2 the new terms involving o coming from the
boundaries OB}, (q) in the first integral of the r-h-s of (II1.87) tend to zero as k tends to infinity since
the distance between the center ¢; and this boundary is bounded from below by Rs > 0 independently

30bserve that &5 (8B, (x)) C B} ,(qo) so there is no contribution from &,(0Br, (x)) outside B} (q0)-
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of 0. So it remains then to estimate the last term in (II1.87). This is done as follows

r3

1 - -
= / x() dt/ <q-q, 7> dH'L Brc(x)ﬂ@I(Bf((jl))ﬂcbl(&‘st(rjo))H
2 R4

IN

2
M / dt 1 (OB (@) (ITL88)

— |

_ dl® = all.. 7o
2|q qu/ | | Gollgs dvoly, < C |7 — qo 5
(B4,

| /\

s r3
where we used successively the coarea formula for the function |® — G|/s and the monotonicity formula
(IIL.4) in the last inequality. Observe that this term appears only for r > dist(B3 (o), q1) > |qo — q1]/2

Hence the integral with respect to r between o and 1/2 gives

1/2 dr

/4<q*—qq,ﬁ> aH' L[ B(B,. () N B )maBgs(w}‘
(I11.89)

C
< — s < —
= FAp |71 — qol R

|q"1
The rest of the argument of the proof of lemma II1.2 carries through and we get that
Voo (Br () > Qo — C/R

Since we can take R as large as we want, we obtain (II1.79). Hence vy, restricted to O is equal to a finite
sum of Dirac masses and this last step concludes the proof of lemma IIL.5. O

We shall now prove the following lemma

Lemma II1.6. [Absence of Energy in the Necks] Let oy satisfying the assumptions of theorem III.1.
Let1>mn, >0,1> 0, >0 and x, € ¥ satisfying

Nk
kEToo log — 5 = +o00 (I11.90)

and such that

lim sup I/k(BQj+15k (Ik) \ ng(;k (Ik)) =0 (11191)
k=0 je{1-- logy (m /51)}
Then
lim Vk(Bﬂk (.Z‘k) \ ng (l‘k)) =0 (11192)
k—0
d

Proof of lemma III.6. We argue by contradiction. If (III1.92) does not hold we can then find a
subsequence that we denote still ®;. such that

%li% Vk(Bnk (zx) \ Bsy, (zx)) = A >0 (I11.93)

Let Q¢ be the universal constant in the lemma II1.2. We can assume without loss of generality that

A<Qo . (I11.94)
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Indeed, if this would not be the case we would replace 0y by a larger number that we keep denoting d
and since (II11.91) holds we necessarily have (II1.90) for this new J;. We have for k large enough

2 L |2p
ak /E ‘H@k|g'§k d,UOZQi;k < 2Voo(2)

/ dvol g A
By, (#k)\Bs,, (zr) *

Following the approach of step 5 of the proof of lemma II1.5, we first select 2 "good cuts” at the two
ends of the annulus. So we choose respectively dx . € [0, 20%] and g € [9x/2, 7] such that we have
respectively

f(ok) (I11.95)

< 8w Vk(B2§k (:L‘k) \ B(;k(.’tk)) — 0

52 = V V| dl
BB%,C(I’C)

and
2

< 871 v (Bay, (zk) \ By, (z1)) — 0

2= / V| di
OBy, ,(@1)

Let x1x € 0Bs, .(vx) and x2 % € 0Bs, . (vx) arbitrary. We have respectively
$4(0Bs, (21)) C BE (B(x1x)) and  B(9B,, (x1)) C Bf (Pp(zar)) - (I11.96)
Because of the monotonicity formula (II1.4) there exists s > 0 fixed such that

max 0 (BA()) < A/4
geR?

We then have for k£ large enough

i (BB (@) \ By (@) \ (BA@r(w10)) U BEBi(20)) ) ) = A/2

As in the step 5 of the proof of lemma III.5, we adopt the notations from the proof of lemma III.2 and
replacing ¥ by the annulus B, _(x1) \ Bs, . (7x), we can find g such that

@ € Bu(Byy (1) \ Bay . (20)) \ (Enjs U Fs U BY(@i(w1.)) U BY (B (w2.))

We can carry over one by one the computation of the monotonicity formula centered at ¢, controlling the
boundary terms induced by the two cuts @y (0By,, . (x1)) and 5k(8Bnk,c(xk)) which stay at a distance
bounded from bellow with respect to g, following the approach of the end of the step 5 of the proof of
lemma ITI.5. It is here even simpler since the lengths of the cuts s and t; shrink to zero in the present
case. Hence we obtain

A = lim v (By, (k) \ By, (2x)) = Qo
k—0
which contradicts (I11.94). This concludes the proof of lemma III.6. O

Lemma ITIL.7. [Rectifiability of the Limit] Let o, satisfying the assumptions of theorem III.1. Then
the limiting measure oo 15 supported by a rectifiable 2-dimensional subset K of S® and we have

(B
lim L;@) >0 for peo ace. @ (I11.97)

r—0 r

a
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Proof of lemma III.7. Recall that we denote by B = {a - - - a,} the blow up set.

Step 1 : Proof of the rectifiability of the varifold limit of |(®),[S\ U, Bc(a;)]| for any & > 0.
Precisely we are going to prove the rectifiability of the limit uZ_ of the following sequence pf, given by

Y p e CO(S?) < pE, @ >i= / o(By) dvol%k (T11.98)
5. '

where we use the notation 3. = ¥\ U, Be(a;). Precisely we are going to prove the existence of a two
dimensional subset K¢ C S% and a function 6 in L'(K¢,dH?L K¢) such that

pe, = 0° dH*LK*® . (IT1.99)

Since P, weakly converges towards d in W12(x,8%), it strongly converges in L? and hence almost
everywhere. Thus Egorov theorem gives, for any « > 0, the existence of a measurable subset A* C X
such that

&, — $  uniformly in £\ A® and H*(AY) <a . (IT1.100)

