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Willmore Minmax Surfaces and the Cost of the Sphere Eversion

Tristan Riviere*

January 15, 2019

Abstract : We develop a general Minmax procedure in Euclidian spaces for constructing Willmore
surfaces of non zero indices. We implement this procedure to the Willmore Minmaz Sphere Eversion in
the 3 dimensional euclidian space. We compute the cost of the Sphere eversion in terms of Willmore
energies of Willmore Spheres in R3.

Math. Class. 49Q10, 53A30, 53A05, 58E15, 58E30, 35J35, 35J48

I Introduction

I.1 The search for Willmore Minmax Surfaces.

Finding optimal shapes is a search probably as old as mathematics and whose motivation goes beyond
the exclusive quest for beauty. It is often closely related to the understanding of deep mathematical
structures and ultimately to natural phenomena happening to be governed by these pure ideas.

The existence of closed geodesics on arbitrary manifolds as well as its higher dimensional counterpart,
the existence question of minimal surfaces, belongs to this search and has been since the XIXth century
a very active area of research diffusing in other areas of mathematics and science in general much beyond
the field of Differential Geometry.

The theory of Willmore surfaces, introduced by Wilhelm Blaschke around 1920, grew up out of the
attempt to merge minimal surface theory and conformal invariance.

For an arbitrary immersion d of a given oriented abstract surface ¥ into an euclidian space R™
Wilhelm Blaschke introduced the lagrangian

W(d) = /2 |ﬁ<i>|2 dvoly

where H, ¢ and dvoly_ are respectively the mean curvature vector and the volume form of the metric
induced by the immersion. He proved in particular that for a closed surface ¥ this lagrangian is invariant
under conformal transformations.

The critical points to W are called ”Willmore Surfaces The known set of critical points to the
Willmore Lagrangian has been for a long time reduced to the minimal surfaces and their conformal
transformations. This maybe explains why the study of it’s variations has been more or less stopped
during several decades following the seminal work of Wilhelm Blaschke which was slowly sinking into
oblivion.

After the reviving work of Tom Willmore the first main contribution to ”Willmore Surfaces” has
been brought by Robert Bryant in [11]. Using algebraic geometric techniques he succeeded in describing

1»

*Department of Mathematics, ETH Zentrum, CH-8093 Ziirich, Switzerland.
IThis denomination has spread, and is now generally used, after the work [51] which relaunched the study of these
surfaces that Blaschke originally named ” conformal-minimal surfaces”.
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all the immersed ”Willmore Spheres” in R? as being given exclusively by the images by inversions of
simply connected complete non compact minimal surfaces with planar ends. The Willmore energy of the
immersed Willmore spheres was consequently proved to be equal to 47 times the number of planar ends.
Due to the non-triviality of the space of holomorphic quartic forms on any other riemann surface this
approach has been restricted to the sphere exclusively. Other algebraic geometric approaches for studying
critical points to the Willmore lagrangian include “spectral curve methods” and integrable system theory,
but these rather abstract methods are addressing issues which are mostly local and, until now, hardly
translatable into “back to earth” results exhibiting new complete Willmore surfaces or characterizing the
space of Willmore critical points in a decisive way.

Beside algebraic geometric methods a natural strategy for producing new Willmore surfaces would
consist in developing the fundamental principles of the calculus of variations applied to the Willmore
Lagrangian. Since P_I'q; =21 qu;(f the Willmore Lagrangian is nothing but 1/4-th of the L? norm of
the Laplacian of the immersion and is showing in that sense it’s 4th order elliptic nature. This coercive
structure gives some hope for the success of the variational methods. The pioneered work studying the
variations of W has been written by Leon Simon (see [45]) in which he was proving the existence of
a torus minimizing the Willmore energy. This existence result was also motivated by the conjecture
formulated by Willmore in [51] according to which the torus obtained by rotating around the vertical z
axis of the vertical circle of radius 1 centered at (1/2,0,0) and included in the plane y = 0 would be the
unique minimizer modulo the conformal transformations. This conjecture has been finally proved some
years ago by Fernando Codd Marques and Andre Neves in [31]. In [4] Matthias Bauer and Ernst Kuwert
succeeded in proving a succession of strict inequalities excluding possible degeneracies and the splitting
of the underlying surface which was still left open in Leon Simon’s argument for arbitrary genus. As a
consequence the authors proved the existence of a minimizer of W for any arbitrary closed orientable two
dimensional manifold X.

Leon Simon’s approach to the minimization of Willmore is based on energy comparison arguments
and local bi-harmonic graph approximation procedures and in that sense is shaped for studying the
ground states of index 0. This approach is mostly considering the image of the immersion 5(2) and
not the immersion per se and can be called ”ambient” for that reason. In [42] the author of the present
work has introduced an alternative proof to Leon Simon’s existence result using an approach called
“parametric”. In this approach the study of the variations of the immersion is made possible by local
extraction of “Coulomb Gauges” (isothermic parametrization) and the use of the conservation laws issued
from the application of Noether theorem combined with the integrability by compensation theory (see also
a systematic presentation of this theory and it’s application to Willmore in [40]). Since this approach is
not making use of comparison arguments and since it is based on a weak formulation of the Willmore
Euler Lagrange equation discovered in [41], it was giving the author good hope to apply it to more
diversified calculus of variation arguments than strict minimizations. This is the main achievement of the
present work. Precisely, the purpose of the paper is to present a Minmax method for producing critical
points to the Willmore energy of non zero indices.

1.2 ”Smoothers” based on the second fundamental form.

As already mentioned the Willmore energy is invariant under the action of the Mébius group of conformal
transformations of R™ which is known to be non compact. For that reason in particular it does not satisfy
the Palais Smale condition. This is an obstruction for applying Minmax variational principles such as
the mountain path lemma directly. We shall then adopt a wviscosity approach and add to the Willmore
energy what we call a “smoother” times a small “viscosity parameter” o2

Full Energy(®) := W (®) + 02 Smoother(®)

that makes for the new energy the Palais-Smale condition being satisfied. Omne can then apply the
mountain path arguments to such energy and produce Minmax critical points. In the second part of
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the procedure one makes o tend to zero and one studies the converging process hopefully to a Willmore
Minmax Surface.
In a first approach, following [44], one could think adding to W a term of the form

Smoother(®) = / 1+ |Tz%)2
b

where ﬁq; is the second fundamental form of the immersion ®. This will make the new Willmore relaxed
energy satisfy the Palais-Smale condition (as proved in [24], see also [27]) but this will bring us to the
study of p—harmonic systems which makes the analysis of the convergence rather involved - in particular
the energy quantization - when the small viscosity parameter o tends to zero. From that perspective
p—harmonic versus harmonic systems, as observed below and as it is also used in [9], replacing the full
second fundamental form by it’s trace H & and consider instead

Smoother(cf)) = /(1 + |ﬁ<ﬁ‘2)2
b

has the surprising effect to make the highest order term in the Euler Lagrange to be A and not Ag :=
div((1+|H|*)V) if one makes use of the various conservation laws issued from Noether theorem, following
the main lines of [41]. The drawback however is that [ (1 + |ﬁ5|2)2 fails to satisfy the Palais-Smale
condition and cannot be a smoother by itself and has to be “reinforced”.

I.3 Frame Energies

In the portofolio of surface energies, the author, in collaboration with Andrea Mondino, introduced in
[35] the notion of frame energy for an arbitrary immersion of a torus d:72 — R™ equipped by an
orthonormal tangent frame € : T2 — S™~1 x Sm~! where &(z) is realizing an orthonormal basis of
CE*TwT? The frame energy is then simply given by

- 1 -
F(®,¢) := 1/ el dvoly, > W(P) . (L1)
o 1Pl .

If one considers the “Coulomb frame” associated to the conformal immersion of a fixed flat torus?, the
frame energy F(<I_5) = infgf(fI;,é') is then defining an energy of the immersion ® that happens to be
more coercive than the Willmore energy itself. One could ask whether it can be naturally extended to
any other immersion of an arbitrary surface ¥. This happens to be indeed the case as we explain in the
sequel.

Let ® be an arbitrary immersion of a closed surface 3 and denote by go a constant scalar curvature

metric of volume one on ¥ for which there exists & : ¥ — R

95 =€ go - (I2)

For ¥ # S2 the function « is defined without ambiguity, whereas in the sphere case we have to count
with the action of a ”gauge group”, the space M*(S5?) of positive conformal transformations of S? and
« is uniquely defined modulo the action of this gauge group. For the case of the torus one proves in this
paper that

- |
F(®)=W(®) + 7/%2 |dal dvoly,

2
We generalize the frame energy for any surface of genus larger than 1 as follows : F':= W + O where
1 Con B
o) = 5/2|da|'2(f’ dvoly + Ky, /Ea e > dvoly, — 27" Ky, 1og/2dvol% ) (1.3)

2By the uniformization theorem such a parametrization always exists
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where K, is the constant scalar curvature metric of go. The reason why adding to the Dirichlet energy
of a the term

—2a
Ky, /Eoze dvol g

comes from the fact that the first variation can be expressed miraculously by local quantities ! (although
the operation which to ge assigns « is highly non-local - see for instance [50]). Finally the reason why
adding the third term is twofold : it makes the energy scaling invariant and non negative as a direct
application of Jensen when K, < 0.

Finally, when ¥ = S? we define identically the Frame energy to be

- o1 o
F(®) :=W(®) + 5/52 |da\35 dvolg, +4m /S2 ae? dvoly. — 27 log/

. dvol%

Beside the fact that it is naturally generalizing to S? the Dirichlet energy of Coulomb frames on tori,
there are 4 main reasons why considering this special expression with these particular coefficients

i) F — W is the well known Onofri Energy of a (see [37] and a more recent presentation in [14]) and
satisfies

L1
O(®) := 3 /82 \da|§$ dvoly, +4m /32 o e dvoly, — 27 log /52 dvolg, >0 (L4)

Observe that the Lagrangian O(<I;) viewed as a functional depending of ® it self and of @ is
nothing but the main term in the Polyakov-Alvarez formula of the Zeta regularized determinant of
the Laplacian of the underlying riemannian 2 dimensional manifold. This formula is also named
Polyakov-Alvarez conformal anomaly formula in Conformal Field Theory (see [39]).

ii) The first variation of F' is explicit and can be expressed using local quantities*.

iii) The energy (9(5) is gauge invariant with respect to the action of the Mdbius group on S? and is
independent of the choice of o and gg satisfying (I.2) and depends only on .

iv) The F-energy is dilation invariant : F(e* ®) = F(®) for any ¢ € R.