Since £2(Z\ A%) = sup{L3(K) ; K C ¥\ A® compact } we can assume that A is open. Using moreover
the quantitative Lusin type property for Sobolev maps of F.C. Liu (see [18]) we deduce that for any a > 0
there exists a C'' map Z¢ from ¥ into* S® and an open measurable subset B® of ¥ such that

H*(BY) < a

P =2 on¥\B* and dP, =d=* on¥\B® |, (II1.101)

Let (By,(;))icr be a covering of A* U B* by closed balls such that
Ty 1 <Ca (I11.102)
iel

where C only depend on the reference metric go. We extract from (B, (x;));cs a Besicovitch sub-covering
such that each point of ¥ is covered by at most N balls of this new covering. Since v, is absolutely
continuous with respect to the Lebesgue measure on ¢ we have for any € > 0

Jim, Voo (B N(AYUBY) =0 and Jim v (LJIB(];)) =0 (I11.103)
in other words we have
ism(AQUBQ)dvolgq,)k < ;/EEOB” o dvolgq;k (IT1.104)
Since voo (A(X N By, (;))) = 0 for any i € I we have that
Vicl  lim ve(5en B (2) = vao(Se 0 By, (2:)) = / m(z) dC?
k=00 $.MBy, (z:)

4The fact that we can apply Liu’s result for maps into W12(%, S3) comes from the fact that smooth maps in C1(%, S2)
are dense in W12(X, §3) for the W2 —topology.
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< 15, (z,) m(z) dC?
/EEQ(AC*UB&) Z Bri(=)
(I11.105)

Hence
lim sup/ dvolg. <
k—+oo JE.N(A*UB®) F el
<N vy (25 ﬂ (U Br,(xz)>>
iel

Combining this fact with (II1.103) we obtain
(II1.106)

lim lim sup/ dvol,. =0
a=0 kst JE.N(AUBY) k

Denote . , ,
K= EY™ (S \ AV uBY™Y)

neN
Since 2 is C! on ¥, K¢ is contained in a countable union of the images by C! maps of smooth manifolds.

It is the a 2-dimensional rectifiable subset of S®. Denote
K = U él/l?(f]g \ (Al/l2 UBI/ZQ)) _ (i”oo U flg \ (Al/n2 UBl/nz)
I<n

1<n
Observe first that since
L2(Upsnir(AVE UBYE) < © "2 =0(mn")
I>n+1
using the area formula we have
H2(K®\ K&) < / Vdoo|? dz? — 0 (I11.107)
Uisni1(AY/2UBL/1?)
Observe also that for all n € N
i st (B (0), KD e s a1/t = 0 (IIL108)
Introduce the limiting measure
(D) dvol%k

e nolp) = T [
k=00 J$3 \(AL/nyuB1/n)

Since K¢ is a finite union of images by C'—maps of compact sets 3. \ (AVP U BY®) for 1 < n, it is
dist (z ; K;) <6}

compact, and denoting
F? .= {x eR? ;

we have that
K;=()F3
6>0

moreover, because of (II1.108) we have that
(R*\ F) =0

€
M oo
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fundamental results in measure theory imply
Moo RY\KZ) = Tim 5, (R Fp)=0
Let
Hoo(p) = lim . p(Px) dvoly,

Because of (II1.106) we deduce that uS, = lim, oo 15, oo~ Since now pf, < ps, < fioe and since fioo
satisfies the monotonicty formula (I11.4), using (II11.107) we deduce

: € € € _ : € € € —
i sup HiooBZ\ Kp) = lim pc (K°\ Kp) =0 (I11.109)

For any ng < n we write
1 oo RO\ KE,) = 15, o (RO K)o+ 1 o (K2 \ KE,) = 16, oo (KE\ KE,) (I1L110)
Combining (II1.109) and (II11.110) we obtain
V6>0 dngeN st. Vn>ng puf (R*'N\K;)<6 (IT1.111)
Since K7,  is closed, using fundamental properties of the weak convergence of Radon measures, we have

peo (R \ K5 ) < limsup g, o (R*\ K;, ) <6 . (I11.112)

n—-+4oo

Combining (II1.109) and (II11.112) we deduce
s (RY\K) =0 . (IT1.113)

Since pS, and jio is zero on H? measure zero sets, Riesz representation theorem gives the existence of §°
in L'(K¢,dH*L K*) such that (I11.99) holds.

Step 2 Since there is no contribution from the neck regions, the whole limiting measure is obtain by
summing the contribution from the domains $¢ and from the bubbles which are treated exactly as the
domains ¢ after the ad-hoc dilation. Hence from Step 1 we deduce the rectifiability of the full measure
oo and lemma IT1.7 is proved. O

Lemma III.8. [Vanishing of the Limiting Measure on the Degenerating Set] Let Ly be the
subset of ¥\ B of Lebesgue points for V®.,. We denote by 2%5 the measurable subset of £55  of

points where the Lebesgue representative of V&, has rank strictly less than 2. Then we have
veo(€05 ) =0 . (I11.114)
O

Proof of lemma IIL.8. Let B := {a;---a,} be the blow-up set. For any € > 0 we introduce 3. =
¥\ U, B:(a;). Since B, weakly converges towards ®o, in WL2(X, $3), it strongly converges in L? and
hence almost everywhere. Thus Egorov theorem gives, for any a > 0, the existence of a measurable
subset A® C X such that

$p — Do uniformly in 3\ A¢ and H*(A*) <a . (IT1.115)
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Using moreover the quantitative Lusin type property for Sobolev maps of F.C. Liu (see [18]) we deduce
that for any o > 0 there exists a C' map 2% from ¥ into® S3 and an open measurable subset B of ¥

such that
H*(B*) <a

Po=Z2 onX\B* and dP, =dE* onX\B* |, (II1.116)

(R éa”%ﬂ?(z) Sa

By definition of the Hausdorff measure there exists (B, (z;)):cr, an at most countable covering by open
balls of A%\ B®, such that
my r2<Ca (I1.117)
il
And extracting possibly a Besicovitch sub-covering from the covering (B, (x;))i;c;r we ensure that each
point of ¥ is covered by at most N balls of the covering where N is universal. Denote ig‘ the following
compact set

s =3\ (Ui B-(a) | Uier Br, (2:)))