Open Problem 1. It would be interesting to study the existence of minimizers of the frame energy F
in each regular homotopy class of immersions of spheres in R*. Since the work of Stephen Smale [{6] we
know that there exists countably many of them given by the ma(Vy2(R)) = Z, the second homotopy class
of the Stiefel manifold of 2-frames in R*. It would also be interesting to study the asymptotic dependence
with respect to the class of the infimum of the F—energy as the class goes to infinity (if it is linear or
sub-linear).

Finally, for a given immersion d it would be interesting to study the minimal Dirichlet energy of any
bundle map from TS into R?* x R® which is an isometry from each fiber (1,5, gz) into ®, 7,3 C G(R?)

and which projects onto ® - the map (ff), dfl_i) is one of such maps of course. Starting from ((5, d(f) such
a bundle map is just given by the choice of an S' rotation at each point.

In the case of ¥ = T2 this coincides with the Dirichlet energy of an optimal global frame and is equal
to F(®).

3This inequality is not the direct consequence of Jensen inequality when Ky, > 0 and requires more elaborated arguments.
4This is a very striking fact which is going to make the analysis simpler in the following sections. It very much depends
on the choice of the coefficients in front of each main term of the energy.
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I.4 A Viscous Approximation of Willmore.

Inspired by the discussion above we propose to consider the following approximation of the Willmore
energy
Fo) = W(E) + o /(1 AP dvolg + ——O(8)
by log -
where O(®) is given by (L4) for ¥ = S2 or by the expression (I.3) otherwise.

We prove in section V that F'7 satisfies the Palais Smale condition. One can then apply Minmax
arguments to F'? for any admissible family. One of the main achievements of the present work is the
proof an e—regularity independent of o (see lemma IV.1). It is making use of the special choice we made
of the logarithmic dependence of the small parameter with respect to the viscosity parameter ¢ in front
of O . This e—regularity permits to pass to the limit in the equation for well chosen sequences of Minmax
critical points of F'7 as o goes to zero. The last main lemma in the paper is an energy quantization result
when ¥ = S? (see lemma VI.1). It roughly says that no energy can be dissipated in neck regions.

We then have the main tools for performing Minmax procedures for the Willmore energy of spheres.
To that aim we introduce the space of W24(S5?, R™) immersion of S? into R™ that we denote Ex »(R™).
This space is equipped with the W24 topology. It is proved in [44] that this defines a Banach manifold
with a Finsler structure. Before giving the statement of our main result we will recall the definition of
admissible families.

Definition I.1. A family of subsets A C P(M) of a Banach manifold M is called admissible family
if for every homeomorphism Z of M isotopic to the identity we have

VAe A Z(A)eA

Our main result is the following.

Theorem I.1. [Willmore Minmax Procedures for Spheres] Let m > 3 and k > 1. Let A be an
admissible family of W2* immersions of the sphere S into R™. Let

:= inf W(d
Bo Jnf, max (®)

Then there exists finitely many Willmore immersions of S? minus finitely many points, 51 . "f_;“ such
that

Bo=> W(&)—4xN (15)

i=1
where N € N. O

Remark I.1. The Theorem I.1 goes with a “bubble tree convergence” of a sequence of Minmazx critical
points of ot for some well chosen sequence o tending to zero. This convergence produces asymptotically
a “bubble tree” of Willmore spheres some of them being shrunk to zero. Among the ones which shrunk
to zero there might be non compact (after asymptotic rescaling) simply connected Willmore surfaces with
ends at infinity that we have to inverse in order to make them being Willmore sphere. This operation
in producing energy given by an integer multiple times 4w. This is why such a quantity is subtracted in
(1.5). One of the hard parts in the whole proof is to show that between two successive asymptotic Willmore
Spheres in that “bubble tree” no energy is lost at the limit. This is the so called “no neck energy” property.
O
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True Willmore Surfaces. It has been recently proved in [33] by the author in collaboration with Alexis
Michelat that the maps &;, the ones obtained after inversions in the bubble tree, define “true” Willmore
possibly branched immersions. By “true” we mean that the first residue® defined in [{1]

/ayﬁ — 37, (ayﬁ) +0.FNH
I

is zero for any closed curve I' avoiding the center of the inversion. The inversion of the Catenoid is not a
“true” Willmore surface in that sense whereas the inversion of the Enneper surface is a “true” Willmore
Sphere with a branch point of multiplicity 3 at the origin (see [7]).

Open Problem 2. FExtend the previous result to general surfaces. The “only” obstruction comes from
the Energy Quantization result which is missing when the conformal class of the Minmazx sequence of ro*
possibly degenerates. The recent progresses made in [29] and [30] should be of great help in solving this
difficulty. O

One consequence of the previous result is the following corollary. One considers the family 4 of loops
into Imm(S?%, R?) ~p,0m SO(3) x Q2(SO(3)) realizing a non trivial element of 71 (Imm(S?, R3)) ~ Z, x Z.
It is proved in [3] that for instance the Froisart-Morin sphere eversion followed by the mirror image of
the time reversed of the same eversion is generating 71 (Imm(S?,R3)). In order to avoid uninteresting
loops coming from the action of Diff(S?) one should rather work modulo the action of reparametrization
of the sphere and consider the infinite orbifold® Imm(S?,R?)/Diff(S?) instead of Imm(S?,R?)) which is
an open subspace of the Banach space W24(5% R3).

One can then take A to be the canonical projections onto Imm(S?, R?)/Diff(S?) of paths from [0, 1]
into Imm(S2, R?) homotopic to a non trivial element in 7 (Imm(S?, R?)/Diff(5?)) = Z. The projection
of one time the Froisart-Morin sphere eversion gives such a loop for instance”.

Corollary I.1. [The Cost of the Sphere Eversion] Let Q be the space of continuous paths of C?
immersions into R? joining the standard sphere S? with the two opposite orientations and homotopic to
the Froisart-Morin Sphere eversion. Define By to be the “cost of the sphere eversion” by

‘= inf W (®
Bo Jnf max (@)

then there exists finitely many Willmore immersions of S* minus finitely many points, 51 e En, such that
n
Bo=> W(&)—4n N
i=1
where N € N. a

Remark 1.2. Performing the Willmore Minmax Sphere Eversion has been originally proposed by Robert
Kusner. a

5In 3 dimension this residue is also a multiple of the one that can be deduced from the integration of the one form (4.5)
in [25].

6While Tmm(S?,R3)/Difft(S2) the quotient of Imm(S2,R3)) by the group of positive diffeomorphisms of S? has a nice
bundle structure due to the free action of Diff* (5?) on Imm(S2, R?)), this is not the case anymore for Imm(S2, R3)/Diff(S2).
The space Imm(S2,R3)/Diff(S?) is an infinite orbifold obtained by the quotient of Imm(S2,R3)/Difft(S?) by the map
xz — —z. This induces a 2 sheets covering away from the subspace of singular orbits which happens to have infinite
codimension (see section 3 of [12]). Because of the smallness of the size of singular orbits, using transversality arguments,
one can compute homotopy groups of Imm(S?,R3)/Diff(S2) as if this covering map would be without singularities.

"The canonical projection 7 of Imm(S2, R3) onto the infinite orbifold Imm(S2, R3)/Diff(S?) induces a morphism between
the two first homotopy groups 7« : 71 (Imm(S2,R3)) = Za x Z — 71 (Imm(S?, R3)/Diff(S?)) = Z equal to the multiplication
by 2
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Open Problem 3. s it true that in corollary 1.1
ﬁo =167 7

A topological result, see [3] (see also the enlightening proof in [22]), asserts that any element in 0 has
to contain at least one immersion with a point of self intersection of order 4 (i.e. a quadruple point).
Hence using Li-Yau’s result we deduce that Sy > 16w. In [17] a candidate for the realization of By is
proposed. It is the inversion of a simply connected complete minimal surface with 4 planar ends. Hence
the Willmore energy of this candidate is 16mw. Interesting computations reinforcing this conjecture are
performed in this work. FEstablishing upper-bound of the lowest energy Minmazx sphere eversion is making
difficult by the fact that producing concrete sphere eversions is highly challenging and has been at the
origin of many rigorous works, computer simulations and videos too starting from the first example given
by Arnold Shapiro (see for instance [36], [16], [38], [2], [18], [49], [1]...)

Remark 1.3. In a recent work ([33]) the author, in collaboration with Michelat, extends Bryant’s clas-
sification to “true”, possibly branched Willmore spheres. a

Remark 1.4. An interesting upper-bound of the cost of the Total Curvature Minmaz Sphere Eversion is
presented in [15]. In this paper it is proved in particular that

inf max/ |Kg| dvoly. < 8m
we ey Jg2 *

where Kz is the Gauss curvature of 3. O

Open Problem 5. [t would be interesting to study the cost of the Frame Energy W + O Minmaz Sphere
Eversion. As we saw above this enerqgy is closely related to the minimizing Dirichlet energy among the
bundle maps injections induced by (fl_i,dff)) - which are used by Smale to compute the homotopy type of
the space of immersions.

Open Problem 6. It would be interesting, beside the study of the Wilmore Minmax Sphere Eversion
exclusively, to explore also the Willmore Minmazx for A corresponding to other non trivial classes in
7 (Imm(S?,R3)) = 1(SO(3) x Q2(SO(3))) for arbitrary k. How would their indices be related to k ?

Open Problem 7. Explore the topology of Imm(S? ,R3) using W as some kind of “quasi® Morse
function” : For instance we could ask if all the Willmore immersions of S? into R3 - described by
Robert Bryant - are related to a Minmax procedure involving the various classes of the various groups
7, (Imm(S?,R?)) 2 In order to start “slow” this far-reaching question a first certainly instructive step
would consist in computing the indices of the Willmore Sphere Immersions in R3. Of course one would
have also to complete the space of immersions by considering possibly branched immersions and, up to
now, there is no general result known about the extension of Bryant classification of Willmore Immersed
Spheres in R3 to Willmore Branched Spheres beside some very special cases treated in [26].

Most of the proofs below are presented in the particular case m = 3 in order to make the presentation
of them more accessible. The general case m > 3 is very similar but requires the use of the conservation
laws in arbitrary codimensions introduced in [41] whose formulation involves the use of multi-vectors
instead of vectors and are a bit more tedious but do not bring any new fundamental difficulties.

8“quasi” because we know that 92TV has at least the null directions given by the action of Mdbius transformations.
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II The space of immersions into R?® with L? bounded second
fundamental form.

For k € Nand 1 < ¢ < +o0, we recall the definition of W¥ Sobolev function on a closed smooth surface
Y (i.e. X is compact without boundary). To that aim we take some reference smooth metric go on X

Wh4(8,R) := {f measurable s.t V’;Of € L%, 90)}

where V’;O denotes the k—th iteration of the Levi-Civita connection associated to . Since the surface is
closed the space defined in this way is independent of gq.

For p > 1, following [42] in which the case p = 1 was considered, we define the space &, of weak
immersions of ¥ into R3 with L?P bounded second fundamental form as follows.

deWhe(L,R}) s t.3C>1
SE,p = Cil go S (i)'*gRS S C Jgo a. €.

the Gauss map 7ig € WhH2 (3, Gry(R?))

For any P e Es p, starting from the equation qu_ﬁ; =2H , classical elliptic estimates permit to bootstrap

(in the case p > 1) and get that @ is in fact in W22P(5,R3) (see [40]). It is then not difficult to observe
that &, is in fact, for p > 1 an open subset of the Banach space W22F(X,R?). The border line case
p = 1 is more delicate, it was introduced first in [42] as being of prior interest for studying the variations
of Willmore and is extensively presented also in [40].

IIT Frame Energies.

For any weak immersion $ in Es,p we denote Ay the connection 1-form - which lives on X since the
tangent bundle is abelian - equal to the difference between the Levi-Civita connection V9% defined by gg
and the Levi-Civita connection V9

Ay = VI8 — V90

where gg is a constant scalar curvature metric of volume one on ¥ for which there exists @ : ¥ — R
_ 2«
gg = ¢ 9o

For ¥ # S2 the function « is defined without ambiguity, whereas in the sphere case we have to count
with the action of a "gauge group”, the space M™(S?) of positive conformal transformations of S? and
« is uniquely defined modulo the action of this gauge group. We shall now express |Ag$ 3{3 locally using

moving frames. Let (e1,ez) be an orthonormal local frame? for the metric 9g- We have

2
Vo5 = VoG = D (V% = V™) e - ¢))

1,j=1

2
93

10 Since e; is a unit vector field for gg we have (V9%¢;,e;) = 0 and since f; := e e; is a unit vector field
for ¢g° we have
(Vgoeiaei) = 6—20t (Vgof%fi)g(p - 6—204 de)\ (eivfi)g(i; = — da

9We denote by (&1, é2) the push-forward by & -it’s realization in R3 - of the “abstract” orthonormal frame (e1,e2).
10We shall denote by - the scalar product in the tangent space, by , the scalar product in the co-tangent space and by ;
the combination of the two scalar products.



Hence
2

SOI(% = V) e e} = 2 |dal?,

i=1

In order to compute |((V9& — V90)ey - 62)|3 we choose local conformal coordinates (z1,22) for gz and

%
we have then the existence of u locally such that respectively gz = e? (o) [da? + dx3) and gy =
et [dz? + dx3]. We choose e; := e~ 9,, and thus f; = e * §,,. Using classical computation of the
Levi-Civita connection of a metric in conformal charts (see [40]) we have

(VI%e1 -ez), =xdla+p) and (V¥fi-fo), == du

98
Since e; and ey are orthogonal to each other with respect to gg, we have

(V9 - e3), =e** (V%% ce), = (VO f1- fa), =xdu

98
Hence

(V9% —V9) e, - 62)95 = xdo

Combining the previous we obtain

2
V95 — Vo = (V95 — vgo)ei,ej)@(f) = 4ldal}_ . (IIL.1)
i,j=1

For any C' function f we consider the following “Frame energy”.
Fp(®) := /E [f(Hgf) +27° |A9<f) |§f} d“‘)l%

Observe then that in the case of ¥ = T2 and f(t) = ¢, for some global Coulomb frame € (see [35]), we
have

- . 1 .
Fp2 (®) = /T2[|H s2 270 Ayl ] dvoly, = Z/Tz |de|? dvoly, . (I11.2)

which is noting but the Dirichlet energy of the frame and justifies the denomination “Frame energy”.

II1.1 The first variation of Frame energies.

We shall now compute the first variation of Fy. We shall first concentrate on the second part

C(d) = /E [Agg 2. dvoly,

that we call connection energy. We observe that locally for any unit vector field e for the metric gg one
has
2 2
‘dOZ'gé = |d‘e|go go

We consider a perturbation $; := & + tw. Recall the Liouville equation

~Agy ar =Ky —e MKy, (I11.3)
where A<f>t is the negative Laplace Beltrami operator. Observe that K, is independent of ¢. We have
then ik
d 9 da 93,
= Ay 01| + 28, € e e (IIL.4)



1 Hence

do do d dK,,

—2« _ gq’t
gy, oo+ 2Ky €020 = -2 A5, ] 0 - el (IIL5)
> In other words, we have
da do 20 @ 9 ng;,t
gy + 2Ky, E:—ea%{qu_}t}a—ea g (I1L6)
3 In a local chart we have
Koy dvoly, =it~ 0,1 X Oyyit day Ny (II1.7)
4 Since .
") = - <ﬁ -, d<i>’> . (IIL.8)
dt 93
5 we deduce
d(Kgy, dvoly_ ) -
e <ﬁ-du7, d<I>> Oy, 7 X Dy, day A dao
o (I11.9)
_ [ﬁ Oa, <ﬁ-dw, d(f>> X Oy i+ - D, 7 X O, <ﬁ i, d<I>> ] dzy A das
93 93
s We have .
- <ﬁ i, d<1>> O X Dy i =0 (I11.10)
98
; We choose a chart in which & is conformal and we denote
9 = € [daf +da3]  and  go = €™ [daf + daj]
s thus a =\ — u. We have in one hand
2
7t Oy, <ﬁ L, d<f>> X Dyt = = 3 Oy (67221 0y,0) 71 - 0y, X Doyl
9z i=1
2
=3 e i Oy i 02, © X Oyl
i=1 (I11.11)
=1y Oy, (€722 7+ 0y, W) — Iy Oy, (€727 - Oy 10)
2
— (i - du,dN) 7T 0py B X DT = Y e i 0p i 0, 8- 05, B Ty
=1
o and in the other hand
2
i+ Oy, X O, <ﬁ i, dcf>> =3 0, (€01 0,,0) - 05, B X Oyl
98 =1
2
+> e 0y i 02, X O,
i=1 (II1.12)

=Ty Oy, (€727 0py@) — Iy Oy, (€724 - Oy, 10)

2
+ (i i, dN) T Oy, X Dyl — Y e i 0,0 07,0, 00, T

TiT2
i=1

10



Summing (II1.10), (II1.11) and (II1.12) gives
d(Kg‘I;t dvol%t)

dt
—Tiy [0, (€7} pyt0) + Day (€727 - 0y, 10)] daydv (IT1.13)

= []122 8351 (672/\ ’ﬁ, . 836115) + Hll 83;2 (672)\ ﬁ . 8;5216)} deldeQ

+2 H & (ii - dw,d)), daides

Recall Codazzi
8961]122 — 8352}112 =H &El 62/\

(I11.14)
Op,l11 — Op Lip = H 0y,

Hence we have proved the following lemma

Lemma III.1. Under the above notations we have

d(K,. dvol,.
—( 95, 00 g(pt) = [0, (I22 e i 0z, W) + Oz, (I e i 02, W) ] dzy A do

dt (I11.15)
— [0, (12 €271 0y W) + Ony (lhia €227+ Oy, W) ] davy A das

O
Recall )
d = —
= (dvol,,)(0) = [Z 9, B - amiw] dz1 A dzs = <d<I>;du7> dvol,, . (II1.16)
i=1 &
Hence
22 dK%t —2) - = —2) = .
e = O, (]I22 e N - &clw) + O, (Hn e N - 81211))
, (IT1.17)
— 0Oy, (le e i - al?zu_j) — Oy, (le e i axlu_}) - Ky Z Oy, ® - O, W0
i=1
Recall
Ay f = (det(gn)) "2 Z By, ( (det(gi)) 2 g9 8, f) (IIL.18)
4,j=1
and p
gf (0) = Oy 5+ D, & + Dy 5+ D, B . (I11.19)
Since ), gri g = Or; and gp; = €2* §1,;, we have
dg* —ax z - % -
£(0) = —c [axicb O+ Oy, B - aziw} . (I11.20)
Thus in particular
d _ dgi1 | dga2
o (det(gi)'/* =271 (det(giy))™* € [dt N dt}
(IT1.21)

11



and

2
jt (det(gi) ™% = e 30,8 0,0 (111.22)
i=1

Combining (III.18)...(I11.22) we obtain

Lemma III.2. Under the previous notations, for any function f independent of t on ¥ we have'l

A(Dg, ) f

o = <d < d®; di >gq.>,df>gq: - [[dé’@dw + diGdd) L, df} , (I11.23)

where we have explicitly in conformal coordinates

tgpd s [[ABEAT + ATEAB] Ly df | = e f: Or, (672 (00,8 - 00,0 + 0,8 0,,) 0, )

ij=1
a
We have
d(dvol, .
4 /|dat|2a dvol,_ Z / dg"’ Oz, a0z dvol g /|do¢|2d M
dt | [, '“es, @, sl
=1 (IT1.24)
-2 /aA do dvol g
S dt
We first have using (II1.20)
Z / dg” Oz, 0y dvol g :—2/ <d<5,doz> - (dd, da) dvoly_ . (I11.25)
9%