We deduce using the area formula

212 (éa (SOW;OO N za)) = [ det(dE)|ds? < C vao(T) @ (IIL.118)
£9 . nueg

Let U, be an open neighborhood of SOV & such that

oo

> (é“(ua N ig)) <20 ve(D) a (IIL.119)

Such a neighborhood exists since Z is C! on the whole . We cover the compact set Eo (U NX2) by
open balls (Bf;j (qj))jer such that

> P2 <4C (D) a (I11.120)

jedJ
On the compact set U, N f]? the sequence o converges uniformly to d., = = on that set. Hence for k
large enough we have L

Oy (Us N22) C Ujes By, (T) - (IT1.121)

Hence

e ng) = |

4 —
A dvolg(f)k < i (UjeJBpj(Qj))
U NSe

(I11.122)
<> e (BL (@)
jeJ
We have also
vk (U \ Uiy Be(ar)) < vi(Uo NS2) + v ((2 \ Uiy Be(a)) () (Uier B, (551')))
(I11.123)

< vl 122) + 3w (0 \ U Bel@) () B (a))

iel

5The fact that we can apply Liu’s result for maps into W2(%, S3) comes from the fact that smooth maps in C1(Z, S3)
are dense in W12(X, $3) for the W2 —topology.
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Combining (II1.122) and (I11.123) we obtain
v (U \ Uy Be () < 37 i (B, (@) + D e (5 \ Uiy Be(a) () B (@) (I11.124)
jedJ i€l

Using fundamental properties of the convergence of Radon measures we have in one hand
Voo (ua \ U?ZlBE(al)) < liminf v (U \ Uiz, B: () (I11.125)
—+00

and in the other hand since v (O[(X\ Ul B:(a;)) () Br;(x;)]) = 0, due to the fact that v in X\
{a1---ay} is absolutely continuous with respect to the Lebesgue measure, we have

lim v, ((z \ Uy Be () () Br, (zi)> _— ((z \ U, Be(a) () Br, (:ci)> (I11.126)

k—4o00
and finally
limsup oy (B, (@) < e (BE () (TIL127)

k—4o00

Combining (IT1.124)...(IT1.127) we obtain

Voo (u \u, B, al) 3 e (BE (@) ZVOO<E\UZ 1 B-(a)) (B, ;E) (111.128)

jeJ el

Using the monotonicity formula (IT1.4) together with (II1.120) we have

Y heo(BL(G) < C D p2 < C (D) @ (I11.129)

jeJ jeJ

and using (IT1.117)

S v ((8\ Upy Be) () By, () = / m(r) S 1p, (o dC?

el E\ULBE(‘“) el (III 130)
<N ﬂer <Ca«
il
Hence we have proved that
veo(L35  \Ui1Be(@)) < Ca . (IT1.131)

This holds for any € > 0 and o > 0. We then deduce (111.114) and this concludes the proof of lemma II1.8.
O

Lemma III.9. [Almost Everywhere Approximate Pointwize Convergence and Almost Ev-
erywhere Approximate Continuity] Assume the hypothesis of theorem II1.1 are fulfilled and that we
have extracted subsequences such that o converges weakly towards doo in WL2(X) and v, converges
towards veo satisfying (II1.66) where B := {ay - - - a;} the blow-up set. For vs, almost every x € ¥\ B the
following holds :

\fi')k — §w| dvolg,,

lim lim sup Br(z)

"0 koo / dvol
9o,
By.(x) "
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Moreover

|‘500 - 500(30)| dvolg,,
B, (x)

lim lim sup
"0 koo / dvol,
il
B (z) g

Proof of lemma II1.9. We use the same notations as in the proof of lemma III.8. For any ¢ we denote

Y. := X\ U, B:(a;). We also denote for any o > 0 a set A* such that (III.115) holds and B® such that
(IT1.116) holds. Let (B, (x;)):cr be a covering of A* such that

—0 (I11.133)

d

Ty r<Ca (I11.134)
il
where C only depend on the reference metric go. We extract from (B, (x;));cr a Besicovitch sub-covering
such that each point of ¥ is covered by at most N balls of this new covering. We identify A% with this
covering. The Lebesgue-Besicovitch Differentiation theorem, for v almost every point form z € 3. \ A%
gives R
Voo (3 \ A%) N By ())

li =1 . I11.135
M (B ) (LA
Since ¥}, converges uniformly to P on 3. \ A* we have
D), — Do | dvolg,, / dvolg,,
lim sup Br(z) < 2 limsup A°NB, (@) (IT1.136)
koo / dvolg,, koo / dvolg,,
B.(x) By(x)

Assume z is a point satisfying (I11.135) we have

. l/k(Aa N Br(l')) . Vk(Bri (I’L) N Br(l’))
e B w2 T B )
Since Voo (O(By, (z:) N Br(z))) = 0 and v (0B, (z)) = 0 we have

lim Vi (Br, (i) N Br(x)) _ Voo (Br, (i) N Br(x))

k—+o00 vk (B (7)) Voo (Br(z))
Thus
/ m(az) ZlBr-(zi) dﬁg
) v (A® N B,.(x)) By (x) el Voo (A% N By ()
lim su < <N ——F—-—— % II1.137
LB @) S v (B, @) =N B W) (137
Combining (II1.135), (II1.136) and (111.137) we obtain (I11.132).
Let (By,(z;))ier be a covering of B such that
Ty 1 <Ca (I11.138)

iel
where C only depend on the reference metric go. We extract from (B, (x;));cs a Besicovitch sub-covering

such that each point of ¥ is covered by at most N balls of this new covering. We identify B* with this
covering. The Lebesgue-Besicovitch Differentiation theorem, for v, almost every point form z € 3.\ B

o oo (52 BY) 0 By (@)
=0 Voo (Br-(x))

-1 . (I11.139)
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We have

/ |B oo — Poo ()] dvolg,, / dvol g,
lim sup B (=) < limsup B*0B ()
k=00 / dvol g, koo dvolg,