1,7=1

We then have using (I11.16)

/\doz|gﬂ o E /\da\g <d<I> dw>g dvoly, . (I11.26)

&

Using now (II1.5) we have

-2 /aA d;t dvoly, = /aAgO i dvolg,
by py

(I11.27)
d(qu;t)oz
=4 Kg(J dvolg0 +2 . a0 dvoly, + 2 . o 95
Using lemma IT1.2 we obtain
d(A,. -
2 / o — B dvoly. = —2 / |da|3ﬂ <d<1>;du7> dvol,,
s dt * > * 95 *
(I11.28)

J/EQA%Q <d¢>;dw>g$ dvoly, + 4/E<d<b,da>g¢ (di, da),,  dvoly,

1 The contraction operator qu.) between a quadratic form and a 1-form is defined as follows :

a®b|_gq.) c:=<bc>g; a

12



1 Using (IT1.17) we obtain

dK, . 2
2/ « diq)t dvoly, = —22/ I; e~ 2> 7T+ Oy (10 Oy, y v da?
> i=17%

+2/ Ly e 7l [0, W Opyx 4 Dy Oy, ) dac? (I11.29)
b\

-2 /Ea K, <d<I>;dw>g$ dvol g

> Combining (II1.27), (I11.28) and (IT1.29) gives, using that A,_a + K, = e 2* K,

doy o 2 2o
-9 /Ea A%E dvolg, = —2 /E\doz\ ; <d¢,dw>g dvoly

@

+4/<dcf>,da> d@, da) . dvol,.

b 9% < >g‘1’ s
2

= / Li; € 2 i+ Oy, y, W O, v da® (IT1.30)
i=1 2

—|—2/ Lig €2 71 - [0y, W gy + Dy Oy, @] d
>

B, d
2K, / o 20 <dq>;du7> dvoly, +4 K,, / ad—‘z dvoly,
b 98 2

2 K,, /Eae_2a <d<f>;du7>g

s Observe that p
dvol,, +4 K, / a diz dvoly,
b

3

o (IT1.31)
= 2K, / o d(dvolg,)
5 dt
. and since gy is normalized to have volume 1, we have
d(dvol
/ dldvolyy) _ (I1L.32)
5 dt

s which is consistent with the fact that the addition of constants to « (i.e. dilations of &) are zero directions
s of the lagrangian C. Combining now (II1.24), (IIL.25), (II1.26) and (II1.30) we obtain the following

d =
p {/2 |do¢t|§$t dvol%t} =— /E\doz\;(g <d<b;dw>g$ dvol,
+2 /Z <d<§,da>gﬂ-(dzﬁ,da>% dvoly, +2 /E (]TL%(*%da)) Adi (IT1.33)
@
> d
2K, /Ea o2 <dq>;dw>qﬂ dvoly,, + 4 Kgo/zozd—(j: dvol,,
93
7 where we have explicitly in positive conformal coordinates

2
2]_fl_% (#ggda) Adilf = —2 lz L e i+ Oy, & &Wa] dzy A dxo

i=1

(I11.34)

+2Thg e 2N 71+ [0y, W Oyt 4 0y Dy, 0] dy A dzy

13



1 where wedge is the combination of the exterior product in the domain and the scalar product of vectors

2

3

4

5

6

7

9

in the target. Moreover da/dt solves the following PDE

do do

Doy o + 2Ky o = = (d(< dd;di >,;) ,do)

g0

gy kg |[ABEAT + dTAF) Ly, dof

gy d [Tl (7 g di0)] + Ky (a8, did)

9o

Observe that

d 1 o %, da
pn [—4/2[20%6 2o 4 o2 ] dvolq;t] :/Eaa dvolg,

1 -
_1/2 [2& e 2 4 6720[] <d®;dii >4 dvoly,

Hence J
1K, / ad—j‘ dvoly, — 2 K,y / a e < db;di >, dvol,,
b >
d

== [ K, /z [2 ap e 2 4 6720“] dvol(i;t]
+Ky, / a e < d®; di >g: dvoly.
b

/ e dvoli;t = / dvolg,, =1
) )

Combining (IT1.33), (II1.37) and (I11.38) we obtain

Observe that

Lemma II1.3. Under the previous notations we have

d
% |;/; [|dat|§$t + 2K90 ay e*2at:| d’UOlg(Bt:|

:/Eoda\?@ g5 AB) AdT — 2/E<<d<i5,da>% - da) Adi

+2 /Z (Tlgy (g5 da) ) Adi = K, /E (a e xyy aB) Adi

This lemma justifies the introduction of the following modified frame energy.

y(8) = / [F(Hyg) + 27 [ Ay 2. + Koy 0 e722] dvol,,

= /E[f(ng;) +271 \da|§$ + Ky o €727 dvol g

(I11.35)

(I11.36)

(I11.37)

(I11.38)

(111.39)

w Lemma IIL.4. Let ® be an immersion of the sphere S? and gg be a metric of constant curvature equal

11

to 4 and volume 1 such that there exists a function o satisfying

95 = € 90

14



then the Polyakov-Alvarez Lagrangian

L(®, o) == /52 2*1|da|3$ dvoly + 4w /32 o dvoly,

is independent of the choice of gy and in this sense is gauge invariant for the gauge group given by the
Mébius group of positive conformal transformations M™T(S?). O
Proof of lemma III.4. Let a(t) and go(t) be smooth functions such that

95 = > go(t)

We have

—L(®, go(t)) = — Ay al(t) c(chtL dvoly, + 4m / da e 2 —2a e 29 dvoly

dt po g2 dt [

dOé da dOé
= _ /52 [Ago(t)dt + 87 dt} a(t) dvol g, () + 4w /52 T dvol g, (1)

Since f52 dvolg, ) =1 we have in one hand

d C9a da
0= % y e 2 a(t) donlg&; = -2 Lz E deIgo(t)

The Liouville equation gives in the other hand
0= A, a(t) + Ky, — 4me2o®)

Taking the derivative gives

da o) da 2 alt da da
OzAg(ﬁE—i— 8me a()aze o®) Ago(t)a—i-&ra
all the previous says that L(ff, go(t)) is independent of ¢ and lemma I11.4 is proved. |

We have the following definition

Definition II1.2. Let ® be a weak immersion in Es2.1 out of all o such that there exists go of constant
curvature equal to 4w and volume 1 such that

9 =90 , (I11.40)

we call a Aubin Gauge a choice of a and VU € Diff(S?) such that

Urgo =22 and Vje{l,23) / zj 2@ dyolgs =0, (I11.41)
47 S2
where g2 is the standard metric on S2. O

We have the following theorem by E.Onofri.

Theorem III.1. [37] For any weak immersion o of S% and any o satisfying (I11.40) then the following
inequality holds

/ 27 dal? . dvoly, + 4 / a dvolg, > 27 log/ e** dvoly, . (I11.42)
g2 *® & g2 2
Moreover for any ® there exists a Aubin Gauge (U, «) satisfying (II1.41). a

15



We are going to use the following result proved by N.Ghoussoub and C.S.Lin.

Theorem II1.2. [19] For any weak immersion ® of S? and any o satisfying (II1.40) and (1I1.41) then
the following inequality holds

/ 3*1\da|§# dvol, + 47 / a dvolg, > 27r10g/ e*® dvoly, . (I11.43)
52 ¢ * 52 52
a

It is suggested by A.Chang and P.Yang ( [13] section 3) that the constant 3~! could be replaced by
4=1in (11L.43).

IT1.2 The variation of the mean curvature

We have p i
Ay _l§dg? ij ALy
Z L Zg dt
2,7
We have p p
9ij - - Loz S
D~ (0080 00,80) = 00,50, 8 + 0,8 0,0
Since
_ dgzk dg
2\ 2\
ik 5, . S
a T )
we have B
dg¥ -
97— et [axlw 0y B +8,,8 - 0, w}
dt i ‘ i
So o
1 g" —an 1 " z = o —2)
5> -1, 3 [0 00,8 + 0,8 - 0,,0] 0,71 0,8 = PV VE
,J 4]

‘We have moreover

dll;; d . > diiy - - -
= 2 (00 00, 81) = 00, 2L 00,8 — 00,71 0,0
So combining the previous assertions we have
dH e” 2 diiy - -
_ = 9. s P —2A\7 > | &
7 5 Vi -V — > 7 VO 4+e Vi -V
Since i
n =
— AP =0
dt ’
we obtain = =
dH e~ e~ dity -
27 7 7— v 22 . vd
7 5 Vi - Vi dlv(dt \Y )
One has i
e R TA VL
dt
Hence



Combining the previous gives

—2A
7 v (7 - V@) + Vi - Vi
¢ 2 (I11.44)

= 274" (71 - dw) + 27" (d; dii)

9%

We then have for any C' function f

d / X N
at {/z f(Hg,) d/UOl(i;t:| =—27! /Ef (H) d*s (7i - dib) dvoly,

(I11.45)
4ot / f/(H) (da; dii),,_ dvoly, + / F(H) <du7; d<}?> dvol,,
pX *® = 93
We can then deduce the following result.
Lemma IIL.5. Let f be a C' function, under the previous notations we have
d -1 ! -1\ A 7
i | ) f(H%t) dvolg; | =2 . (g dlf'(H) i) Adw
(111.46)
_ / (f/(H) #g, dit) Adiw — / (f(H) %9z dii;) Adw
b ’ pX ’
a
Observe moreover that from (II1.21) we can also deduce the following elementary lemma.
Lemma III.6. Under the previous notations we have
d o _ >,
%bg {/2 e? dvolgo} =[Az(2)] ! /z: < d®,did >4 dvoly,
(I11.47)
=—[4z(D) / {*gédcf)} AdG
b
where Ag(X) := [ € dvoly, = [, dvol,_ is the area of the immersion 3. O

I11.3 The first variation of the Frame energies and conservation laws

Combining lemma II1.3 and lemma II1.5 we obtain

Lemma IIL.7. Let ¥ be a closed oriented two dimensional manifold. Let f be a C' function on R , let
® be an immersion into R3, let gg be the induced metric on X. Let go be a constant Gauss curvature
metrict? of volume 1 on ¥ such that there exists o with 9 = e2® go. The immersion is a critical point of

@)= [

[f(H) + 27 daf2, + Ky, o e—za] dvol,, — A log ( / 2o dvolgo> (IT1.48)
b b

120bserve that go is unique if ¥ has non zero genus. When ¥ ~ S2 it is unique modulo the action of the Mobius group
M+(S2). Nevertheless, because of lemma II1.4, the Lagrangian, and hence the Euler Lagrange Equation is insensitive to
the gauge action.
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6

if and only if the following conservation law (i.e. closeness of a one form) holds

d [xggdlf'(H) 7] — 2 f'(H) #g, dii

3

+ [ 27(H) +|daf?, = Kyyae 420 [A5(2)] 7] #,, dB

=2 (dB,da) sy da+ 2E’|_g$(*g$da)} —0

98
Assume ® is a critical point of F )ﬁ\ given by (I11.48) and denote locally

dL = %y d[f'(H) 7] — 2 f'(H) x4 dil

+ [—2f(H) tldaf?, — Kg e +2A[A5(5%)] 7| #,, dd
-2 <d¢>,da>gf) Koo da+ 211 g (x4 da)
In conformal coordinates this gives
89611:; = 76r2f/(H) i+ f,(H) 83727_7:
—[=2f(H) +|dalj, — Ky a e +2A[Ag(5%)] 7] 0,,®

2
- o -
+2 <d<I>,da>g$ Oz, + 2e Z]Ih-(*gq;da)i ,

i=1
and .
8932L - amf/(H)ﬁ - f/(H) azlﬁ
=2 f(H) +|dafl, — Koy a e +2A[A5(5%)]7] 0., P
2
-2 dfﬁ,da Oz, o0 + 272 ]f2 *,.dor);
(d8,dac) 2oy o)
We have

ABAAL = [amlciﬁ O L — 0, B - ami} dzy A ds

=2(f'(H)H -2 f(H) — Kgy o e >* +2A[A5(5%)] ") dvoly,

18
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1

2

3

4

5

We have also

This gives

We have

ABNAL = [0, & x Dy, L = 00,8 x 0, L] day N dy

— 9,8 x [aIlf’(H)ﬁ— FI(H) 0y, — 2 <dcf>,da>
g

L

895104] dri N dxe

2
42722 28981‘5 X Ezi(*g(ﬁda)i dx1 N dza

+0,, B x [&sz’(H)ﬁ— F1(H) Oy, i — 2 <d<f>,da>
g9

=1

83024 dx1 N dxo

o

2
—2e 22 Z(’ﬂw‘f X ]_fu(*g‘idoz)i dx1 N dza

i=1

AONL := [0y, ® 8, f'(H) —

Op, ® Oy, f'(H)] dy A dao

2
— 272 Z Lij (%95 dv); 00, ® da1 A da

i,7=1

2
—2e 22 Z Hij(*g5da)j 8$1<f> = 289;104 |:€_2>\ T2 89315 + e 2N I59 (’)wz(f

ij=1

-2 6@04 |:672)\ T4 8x1 5 + e 2N Iio 81.2 (I;]

We compute, using Codazzi identity (II1.14)

62)\ (9961 [672>\ Iio 81-1 (1_5 + 672)\ I59 6;52 ‘5:| — 62)\ (912 [672>\ I 83;1(5 + 672>\ Iio (9;52 q_;:|

8m1(1_5 |:72 811)\ ]Ilg + azl]llg -+ 672/\ ]112 85%5 . 87315 —+ 672>\ HQQ ({92

2 Ouy A Iog + 0y Ing + €2 [0 02

T1T2

1T

2 O\ Ty + 03,11y + €722 02

_—2 Opo A Lo + 02,110 + e 2 1P 855(5

20, 8]

B 0,8 + ¢ P 112058 - 0,, 8]

B0, B+ e Py aigcii -8, @

. axZ(I_)' + 672)\ ]111 82 5 . 8962(13

r1xT2

Making use of Codazzi identity (III.14) we finally obtain

e Ou, [6_2)‘ Ii2 89515 +e I35 O, (f)} — e Oy [6_2)‘ Iy GIICI; +e L5 O, (f)}

8961(1_5 [—H 812€2>\ + 8m2)\ []122 -+ 1[11]} -+ 8125 [H 811€2>\ — 8I1>\ []IQQ + ]111]}

0
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Hence there exists locally D such that (see also lemma IIL2 in [35])

awll_j = |:€_2A Hll 811(5 + 6_2)\ ng 8w2(1_5}
(I11.59)
8;8213 = |:€72A Iio 8;51 6 + 672>\ I59 8952 (f)]

Combining all the previous we obtain the following lemma

Lemma IIL.8. Let ¥ be a closed two dimensional manifold. Let f be a C' function on R, let ® be an
immersion into R3, let gg be the induced metric on X. Let go be a constant Gauss curvature metric of

volume 1 on X such that there erists o with gg = e2® go. Assume the immersion ® is a critical point of

@) = |

[f(H) + 271 |da|§$ + Ky o 6720[] dvoly. — A log </ e dvolgo) , (I11.60)
b b

and following lemma I11.7 introduce locally L

dL = %y d[f'(H) 7] — 2 f'(H) *y dil
+ {—2f(H) +ldaf} — Kgyae™* +2A[Ag(S%)] 71| x4, dO (I11.61)
-2 <d<1>,da>gs *go da+ 20 g (x4 da)

then the following almost conservation law holds

APAAL =2 (f'(H) H — 2 f(H) — Kgy o €72 + 2 A [A5(S?)] ™) dvol,, (IIL.62)
and the following exact conservation law holds
d® N dL = d® A df'(H) +2da AdD (I11.63)
where D satisfies . .
dD =1IL,d® . (I11.64)
a

Remark III.1. The three conservation laws or almost conservation laws (II1.61), (II1.62) and (I11.63)
can be deduced from Noether theorem (see [5]). Precisely the existence ofE satisfying the first conservation
law (II1.61) is due to the translation invariance of the Lagrangian FJ{‘, (II1.62) instead is related to the
lack of invariance of the lagrangian under dilation whereas (II1.63) is related to the rotation invariance
of the Lagrangian. O
III.4 Various Bounds involving the Frame Energies.

First of all we establish the following lemma.

Lemma IIL.9. Under the previous notations we have for any o > 0

log (/ e dvol90> log <02/ (1+ H?)? dvolgq.)>
52 52
<
1 =2+ 1
log ( — log [ —
o o

20
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Proof of lemma ITI.9. We have obviously

1
log (/ e dvolgg> < log (O’g/ (1+ H?)? dvolg(f)) + 2 log <> (I11.66)
S2 S2 g

We have also

2
1672 < ( HZ dvol%) < / e dvoly, / H dvoly, (I11.67)
52 52 52
Hence
1
2 log () + log (02/ (14 H?)? dvol%> > —log (/ e dvolg0> + log 1672 (T11.68)
o S2 S2
Combining (IT1.66) and (I11.68) gives (II1.65) and lemma IIL.9 is proved. O

A useful lemma is the following which is a direct consequence of theorem I11.2

Lemma II1.10. Let ® be a weak immersion of S2 and (a, ¥) be an Aubin Gauge satisfying (II1.41) then
the following inequality holds

671/ |da|?, dvolg,
S2

(111.69)
S/ 27 da|?_ dvol, + 4 / a dvoly, — 27710g/ e® dvoly,
52 * * 52 52
O
For ¥ being an arbitrary closed surface we denote
o(F 1 - AL OIS 4
Fo (D) := log; Fp (@)
-1
1
= <log ) / [f[,(H%) + 27! |da|2q_> + Ky, o €| dvolg, (I11.70)
g b)

1\ !
-27'K,, <log ) log (/ e dvolgo>
g b

where f,(t) = logo~1[t? + 02(1 + t?)?]. First, in the particular case ¥ = S? we have

Lemma IIL.11. Let ® be a weak immersion of S? in Eg2.9 and go be a constant Gauss curvature metric
on S? of volume 1 such that

95 = € go
We have for o € (0,1)
W(®) + 02/ (1+ H?)? dvoly, < F°(®) (I11.71)
SZ
and for any Aubin gauge we have
1\ ! - -
(1og ) / ldal?2. <6 |F7(®) — W(D) (I11.72)
g S2 *®
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We have also for any gauge

. 1 1 -
inf o> log Ag($?) - 5 /52 |da|?, dvoly, —C [1 + W((I))} (IIL.73)
and ) ) )
1\~ 1\~ - log Az (S
(kg o] e s2) < C 1og) ./1\daPﬂ+—WN¢) Gl (IIL.74)
o o 52 K] 2 log =
moreover , )
log Az (S 1\~ - -
M <1+ (log=) log [FU(@) - W(cb)] (IIL.75)
2 log o
where the constant C' is a positive universal constant. O
Proof of lemma III.11. First of all, Onofri inequality (IT1.42) implies
Fo (D) > W(P) + 02/ (1+ H?)? dvol,, (I1L.76)
S2
We have also
. - 1\ !
Fo(®) — W (®) > (log ) / [2—1 |dal} + Ko a e dvoly,
g S2
(I11.77)

1\ !
—27 (1og ) log (/ e dvolgo)
g S2

Then we obtain (I11.72) directly from (II1.69).

By the uniformization theorem on S2, modulo the action of a conformal diffeomorphism, we can
assume go = gg2/4m where gg» is the standard metric on S2. The immersion ® is then conformal from
the standard sphere into R3.