Bel@ B (@) ' (I11.140)
/ =% — E%()] dvolg,,
+ lim sup Br(z)
koo / dvolg,
B, (x)

Assume z is a point satisfying (I11.135) we have

B*N B,( () N By
Jim sup (— < Z Jim sup v (Br, (z;) N By(x))
kotoo  Vi(Bn g vi(Br ()

and as in (IT1.137) we have

L) St ag?
« BT «
lim sup B0 Br@) el <y V=B N B (@) (IIL.141)
k—too  Vi(Br(z)) Voo (Br()) Voo (Br())
Combining (II1.140) and (I11.141) we have
1B — oo ()] dvolg,,
z o B« Br =
lim sup |22 <y =B0B@) IVE oo (IT1.142)
k—+o00 / d’UOZQCD VOO(BT(ID
B,(z) "

Taking now the limit as  goes to zero, since z is a point of £\ B* satisfying (II1.139), we obtain (IIL.133)
and the lemma IIL.9 is proved. O

Lemma II1.10. [Strong L' Convergence] Assume the hypothesis of theorem II1.1 are fulfilled and that
we have extracted subsequences such that ®;, converges weakly towards ® ., in WH2(X) and vy, converges
towards Voo satisfying (II1.66) where B := {ay ---a;} the blow-up set. For any e > 0 one has

/ |B), — Do | dvoly, =0 . (111.143)
E\Uz 1B (a1)

a

Proof of lemma II1.10. Let ¥° be the subset of 3. = ¥\ U, B.(a;) with full v, measure such that
(IT1.132) holds. Let § > 0. For any x € 3¢ there exists r; 5 > 0 and k, s such that

V> kys / |B), — Do dvoly, <0 / dvol g,
re () By, ()

From (B, (7)),c5- we extract an at most countable Besicovitch covering (By, (2;))ier of >, For any
j € N we denote I’ the subset of I such that

Viel! VEk>j / ), — Do | dvoly, <0 / dvoly,
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We have I = UjenI? and I7 C I, Denoting U := U By, (z;) and VI := U;ep 15 By, (2;). We have
VIitl c Vi and NjenV? = (0. Thus, since Y¢ is of veo full measure in 3. = % \ U, Be(a;) we have

Voo (U By, (z:) N g) = vee(55) = lim v (ie \ (VN is)) (I11.144)

. J—+o0
ieli

We have for any j € Nand k > j

/~ 1By — oo dvolg,, < / |B) — oo dvolg,, Jr/ B, — Do | dvolg,,
B i Vit

dvolg, + Y / dvolg, (I11.145)

= n(mz) 161\17 Bm (xz)

<N 6 y(X) + Z v (Br, (i)

i€\l

Since Voo (0B, (x;)) = 0 for all ¢ € I, we deduce that

limsup/~ |(I_5k — (I;OO| dvolgd)k <N veo(X)+ Z Voo (Br; (x;))
k—rtoo J¥e SNE

<N 8 veo(D Z/ 37 1p, (o) M@) dL2 < N 8 vso(S) + N vag (V)

i€I\IJ i€I\IJ

(I11.146)

Since this holds for any j € N and any § > 0 and since H2(3. \ £¢) = 0 we deduce (II1.143) and
lemma ITI.10 is proved. a

Lemma III.11. [Strong Bubble Tree W2 Convergence| Under the assumptions of theorem III.1,
we have that for any xp € ¥ and ry converging either to zero or one we can extract a subsequence such
that ®,(ry - +xx) converges strongly in Wb2 away from finitely many points. O

Proof of lemma III.11. Since we have proved that the necks contain no energy at the limit, it suffices
to prove the strong convergence of ®;, towards Pog in Wl (E \ B, S?). The proof will also holds on any
bubble so we will have completed the proof of the strong bubble tree W2 —convergence. In order to
prove this strong W'2(2\ B, $3) convergence it suffices to prove that for any & > 0

loc

k—-+4oco

lim |d<1>k|gﬂ dvoly, = /Z |d§w\§$m dvoly, (I11.147)

Since the conformal class of 93, is assumed to be compact in the moduli space, to simplify the presentation

we will assume that about every point there exists a fixed chart in which all the ®y are conformal
(otherwise we would have to take a sequence of conformal charts converging strongly in any C! topology
and this would just make the notation a bit heavier.)

Let a > 0 and consider A® and B® as in the proof of lemma III.9. We assume that their union
coincide with a union of balls from which we have extracted a Besicovitch covering (B, (;))iecr. we then
take an arbitrary point of 3. \ (A* U Ba) such that (II11.132) and (II1.133) hold. We also assume that
is a Lebesgue point for V&, and that &, (z) = E%(z) is a regular value for 2 hence V&, = VE® has
rank 2 at any point in (é"‘)_l(:o‘(x))

We also assume that
= m(x) (I11.148)



Because of the previous results above, all these properties are satisfied for almost every point x for which
the Lebesgue representative of V&, has rank 2.

Using the area formula we have
H2 (o (BY)) < / VO |? da?
We can cover the set @, (B*) by balls (B3,(:))ier such that
S e / VB2 da?
icl

We assume these balls realize a Besicovitch covering. We denote U* = J;; B4 (¢i). Because of the
monotonicity formula we have

foo (UY) < C VP |? da? (I11.149)
Ba

Finally we also choose ®oo(z) € P (X) \ U such that
e (BBl N4°)
0 i (Bi@a())

By Lebesgue Besicovitch differentiation theorem this is true for po, almost every point in R* \ £,
We assume that (2%)71(Z%(z)) N U* = (. This excludes an H? measure of points in K¢ less that
O(«), indeed we have

=0 . (I11.150)

H2(E) (U4) < / IVES2 da? < 2 / VB2 da + 2 / VB, — VE2 da? < C
o o 3

We finally also assume that there is an approximate tangent plane to the rectifiable set K¢ at the point
D ().