The Liouville equation reads in this gauge
—Aga ="Kz —dn
Standard elliptic estimate give on the standard sphere S2

ldall 2= 52y < C(S%) [1Agoallzy, (s2)

Hence we have the existence of a constant C'(S?) such that
lda 2 g2y < C(5%) [1+W(®)] (IIL78)

where the norm is taken with respect to the metric go. We cover S? by a finite, controlled family of
geodesic convex balls for the metric gy and each of these balls we choose a conformal chart ¥; : D? = %
such that \I/l(Df /2) still cover S2. We consider any of these ball and we omit to write explicitly the

composition of & with ¥;. Denote € =e 8%.(5 where e* = log \8%6\. (€1, &) realizes a moving frame
and
Ve = |- Ve[ + VAP
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We have
—Aa = Ap+ (Vé, Vie,)

Using Wente together with classical elliptic estimates we get the existence of @ € R such that

_ N 1
o=@l zepg, ) < C [IVallzam o2y + IVl + 197320 | + 5 /S |daf2, dvol,,  (111.79)

Since [y, dvoly, = 1, there exists € ¥ such that
1 "
a(x) == 5 log Area(®(S5?)) (I11.80)

Combining (II1.79) and (I11.80) we get (II1.73) and lemma III.11 is proved. O
First we shall need the following lemma

Lemma III.12. Let ¥ be a closed oriented surface and & be a weak immersion in Es 2. Let gy be a
constant Gauss curvature metric of volume 1 on 3 such that there exists o for which

98 = e’ 90

Then, if genus(X) > 1 we have

K, /a dvolg, > 27" K, log/ dvoly . (111.81)
b b

Proof of lemma II1.12 We have to bound from bellow the following quantity

47 (1 — genus(X)) / a dvolg,
b

Since we fixed fz dvolg, = 1, using the convexity of exp and Jensen inequality we have

exp (2/ advolgo) §/ e dvolgoz/ dvoly . (II1.82)
b b )

We then have for K, <0

K, / a dvoly, > 2w (1 — genus(X)) log/ dvoly, . (I11.83)
b by

This concludes the proof of lemma III.12. O
Combining (II1.70), (II1.74) and (I11.81) we obtain the following lemma

Lemma II1.13. Let ¥ be a closed surface of non zero genus and ® be a weak immersion of ¥ in Es 9

and go be the constant Gauss curvature metric on 3 of volume 1 such that

2

9 =€ 9o
We have for o € (0,1)
- 1\ 1 .
W(®) +02/(1 + H?)? dvoly, + <2 log > / |dal}, < F7(®) (I11.84)
p) o by
and ) )
1\~ 1\~ . log Az (X
log= | [leflze) <C (log = / ldaf? +W(P)| + gi‘ﬂl) : (II1.85)
o o ) ¢ 2 log =
where the constant C' is a positive universal constant. a
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IV Uniform regularity for critical points to the Frame Energies
approximating the Willmore Energy

IV.1 Some Banach Spaces relevant to the proof.

In the sequel we shall make use of some Banach spaces for which we recall the definitions. For any domain
Q € R? the weak LP space LP*°(f) is given by

LP>(Q) := {f measurable s. t. |f|p oo :=supt|{z € Q; |f(z)] > t}|1/p < —|—oo}
>0

For p € (1,+00) the quasi-norm | - |,  is equivalent to a norm and the normed vector space LP**°(2) is

complete (see for instance [20]). It is the dual space to L?+1(Q) given by the set of measurable functions
f such that

+oo ,
1l 1 ::/ x5 [f(2)] > 37 dt < +oo
0

The quasi-norm |- |,/ 1 is equivalent to a norm denoted || -||,/.; and the space L?"1(Q) equipped with this
norm is complete (see for instance [20]).
We shall also make use of the space

L3> 4o 12[A3(D?) = {f measurable s. t. || f| 2.0 yo-1/2p2/5 1= ; 1fn£r
=1

which is dual to

L' No'2L4(D?) = {f measurable s. t. ||fllz2inpi/2pa = | fllza + 02| flla < +oo}

IV.2 Uniform e—regularity.

In this section we shall consider critical points of the following family of lagrangians where the parameter
o belongs to [0, 0p).

Fo(®) = (log i) - FLo (@)

o

!
= <log 0) / [fU(Hg(f)) + 271 |da|_2q; + Ky, o €| dvolg, (IV.1)
b

N\t
—271 Ky, <10g ) log (/ e dvolgo) ,
o p)

where f,(t) = logot[t? + o%(1 + t?)?]. Recall that we denote for any domain U of S?
Ag(U) := Area(®(U))
The goal of this subsection is to establish the following result

Lemma IV.1. [uniform e—regularity| For any C; > 0, there exists € > 0 and o9 > 0 such that for
any o € (0,00) the following holds. Let ® be a critical point of F7 satisfying

Fo(®) <Oy . (IV.2)
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We keep denoting d the expression of this immersion in a conformal chart from D? into R3. Denote

respectively
gz = € [da? +dzd]  and gy = € [da? + da]

3
and denote moreover l, 1= (log %)_1. Assume that o, pu, 7 and H satisfy

ilrjlzfa >logo—C1 , |Vpllpemy <C1 (IV.3)

and
I llew ¥ e () +/ VAP + [+ HY e de? < (IV.4)
D2

then for any j € N one has

IVIFL72(0) + | VI (H (14202 (1 + H?)))?(0) + o* H? (1 + H?)? e}(0)

2 2

Aq;(DQ)r ,

+Cj 12 [al® +12 H€4HHL°°(D2)] ||€4”||L°°(D2) + G2 [ A5(%)

where @ = |D3 |~ fo/Z a and

2
LIVIHal?(0) < G zg/ Vol d® + G [/ Vil dxﬂ
D2 D2
(IV.6)

4 2\ 14

- ~ ~ Agz(D

+C; |0 | H'"e® da®| +Cjly €| L~p2) + Cjly #(D) ,
D2 Aq;(E)

where C'j only depends on C and j. |

Proof of lemma IV.1. In the first part of the proof, following the original ideas of [41], we derive from
equation (III1.53) more conservation laws. We do it first formally, not worrying of the regularity. In the
second part of the proof we will revisit each step with estimates in relevant Banach spaces.

Step 1. Equations. Let I, := (log %)—1

VL := 1,V (fL(H) @) — 21, fL(H)Vid -2 e 2, VP - Va Via

V.7
o [<2f,(H) + e |Val* = Ky €72 + K, Ag(2)7] VAP + 21, e ILV a o
Equation (II1.53) gives
V& VL =21, e (2f,(H)— HfL(H)+ Ky ae > — K, Az(2)7Y) . (IV.8)
Let Y be the solution of
—AY =21, e** (2f,(H) — H fo(H) + Kgyae > — Ky Az(2)™')  in D?
(IV.9)

Y =0 on 8D?
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Observe that 2 f,(H) — H f/(H) =2 1; 02 (1 — H*). So Y satisfies

—AY =4 0% (1 - H) + 21, Kyyae® — 2K, 1, e** A3(2)™"  in D?
Y =0 on §D?
Using Poincaré Lemma we deduce the existence of a function S such that
VS=L V®+V+y
The equation (II1.63) in conformal coordinates gives
Ve x VYL =—1,V*® - Vf (H)+2Va-V*D

where

2 2
Vﬁ = <lo— e 2N Z Iy 8%(5 - e 2 Z IIy; 311£>
=1

i=1

Using again Poincaré Lemma on D? we obtain the existence of V such that
VV :=LxV®+ I, fL(H)VP—2(a—a)VD

Using the explicit expression of VD given by (II1.64) we obtain

<!

(LxV®) =L -V*®=Vis+ VY

S

-V

We have also . . . . .
AxVV=—(L-@#)V®— I, fL(H)V'® -2 (a—a@)@i x VD
Denote WT(VLV) the tangential projection of VLV , we have

mr(VEV) = (L) VO + 1, f(H) V& — 2 (a — @) VD

Hence . . . =
AxVV =-VV - 2(a-a) (viD+ﬁx VD) — 7 (VS - ViY)

Let ¢ be the unique solution to
AT =V*Y - Vi in D?

7=0 on &D?

Using one more time Poincaré lemma we obtain the existence of @ such that
AVtY =Vi+ Vi
Finally, let R:=V — @ We have
AxVV =iix VR+7x Vi = x VRE+ x V-7
Hence (IV.18) becomes

AXVR+7x Vo= VIR + V- AVS— 2(a—a) (vl5+ﬁxv5)
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which gives

AS:—Vﬁ-vLﬁdeiv(ﬁ-W— 2(a — @) ﬁ-vﬂﬁ)

(IV.23)
AR = Vii x VLR + Vi - V18 + div (—ﬁx Vi+2(a—a) (VD + i x vlﬁ))
Taking the vectorial product between (IV.14) and V+® we obtain
VV x Ve = (L-V+®)- VS — 21, fL(H) e it —2 (e —a) VD x V+&
(IV.24)
=V'S VO + VY -VS 21, fL(H)e it —2 (0 —a) VD x V+&
We have also . . . - .
VV x V+® = VR x V& + Vi x V1
= VRXVY® +Viix Vi 4+ VY - (i x V1 D) (IV.25)
—VRXVI®+VixVP+VY VP
Combining (IV.24) and (IV.25) gives
2, fLH) e 7 =V+S - VO —2(a—a) VD x V*® — VR x V& — Vi x V& | (IV.26)

We have explicitly I, f2(H) =2 H (1 +202(1 4+ H?)) moreover, a straightforward computation gives
—VDxV'® =20, He® =1, AD . (IV.27)
Inserting (IV.27) in (IV.26) gives then

20142021+ H?) —l, (0 —a)) AD =V+S V& - VR X VS -Vix VP . (IV.28)

step 2 : We now prove that, for € small enough, V.S and VR are in L2.
Since | D2 |Vii|? dx? < e, for ¢ small enough, following Hélein’s construction of energy controlled
moving frames ( see [21]), we get the existence of €; such that

¢ X & =i and / |VE|? dx? < C / \Vi|? dz? . (IV.29)
D2 D2
Using the assumptions (IV.2) we have

20, 2W(<I_5)+02/ (14 H?)?
SQ

(IV.30)
o |:/S2 27! |da|2<f: dv0lg<f> + K!]o « e—2a — 9ot Kgo log A(E(Z):|
Using Onofri inequality (I11.42) we deduce that
W(®) + o / (1+H*)? <20 1v.31)
SQ
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Since W (®) < 2, using (II1.78), we obtain the existence of a constant depending only on C; such that
||V/\||L2,oo(D2) <C . (Iv.32)

Recall (see for instance [40]) that for & := e * 8,,® the Liouville equation giving the expression of the
Gauss curvature in conformal coordinates is equivalent to

—AN = (Vé; Viéy) . (IV.33)

Let v be the solution of
—Av = (Véy; V+éy) in D?