Without loss of generality, modulo the action of rotations we assume that é“(m) = im(m) =
(0,0,1,0), that 9y, 2%(z) = 8, Poo(®) = (a,0,0,0) and 8,,E%(x) = 9y, Poo(z) = (b,¢,0,0). We have
ac # 0 since V&, has rank 2. Moreover the approximate tangent plane at 500(@ coincides with
Span{(1,0,0,0),(0,1,0,0)}. Observe that the existence of this approximate tangent plane and the fact
that éo‘(x) is a regular point for ¢ forces Span{@wléa,awé} ={(1,0,0,0),(0,1,0,0)} at any point in
(E*)"HE(2)).

We recall that we adopt the notation P = (@1, ®2, 3, d*). We first have for the third coordinate

/ \V<I>22dx2:/ |®F VO |* da? +/ (1— |37 |[VEE?
B, (x) B, (z) B, (z)

I3 s

(IIL.151)
= [ jetveppas [ (el - lotP) vel?
B, (x) B, (x)
We have @3 V@3 = —@) VO, — &2 VP? — &} VO], Since & (z) = 0 for i # 3 we have then
/ VP32 da? < 10 / By, — Boc ()| dvolg,
B, (z) B, (x) k
(IIL.152)

<10 / (oo — Bog(2)] dvoly, + 10 / By — B dvol,,
B, (z) k B, (x) k
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Combining this inequality with (II11.132) and (III.133) we obtain

V3|2 da?
lim lim sup B-(z) =0 . (I11.153)

720 koo / dvol
9z
B, (x) *h

Let x7, be a smooth non negative function on R* supported in the ball B*

2 VB o (Poo()), identically

equal to one on B4 (fﬁoo(:z:)) and such that [|dx{, || @sy < 771 [VE<|| 2. Multiplying the 4th

IVE*|loo
coordinate of equation (?7?) by Xf,gg((I)k) @} and integrating over X gives , arguing exactly as in the proof
of lemma III.1,

/ X (B4) VDL da? = / X ()| VB2 da?
e Py
(I11.154)

- [ @t VO B0) - v+ o)
e
The fact that we are integrating on 3. is possible since we can choose € such that, as in (I11.51),
2
/ IV, |dl < / V®oo|? dz?| —0 and & — Doy in LO(B.(a))
OBc(a;) Bae(ar)

Hence we can have chosen ®(x) such that all the balls B4|IV”“H (500(30)) do not intersect the cutting

circles ®oo (9B (a;)) for r small enough. Using (I11.146) we have

/ixm )| VO da? */g N (o) B2 [BL d

(II1.155)
—/ 3 Zazjxm ) V&I - Vo3 + or(1)

Observe that x7, (Poo)| @22 < 4 Xﬁz(CI)OO) [VE<||2, r2 hence fror 7 small enough we have

X (Do) [ R4 < 271 X7, (Do) (IL.156)
Thus
/2 X o (Boo) VORI da? < —2 / oL Zazjxm ) V&, - Vi + 0 (1)
< - 2/ gowt Zaz,xm (%) V& - Vi (II1.157)
SN\ (S N Be)

—2/ oL Zaz X2 (Poo) VO], - VO + 0k (1)
3. N B~

Since = is C' and since there is an approximate tangent plane to the rectifiable set K¢ and since it
coincide with Span{(1,0,0,0), (0,1,00)} we have that for every point in the pre-image of =% (z) = @ ()
the gradient V244 = 0 hence

=S Zazjxm 2| < o(1) (IIL.158)
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and

lim sup / ) Bt Zazjxm ) V&, - VP
£A\(E-NB)

K30 (IT1.159)
_ 2
= 0(1) po(BY gz (Bl = ol
We have moreover . .
hence, using fundamental properties of the convergence of Radon measure
lim sup |— 2/ 0, er Vq)] %
k—+o0 i]sﬂBa Z ’ g
<8 limsup (ngéau (Bec(@)) N <I300(B"‘))
k— o0 e
< j z YRR (II1.161)
8 timaup S (B oz, (Be(o) N BL(E)
<8 Z“OO ( 2\|v=0\|wr(§°°(x)) a Bﬁi@»
<8N pe (Béuvuanw(q) (@ ))mua) - ( (B;\v anoor(q’m(m)))) = o(r®)
We write
/ X0 (Poo) [ VEE|? da® = / +/ (I11.162)
5. SN BY) . N B
We have
/ ) X o (Boc) VL[ da? = / ) X2, (E)|VOL|? da? (IIL.163)
E\(Ze N B) EA\ (BN BY)
Since xj, is identically equal to one on BHV“WH (5 (7)), X3 @ (2) is identically equal to one on B,(x)
and we have
/ ) X4 (Boo) |[VOL|? da? > / IV®H? da? (I11.164)
B\ (N BY) Br(z)\(Br(z)NB*)
Combining (IT1.159), (IT1.161), (IT1.164) we obtain
lim sup/ VL2 da? = o(r?) (IT1.165)
k=400 J By (z)\(Br(x)NB*)

We have also, since again v (9(B,(z) N By, (x;))) =0

1imsup/ |VOL|? da? < limsupZ/ |VOL|? da?
k—+oco J B, (z)NB k=400 27 V By (x)NBr, (%)
(I11.166)

<ZV00 v ( mBn( i)) < N voo(Br(z) N BY) = o(veo (Br(z))
el

since = has been chosen such that. Observe that v (B,(z)) > 27! fBT(x) V|2 da? = Z(a®+b*+A)r? +

o(r?). Since we are assuming a # 0 and (b, ¢) # (0,0) we have

k—+oco

limsup/ VO dr? = o(veo (B (7)) (I11.167)
B, (a)

45



We have proved also that

lim sup VL2 da? = o(uoo(Bﬁ(éoo(x)))) (IT1.168)

k=00 /‘f’kl(Bﬁ(‘f’oc(af)))
Combining (II1.153) and (II11.167) we have then

/B FE 9B ae?

=1 (I11.169)

lim lim

r—0 k—+oo / |v(f)k|2 d$2
B, (x)

as well as
[ IVEP IV d?
B (e
lim lim sup kP () —1 (IIL.170)
P20 ks ioo / ‘V5k|2 dz>
B, (B (P (2)))
Since <5k is conformal we have then
/ 2102, Ce A 02, G| da®
lim  lim B-(z) =1 (ITL.171)
r—0 k—4oco / |V(I)k|2 dﬁCz
B, (x)
where (; := (®1, ®2) and, combining (I11.169) with (II1.171)
/ 2 |8z15k A 8$25k| dz?
lim lim 220 =1 (ITL.172)

r—0 k—4o0

/ |ka\2 dz?
B, (x)

The difficulty at this stage is that we can not remove yet the absolute values inside the upper integral of
(II1.172). The rest of the argument consists in proving that indeed one can remove the absolute value and
the tangent plane éi‘TrZ is asymptotically covered exactly one time by the limiting varifold associated to
the current (®),[By(z)]. This will imply the strong convergence of V), towards V&, = VE in L2(X2),
where we recall the notation X2 := 3\ (U, B:(a;)) U(A* U B%)). We formulate that differently. Denote
by 62(5’3) to be the Grassmanian of oriented 2 dimensional planes of the tangent bundle to S3, T.S3.
The image by @, of £, induces an oriented integer rectifiable varifold (see [13]) v¢', where the choice of

orientation of the tangent plane is taken to be the one induced by the push forward by the immersion o
of the one fixed on X. The sequence of oriented varifolds v converges to a limiting oriented varifold v
which is a limiting measure on the oriented 2-Grassmanian 62(5’3). Denote by TTX the tangent bundle
to X with the positive orientation and T~ the same tangent bundle but with the opposite orientation.
We see EX(TTEUT52) as a measurable subset of G2(S?). With these notations, the identity (IIL169)
is in fact equivalent to

Voo (G2(SP)\EX(TH20UT™52) =0 (I11.173)
The goal is now to prove R . .
Voo (G2 (S®) \ EX(TTXY) =0 (IT1.174)

in order to be able to remove the absolute values in the upper integral of (II1.172) that will ultimately
imply the strong convergence of V&, towards V®o..
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Proof of (II1.174). To simplify the presentation, in order not to have to localize in the domain that
would make the notations heavier, we shall assume that

(Eo)~1 (éa(x)) = {2} . (II1.175)

For i = 1---4 we denote by V¥*4 the vector-field tangent to ®;(X) given by the projection of the i—th
canonical vector of R* onto (Cf)k)*TZ. We also denote *, VZ#y? the rotation by 7/2 of this vector in the
tangent plane to ®(X), taking into account the orientation given by the push-forward by @y, of the one
we fixed on ¥. Denote by (£;);=1...4 the canonical basis of R%. The identity (II1.170) implies that

Oy ®p A D, D L -
lim sup / dist [ =2 2FDTr2 7k 42 Ay | (VB2 da? = o(p?) (111.176)
k—+oo J&; (BB (2))) |0z, i A O, Pi|

recall fio0 (B:f(i;oo(x))) ~ p?. This also implies

Vi=1,2 hmsup/ . |V gy — & dH2L & (8) = o(p?) . (II1.177)
B (oo (x))

k— oo

- =

For (Gmltfk A8x2q3k) (1 NE) # 0 we denote Ji = sign ((5‘m1<1>k A0z, @) - (1 A 5'2)) otherwize we simply
take J = 0. Identity (II1.176) and (II1.177) imply

k—+oco

limSHP/ s VPR = Jea| 4 [ V2 + i e1]] dHPL k(X)) = o(p) (IIL.178)
B (oo ()

Let T“,f and f,g " be the following vector-valued one dimensional currents

Y a € QYRY) <f,f,a> ::/ B B oz/\*;ﬂgjz/ B i A * ddy,
B (Pos ()N (X) B (B (P (2)))

Let ¢ be a smooth function in C§°(B1(0)) such that [;, ¢(y) dy* = 1. Denote ¢ , := 024/}790(-/0,1/”).
We recall the definition of the o —smoothing ¢, * f,f of the current fkp (see [10] 4.1.2)

Y a € QYRY) <<pgk *T}f, a> = (o), * @) A #pdy

/Bgaﬁoo(z))m?k(z)

where o, = ¢, * o denotes the following convolution operation

o 4
Qo = Pop * Q1= /4 Yo (—2) TS dz
R

where 7, (y) = y + z. We shall use the following lemma

Lemma II1.12. [Convergence of the o;—Approximation of fkp] Under the previous notations we
have

lim sup sup <T}f — Do, * T}f, dd)> =0 (II1.179)
k=400 supp(¢)CBA($oo(2)) 5 [|dolloo<1

d
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Proof of lemma III.12. Let ¢ be a lipschitz function supported in Bﬁ(CI;oo(x)) with ||d¢|lec < 1. We
have

<f,§ — o x TY, d¢>> = | 4= ean(=2) /B (d¢ — 7d¢) A *idif

(B oo (2))NBk ()
R BA(Boo (2))NBx(2)

Using the fact that ||d¢|s < 1 and that ¢, is supported in B%, ,(0), we have
Tk
(T2 g # T2 d0)| < o}/7 / (16| + 1] dvol,,
5 :

1/2p
] Area(D, (X)) 12 = o(1)

< {az / (| Hy. P + 1] dvol,,
» k
This concludes the proof of lemma II1.12. |

Lemma ITI.13. [Asymptotic Vanishing of the Boundary of T}f in Bﬁ(@w(x))] Under the previous
notations we have
lim sup sup <fkp, d¢> = 0(p?) (II1.180)
k=400 supp(¢)CB(Poo (@) 3 |do)loo<1

and for the two first directions i = 1,2 we have

lim sup sup &g - <T,f,d¢> =0(p*) (II1.181)
k=400 supp(¢)CBA(Pos(2)) 5 lldelloo<1

O

Proof of lemma II1.13. Because of (II1.170) it suffices to prove (I11.181) for the components along
&) and & only. Because of the previous lemma it suffices to prove (II1.180) where &; - T} for i = 1,2 is
replaced by &; - @q, * T}f We assume ¢(PBoo(2)) = 0 in such a way that ||¢]|e < p. We have

<900k < T?, d¢>> - / ) A (P * D) A idi (I11.182)
B (Poo (2))NP(Z)
Integrating by parts and using (I1.35) we have, omitting to write explicitly the subscript k,

<<p(, *fp,d¢> - / v (% m(cﬁ)) 0% P VP da?
3,1 (BA(Bos(2)))
c2pot [ e (prwol®) - [V (D) [ ] o
& (B4(Poo (7))
—2po? / V(@U*¢(§))~V[fp_l ﬁ} da?
3,1 (BA(Bos(2)))

+2p0° /gkl(%@x(m))) \v4 (@G*¢(§)> . [fp—l H Vi — e 2* pr—1 <Vﬁ®Vﬁ;V<§>} dx?