(IV.34)
vr=20 on 9D?
We get, using Wente inequality
2
Vv 22p2y + [V Lo (p2y < C Z/ |Vé;|? da? < C / \Vii|]> da? <e . (IV.35)
i=1/D? D2
Since A — v is harmonic and since
VA =v)|lp2ee(p2y <C (IV.36)
we have
||V(>\ - V)HL”(Dfp) S C . (IV37)
Hence, using (IV.35), there exists A = (A — )(0) € R such that
1A — AHLoc(Df/z) <C . (IV.38)
Since ||Viulleo < Ch, we have the existence of 7 € R such that
I =Pl 2y <C . (IV.39)
Hence we deduce the existence of @ € R such that
|o — a||Loo(D%/2) <C . (IV.40)

We rescale the domain so that D%/Q becomes D?. We now proceed to the introduction of E, Y, ‘7, U, U ,]:f,
S as in step 1. First of all using classical elliptic estimates we deduce from (IV.10), using the hypothesis
(IV.4) and for o small enough

Az (D?
VY || p2:00(p2) < C / o214+ HY e de? + Cl, [a] | ¥ dz? +Cl, Az(D) <Ce , (IV.41)
D D2 Az (%)
and using (IV.19) we deduce by the mean of Wente estimates
V3| p2(p2y < C ||Vl 2(p2) [/ o2 [14+ HY e dz? + 1, |a\/ e dx? + l(,} : (IV.42)
D2 D2

Recall that for any X e L'(R? R?) there exists a unique pair a,b € L% such that

X=Va+V'  and llall z2.oe g2y + (1B 2.0 (m2) < C (| X || 22 (2)
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This pair is explicitly given by

110 .5 110,25,
a = _%;E*X and b:= %;E*X

We apply this decomposition to each coordinates of the restriction to D? of
21, fL(H) VT —2 e, VE . Va Via + 21, e PP LV

-

o [<2f,(H)+ e 2 |[Va> = Ky e72 + Ky Ag() '] VEE
and we get the existence of @ and b in L2°°(D?,R3) such that
V(rL) — V4 (l, e fL(H) @) = Va+V+b  in D? |

and
1@l L2000 (p2) + [[b]l 2.0 (p2) < C [[Vil]l 12(p2) + C'lo [Vl 722y

A5(D?) (IV.43)

Ag(X)

+C'l, |a\/ e da® + C U 2| Vilte™ da?| + C 1,
D2 D2

We have that both e* L + @ and [, e* fL(H) i+ b are harmonic conjugate to cach other. Let H be the
operator which sends an harmonic function on D? of average 0 to it’s harmonic conjugate!'3 of average
0. We have

-,

AL+ =H(lye fL(H) 7+ b)

Calderon Zygmund theory gives us that H maps continuously L?>°(D?) into itself and L*/3(D?) into
itself : there exists C such that, for any harmonic function f in D?

IH() Lz (p2) < C || fllzeepzy  and  [H(f)llLasp2y < C [ fllLersp2)
Let f be an harmonic function in L?>°(D?)+¢~1/2L*/3(D?). To any decomposition f = f; + f we assign

b(f1) and b(f2) to be respectively the Bergman projections of fi and fo. We have of course b(f) = f and
the LP boundedness of the Bergman projection gives

16(f1)l2,00 < C || f1ll2,00 and 10(f2)llayz < C |l f2llass

Combining all the previous gives

IH(N| 2.0 (D2)+0-1/204/3(D2) = IHO) | 2220 (D2)40-1/21472(D2)

< NHOFD 22y + 02 IHOF2) | L5 2)

< C [Ib(f)llzze 02 + 02 b arsom) | S C [Iillzacepn) + 072 | fall s

Since this holds for any decomposition f = f; + fo we deduce that H is sending continuously L?°°(D?)+
o~ 2L*3(D?) into itself with a constant independent of o. Hence we have

HGA E+6||L2,oo(D2)+a—1/2L4/3(D2) <C HEHLQ,OO(DQ) + He)\ﬁ||L2,oo(D2) + 0’71/2” 6/\ o2 I?_i (]. + Hz)HL4/3(D2):|

1344 is also the operator which to the real part of an holomorphic function on D? assigns it’s imaginary part
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Combining this with (IV.43) gives then

||€XEHLz,oo+071/2L4/3(D2) S C HVﬁ”L2(D2) + CZJ ||VOZ||%2(D2) + C / UQ‘Vﬁ‘éle_Q)\ dCL'2
D2

3/ (IV.44)

= 2 2 21774 ,—2x 7.2 / A@(D%)

—|—C’lg|oz\/ et da®+C / of|Vii|*e™*" dx +C
D2 D2 Ag(X)
Combining lemma VII.3 with (IV.3) gives
2
02/ |Vt e da? < C o? HYe* da® + C / |Vi|? de?| <Ce . (IV.45)
D2 D2 D2

Hence, using the explicit expressions (IV.11), (IV.14) and (IV.20) we obtain that VR and V.S are uni-
formly bounded in L2 + ¢~1/2L%/3 and we have respectively

HVR’||L2'°°+O'_1/2L4/3(D2) + HVS||L2,OO+G-—1/2L4/3(D2) S C Hvﬁ||L2(D2) + Clo- ||v0[||%2(D2)

IV.46
= 2 2 21 7=4,—2\ 7.2 o A@(D%) ( )
+C'l, | et dx* + o |Vii|*e™ =" dx +Cl,
D2 D2 Ag(%)
Let ¢ and U the unique solutions in WO1 ’2(D2) of the linear system
Ap = —Vii - VR + div (ﬁ'~V17— 2 (a —a) ﬁ-vlﬁ)
(IV.47)

A@:Vﬁxvlﬁjuwvismiv(—ﬁxv17+2(a—a) (—v5+ﬁxvl5)

Using lemma VIL1 and in particular (VIL.2), together with the fact that both V& and (a —@) VD are in
L? we deduce using I, ||a — Qllpe(py <€

IVl L2 (02) + V8| 20 (p2) < €Y% (V]| 202y + Ce/? 15 | Val|72(p2y
(IV.48)

o Ag(D3)
+CeV?, |a] / e dx? + /2 / o? [e* + |VAlte™ ] da? +Cl,et/? 22
D2 D2 Az(%)

Recall that for any harmonic function v the following holds

VDQ lv|?(x) de] - <C [/}32 DIR& de]

1/2
Recall also the Holder inequality in Lorentz spaces (see [20])
Vf e L»*(D?) 1 fllars(p2y < C || fllL2.(p2)

Observe that the triangular inequality gives

3/4

£l ars(p2y < f:ifrllﬁ’fz I f1llLassp2y + 1 f2ll Lass(p2) < f:ifrllifz I f1llLass(p2y + 0_1/2||f2“L4/3(D2)

<C in

£ |l fillozoep2y + 072 fall prsp2y = C | fll p2oo yo-1/2003(02)
f=fi+f2
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1 Since S — ¢ and R— U are harmonic, we have using the two previous inequalities
1945 — @)llz2e 02 ) + IV(E = )l 2mp2 ) < CIVS = D)oo + IV E ~ D)l o)
< C|VSlzassp2y + C VRl pass(p2y + C IVl 2o (p2) + C | VE| L2, (D2
< C VS| r2oopo-1/20ar3(p2) + C|IVE|| p2.00 o172 14302y + C V@l L2, (D2) + C | V| L2, (D2

(IV.49)
> Hence

|\VSHL2«°°(D§/2) + ‘IVE||L2vw(Df/2) <|V(S - @)||L2vw(Df/2) + V(R - \I_})”L?v“(Df/z)
+||V§0||L2v°°(Df/2) +2 ||V‘I7HL2«>°(D§/2)
<C ||VS||L2,QC+U—1/2L4/3(D2) +C ||VE|‘L2’M+U_1/2L4/3(D2) +C ||v(p||L2,m(D2) +C ||V\I_}||L2,00(D2)

< C|Viill2(p2) + Clo Vel 32 p2y

oy As(D)
+Cl, [l / €2 da? 4 [ / 02 [ + |Vii|te 2] de] + o, 2
D2 D2 Az (%)
(IV.50)
s Let ¢1 and ¥y the unique solutions in WO1 ’Q(Df /2) of the linear system
Agy = —Vit - VAR + div (ﬁ-W— 2 (o — @) ﬁ.vlﬁ)
(IV.51)
AT, = Vi x V2R + Vit - V4S + div (fﬁ X Vi +2(a—a) (-VD +17 x VLE))
+ Wente estimates, combined with (IV.42) and the pointwize bound |[VD|? < C'I2 |Vii|? give
IVellzaz ) + IV Elzaz ) < C VAl ) [IVSllaeqoz ) + IV B 202,
> =12 212X —2X 7|41 7,2 = 2 2 Aé(D%)
+C ||Vit| L2 (p2) [|V7i]* + o°[e** + e~ = Vii|*] dz* + C'l, |7 et dz*+ Cl,
D2 D2 Az (%)
+Cly |l —allpee(p2) [Villl72(p2y
(IV.52)
s Since S — 1 and R — ¥ are harmonic we obtain finally
IVSliLzpz ) + |WRHL2(Df/4) < IVSllzawepz ) + IVEl L2 (02,
+2[[Verllzapz ) +2 ||V‘I71||L2(D§/2)
(IV.53)

< C Vil ao2) + Clo [IVal2a(ps) + Clo |a|/ ¢ da?
D3

Ag(D3)
Az (D)

3/4
+C [/ o? [e* + |Vii[*e ™2} dxz} +Cl,
D2
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Combining (IV.53) and (IV.45) gives then by changing 1 into 1/2

IVSlz2(p2 ) + IVEIp202 ) < CIViillLz(p2) + Clo [IValfz(pey
IV.54
Ag(D3) (1v.54)
Az(%)

+Cl, |§|/ e dz? + C o? / 1+ HYe** d2* +C1,
D2 D2

Hence VS and VR are in L2 (Df/g) and under the assumptions of the lemma, using also lemma I11.11,
we have that ||VSHL2(D5/S) + ||VR'||L2(D§/8) are bounded by a constant depending only on C;. We rescale
the domain in such a way that V.S and VR are in L2(D?).