Yo * O(P) ([1 +0? (L—p) fP+ po? fr71] VPP —dpo? ot ﬁ) dz?
(II1.183)

ékl (B} (®ec(2)))
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Observe that H@gyj (9o * @)|le < 0~ /P hence integrating by parts V and (V)* in the second and
third line of (II1.183) as well as integrating by parts V in the fourth line of (II1.183) and using (IIL.15)
as in the proof of the monotonicity formula, we obtain that all the terms in the first, second, third
and fourth lines of the r.h.s. of (II1.183) vanish as k goes to +oo. In the fifth line only the term
fiﬁ;l(Bﬁ((ﬁm(w))) Yo * qﬁ((f) ) |V<f)|2dx2 is not necessarily converging towards 0. Since we are considering

the first and second canonical directions and since ®! and ®2? are O(p) in @,;1(3;1((500(95))) and since
|9llcc < p we obtain (I11.181) and lemma III.13 is proved. O

Proof of lemma III.11 continued. Denote 5;6 = (03, ®}). By taking ¢(y) := h(y1,92) X, (Y3, ya)
where ¥, is identically equal to p on B?,(l7 0), is non negative, supported in ng(l, 0), we have for i = 1,2

lim sup sup ;- / . x,.dij A (X, dh + hdx,) = O(p*) (T11.184)
k=00 SUPP(h)CB2($oo (7)) 5 [|dhllcc<p~? B, (Poc (@)

Because of the existence of an approximate tangent plane at ‘I;w(x), which is equal to Span{&},é&s},
the asymptotic mass of the current in B%D(fboo(x)) contained in the support of dx, which is included in
B31,(0,0) x (B3 ,(1,0) \ B2(1,0)) is a o(p*). Hence we deduce for i = 1,2

lim sup sup / Oy, h dH?L 31 (2) = o(p?) (IT1.185)
k—+o0o SUpPP(h)CB2(0,0) ; ||dhllee<p~' J/B2(0,0)x B2(1,0)
This implies, using (II1.169),
lim sup sup / Ni(y) 0y, h dL? = o(p?) (IT1.186)
k—+o00 SUPP(h)CB2(0,0) ; [|dh|lc<p~*/B2(0,0)

where Ny, (y) is the number of pre-images of y = (y1,y2) by . Since M(B2(0,0) N (r(2)) ~ p? we then
have

[ wwauna
B2(0,0)

lim sup sup =0,(1) (I11.187)
k—+00 SUPP(h)CB2(0,0) ; [|dhllcc <p—? / Nily) dy?
B2(0,0)

This implies that the number of pre-images is asymptotically constant. We can move the absolute
values in the upper integral of (II1.172) from inside the integration operation to outside and this proves
(IT1.174). We have then established (II1.147) away from a set of Lebesgue measure as small as we wish
in 3. Since vo is absolutely continuous with respect to the Lebesgue measure on 3. we have then
(T11.147). O

We introduce now the following definition

Deﬁnjtion II1.8. Let X be a closed riemann surface and N™ be a closed sub-manifold N C R™. A
map ® € WH2(3, N™) is called “target harmonic” if for almost every® domain Q@ C ¥ and any smooth
function F supported in the complement of an open neighborhood of ®(0Q) we have

/ (A(F(&)).dF) — F(F) AF)(dB,dF),, dvol,,
Q go

where go 18 an arbitrary metric whose conformal structure is the one given by the riemann surface X,
< -, >, denotes the scalar product in T*Y issued from gy, A(Y) denotes the second fundamental form
of N™ C R™ at the point i O

6The notion of almost every domain means for every smooth domain € and any smooth function f such that f~1(0) = 69

and Vf # 0 on 09 then for almost every ¢ close enough to zero and regular value for f one considers the domains contained
in Q or containing Q and bounded by f~1({t}).
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Lemma IT1.14. [Convergence to a Bubble Tree of conformal “target harmonic” maps] Under
the assumptions of theorem III.1, we have that for any xy € ¥ and ry converging either to zero or one,
one can extract a subsequence such that ik(rk -+x,) converges strongly in W12 away from finitely many
points towards a conformal target harmonic map into S°. O

Proof of lemma II1.14. Because of the strong W12 convergence away from B we have the following
varifold or Radon measure convergence in the Grassman space G2(S?) of oriented two planes from 7'S3

lim vep=veso
k— o0
where we recall the notations : v, ; and v, o, are the oriented integer rectifiable varifolds given respectively
by the image of ¥\ U}, B:(a;) by @ and the image of ¥\ U}, B:(a;) by ®oo.

We are now proving that the induced unoriented varifold from the oriented one v, given by the
image by 500 of the whole 3, is a stationary integer rectifiable varifold. More precisely we are going to
prove that d. realizes a conformal target harmonic map into S3. If B = () this has been proved already
in lemma II1.1. We are now considering the case where B = {a;---a,} # 0. The remaining task is
to "dissociate” v, from the rest of the limiting varifold, the whole varifold being stationary. Precisely
we are going to prove that this dissociation happens at isolated points in S% and proceed to a ”point
removability argument”.

As in the proof of (ITI.51), for any p > 0 we can chose € [p, 2p] such that, modulo extraction of a

subsequence, for all [ =1---n

lim ||§k($) - ék(y)H%LOO(BBT(aZ))P = ||‘5oo($) - ém(y)||%Lw(8Br(al)))2

k—+oo

(I11.188)

2
< / VP, | di < gsﬂ/ VDo |? da?
0B, (ar) Ba,(ar)

To simplify the presentation we assume

Sp 1= sup \/877 / |V®oo|? dz?2 > 0
I=1--n Bap(ar)

Let G, = Poo(2}) for some arbitrary choice of a!, € OB, (a;). We have then for k large enough

supp & ((ék)* lz:\ CJ B, (a)) ) C CJ B (G.p) (I11.189)
=1 =1

Let X be a smooth vectorfield in 7'S% such that supp X c 53\ U, B;lp (q1,p)- We can now follow each
step of the proof of the stationarity of the limiting varifold in lemma III.1 and obtain that

4
lim 3 <ayz.)2(<f>k) Vi v<f>k> — X(B) - By, V2| da? =0 (I11.190)
Fotee Jo\UL, Br(a) |53
which implies, using the strong W12 —convergence away from B = {a; ---a,},
4 .
/ [Z (0, X(B) VOL; V) = X(Bc) - B [VB[2| da® =0 (I1.191)
\Uisy Brlar) =1
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Since @ is conformal due to the strong W12 convergence, (I11.191) implies that

)

realizes an integer rectifiable stationary varifold in S® \ |-, Bﬁp (@1,p). We chose a sequence of radii
pr. — 0 such that

Vi=1---n Gpr — G0 €S®

Since s,, — 0, (Poo)[X] is stationary in S\ {q1.0--- G0} Let xs(t) = x(t/6) where x € C5°([0,2], R, ),
X is identically equal to one on [0, 1]. For any arbitrary smooth vector field X from [(T'S?) we proceed
to the following decomposition :

X(q) ZX& |7 Giol) X + X5(q) where  X5(q) [1—ZX5 |7 — diol) ]
=1

Since Supp(Xs) € R*\ /", B(G.0) we have

4

/lz@ng( o) Vo v<i>’oo>f)?5(<i>'oo).ci§m V|2
P

i=1

dz? =0 (I11.192)

and we have

4

=1

(I11.193)

<Xl oo (B3 5(@1.0)) + VX |oc Zuoo By 5(di.0)) = O(9)

1 =1

L
7| =
M=

l

where we are using the monotonicity formula. Combining (II1.192) and (II1.193) with § — 0 we obtain
that

4
/[Z@yj( ) VoL v5w>—)?(<1300).q300 IVoo|?| dz? =0 . (I11.194)
>

=1

What we have done for the whole 3 can be done for any subdomain €2 assuming that the support of X is
contained in a complement of an open neighborhood of Poo (09). We deduce that B is target harmonic
from ¥ into S3. The conformality is a consequence of the strong bubble tree W12 convergence proved in
lemma II1.11 and lemma III.14 is proved. O

IV  The proof of theorem I.1.

We consider the general case where (3, 9, ) possibly degenerate in the moduli space. Modulo extraction
of a subsequence, following Deligne- Mumford compactification described in section IT of [Ri4] we have a

“splitting” of the original surface into collars, called also “thin parts” and and a Nodal riemann surface
3 called also “thick part”. The parts of the collars that contain no bubbles can be treated exactly as the
necks in lemma IT1.6. The ”thick parts” as well as the “bubbles” formed either in the thick parts or in
the collars can be treated exactly as the surface ¥ in the compact case presented in the previous section.
The regularity of the limit is a consequence of the main result in [30]. So we deduce theorem I.1.
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A Appendix

Lemma A.1. There exists a universal number eo(m) > 0 such that, for any & smooth immersion of a
smooth surface with boundary ¥ into BF*(0) \ BT(0) and satisfying

Area(®(X)) < 37 (A1)
and . .
Vre(1,2) ®(X)NIBM0)£0 and B(O%) C d(BF(0)\ By(0) (A.2)
then
/E 42, dvolg > eo(m) . (A3)
O

Proof of lemma A.1. We argue by contradiction. We consider a sequence ¥, and @y, such that

Area(®(31)) < 37 (A.4)
such that
Vre(l,2) ®p(S)NaB™0)#£0 and &,(0%) C d(By(0)\ B*(0) (A.5)
and
. ETOO g |dﬁ|§q_)k dvolg =0 . (A.6)

Let Vi be the oriented varifold associated to the immersion of ff)k with L?—bounded second fundamental
form (see [13]). Using theorem 3.1 and 5.3.2 of [13], modulo extraction of a subsequence Vj, varifold
converges to an integer oriented varifold V,, with generalized second fundamental form equal to zero and
without boundary in By(0)\ B1(0). V4 is then stationary and included in an at most countable union of
2-planes. Using the constancy theorem [33] we deduce that Vo is an oriented varifold given by at most
countably many intersections of 2-planes with the annulus B2(0) \ B;(0) with locally constant integer
multiplicities. We claim that the intersection between the closed set given by the support of V and
0B,(0) x G2(R™) is non empty for any r € (1,2). Indeed, from the assumption (A.5), using Simon’s
monotonicity formula, for any r € (1,2) and 0 < p < min{2 — r,r — 1}, there exists z}, € 9B,(0) such
that

21 o 5 my..r P 712
S S M (@k(xk) NB (xk)) 5l |, |? dvol,
Using (A.6) we deduce that for any p < min{2 —r,r — 1}

v (B 0\ B, (0)) > 27

Hence the support of Vi, intersects all the 9B, (0) x G3(R™) for any r € (1,2). We consider a sequence
of radii 7; > 1 and converging to 1. The 2-planes belonging to the support of V., and intersecting
0B, (0) x G2(R™) has to be constant for 7 large enough. This implies that the support of V,, contains
the intersection between the annulus B3(0) \ B1(0) and a plane touching B;(0). This imposes

pvy, (B2(0) \ B1(0)) > 3w

The later contradicts (A.4) and lemma A.1 is proved. O
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