Step 3. Uniform Morrey decrease of the Willmore energy. Precisely we are going to prove the existence
of v > 0 independent of ¢ and independent of the solution such that

sup 7"_7/ H?>(1+ 0>+ H?))? P da? <C . (IV.55)
xo€D? r<l/4 B2(zo)

1/2 7

Following step 1 of the proof of the theorem the map U= (e’xi;, v, S, E) satisfies the following system
on B;.(zo)

A B) = hy e [V4S - VE — VR x V46 - Vi x V|

AT =V+Y - Vii
(IV.56)
AS = —Vii- VAR + div (ﬁ'Vz?— 2(a —a) ﬁ-vLﬁ)
AR = Vii x VLR + Vi - V1S + div (—ﬁ X Vi +2(a—a) (-VD+17 x vif))) ,
where 0 < hy :=2(1+202 (14 H?) -, (@ —@))~! <1 and where we shall use the fact that
— 2 p— p—
Doyt = —e 20N NG9 (e,rA <I>) e 0, (IV.57)
j=1 '
and that
— 2 — p— — p—
VD =1, e 20 (Zﬁ.agm (e"\<I>> e0,,8 02, (e—Nb) e—AaI;b) . (IV.58)
i=1
Let @ in Wy*(B,(x0)) the solutions of
AW =VY Vi . (IV.59)
Using Wente estimates we obtain
/ \Vidi|? dz® < C [|VY |72 (p2) / |Vi|? do? . (IV.60)
B’I‘(ZU) r{(Zo
Since ¢ — & is harmonic for any ¢ € (0,1) the monotonicity formula for harmonic functions gives
/ V(= @) da? < 2 / V(@ — D) de? (IV.61)
By (x0) By (z0)
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We deduce from (IV.41), (IV.60) and (IV.61)

VY25
/ V3|2 dz? < ¢ / V5|2 da? + C /e ”lL(D)/ VAl da? . (IV.62)
Bur (o) By (w0) Ve By (wo)
Let T and Q in WOLQ(BtT(J}o)) solving
AT = —Vii- VR + div (ﬁ-Vﬁ— 2 (a — @) ﬁ-vLﬁ)
(IV.63)

AG = Vii x VER + Vit - V1S + div (—ﬁ X V7 +2(a—a) (-VD+17 x VLD))
Wente inequalities combined with classical elliptic estimates and the following facts : respectively

/ Vit]* da? + 12 o = G| F e (p2y <& and  |VD[*> < CIZ|Vil]?
D2

gives
/ (VTP +|VQ|? dz? < C /2 l/ [[VS]? + |VR|? + 62 |Vi]?| da?
By 1 (z0) By +(20) (IV.64)
+C V|2 do?
Bt r(l’o)
where ) s )
52— I5 o= aHLoo(DZ) + ||VY||L2,<>°(D2)
' Ve
Since S — T and R — @ are harmonic, the monotonicity formula gives
[ Vs vE- QP @
B .
(o) (IV.65)
<e [ Vs -1)E e VE-GP] @
Bt T(I(})
Hence combining (IV.62), (IV.64) and (IV.65) we obtain
/ (VS + [V + Vo] @ < t2/ (VS + |VAP + [vop
B2 ,.(z0) By (z0)
(IV.66)
+C Ve V52 + [VA?2 + 62| V7] da?
B, (x0)
We recall the structural equation (see [40])
Vit=V'ixi—-2HV® . (IV.67)
Taking the divergence gives then
Afi = V47 x Vi — 2div [2 H v@} . (IV.68)
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We introduce 5 to be the solution of

AE = V4ii x Vi — 2div [2qu3] in B, (x0)
(IV.69)

—

£E=0 on 0B, (xg)

Classical elliptic estimates combined with the first equation of (IV.56) and the fact that | V|3 < ¢ gives

/ IVE? da?® < C [|v5|2 +|VE]? + |vm2] da? + Cs/ Vi dz? . (IV.70)
B, (zo) B,.(z0) B,.(z0)
Since 7 — £ is harmonic on B, (z) we have
/ V(7 — &)|? da?® < 2 / V(7 — &) da® . (IV.71)
By ,,~(m0) Br(wo)

Hence we have
/ \Vii|? da? < [t? + Ce] / |Vii|? da?
By - (z0)

BT(IU)
(Iv.72)
+C VS + [VRP + V| da?
Br(xo)
Inserting (IV.66) in (IV.72) we finally obtain, taking o small enough in such a way that § < 1
/ [|VS|2 + |VR|? 4 |V]? + 2 |Vﬁ|2] dz?
B 2 g

2 (0] (IV.73)

< C[2+C Vet / [|VS|2 + VR + |V + 62 |WL|2] dz?

B'r(wo)
We fix t > 0 and £ > 0 independent of 7, zg, 0 < 0¢ and the solution such that C [t? + C /€] < 1/2. By
classical iteration argument we deduce the existence of v > 0 such that

sup r—v/ [|VS|2+|Vﬁ|2+|VU|2+52|V2(6_X(I;)|2} da?
wo€D? 4 5 7<1/16 B(xo)
(IV.74)
g/ [|VS|2+|vﬁ|2+|w|2+52|w|2} da?
D2

1/4

Combining (IV.42), (IV.54) and (IV.74) we obtain in particular

sup r/2

zo€D? ¢ ; T<1/16

1/
< C|IVilll2p2) + Clo Vel 32 p2) (IV.75)

1/2
/ 1V + VAP + |ViP] a2?
BZ(zo)

— 2 2 2 47 2\ 7.2 Aq?(DQ)
+Cl, |a et de*+Co 1+ H e dz* +Cly, —==
D2 D2 Az (2)
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1 Combining (IV.75) and (IV.28) gives

sup r=7 / H? [14 0% (1+ H?)]? da?] ** dz?
B(xo)

zoEDf/S ; r<1/16

2
gc/ |V#|? dz? + C [lg/ |Val? dﬁ}
D2 D2

2 2 2
Az (D?

+C12 |af? U e dxz] +C [02/ [1+ HYe* dx2] +cz§[ 3 )}
D> D2 Az(2)

> Step 4. Bootstraping (IV.76). Lemma VII.4 applied to (IV.68) implies that

sup 7“_7/ \Vii|? dx?
ZQGD%/16 5 r<1/32 B2(zo)

2
gc/ VA da? + C [zo/ Va2 da;“}
D2 D2

2 2 2\ 2
Az(D
+C' 12 |af? {/ e dx2] +C [02 / (14 HY e de] +C12 [ i )]
D2 D2 Ag(%)

s The Liouville equation reads as follows
A A
~Aa=e* K +Ap=e** K —e* K,

+ Thus
/ |Aa| < / (Vi da® + 47 17 ||| Lo (p2)
B2(xo) B2(x0)

s Combining (IV.77), (IV.79) and Adams-Morrey embedding gives that

Vp< iz IVellLepz )

<, sw / VAP 4 C [ | e 02 + [Vl 2(0%)
$0€D§/16 ; r<1/32 B2(z0)

¢ This gives in particular

I

1/32

2/p
[lo |Val?P/? < Cl, sup 7'77/ |Vii|? da?
r<1/32 B2(x0)

IoED%/lﬁ ;

Ol 1€ 2y + Cly /D Va2 da?
7 The equation (IV.7) gives

A (2 A1 +20%(1+ H2))) = div (2 lofL(H)Vii +2 e 1, V- Va Va

—ly [“2fo(H) + e |Val> = Kgy o €72 + Ky Ag(2) 71 VS — 21, e™2A (}TLvLa)l)
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~ o o »

This gives that V := e*2 H(1 + 202 (1 4+ H2)) satisfies an equation of the form

=

AV =div(T +J) (IV.83)

where

Ii=21, & fL(H)Vii+2l, f,(H) V3 +1, K, a 2% VS
Thanks to (IV.76) we have in one hand

2
sup r_'y/ || dz? < C/ \Vi|? dz? + C [la / |Val? de}
zo€D? ., 5 T<1/4 B2(xo) D2 D2

1/3
A5<D2>r
Ag(%)

(IV.84)

2
+C 13 [af® [|e* e 2y + C {02 /2[1+H4] e d;ﬂ +C12 [
D

where v and C are independent of the solution and of o but depend only on the constant C in the
statement of the lemma.

In the other hand, using the fact that 2 — /(1 — ) > 2 and using (IV.81) we deduce the existence of
q > 1 such that

/

2

1/a
|J]? da? < Cl, sup 7 / \Vii|* dx?
BZ(zo)

%/32 a:oEDf/16 ; r<1/32

(IV.85)

+C [l [|€%]| L (p2) + Lo [a]] [|€3]] L (p2) + czg/ IVal|? dz?
D2

Using (II1.72) and classical Adams-Sobolev inequalities (see [40]) give then the existence of p > 2 such
that

2[lX A1 +202 (14 E)) iy o = 1VIEop1

2 2
<C [ Vi) da? +C [lg/ Va2 dxﬂ +C {02/ H* e dm“’] (IV.86)
D2 D2 D2 :
_ Az(D*)]’
O[5 [a® + 3 €™ oo (p2)] €™ | L (p2) + C 12 [ AZ(E) ]

where we have used (II1.74), (IIL.75) .

Bootstraping this information respectively in the three elliptic systems (IV.68), (IV.78) and (IV.82)
(which are now becoming sub-critical for V' € L? with p > 2) one obtains (IV.5), (IV.6) and lemma IV.1
is proved. O

V The Palais-Smale Condition for the Frame Energies

V.1 Sequential weak compactness of weak Immersions in & > with uniformly
bounded Frame Energies.

In this section we are working with the lagrangian F'? defined in the previous section but the parameter
o will be fixed all along the section. So, in order to simplify the presentation, we will simply work with
the following lagrangian

F(®) ;:/E [HQ + [(1 +H2)? 4271 |dof2, + Ky ae_%‘” dvoly, — 27" K, log(Area(()) , (V.1)
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where, as before gg is a constant Gauss curvature metric of volume 1 on ¥, gz = €2® go. The following
lemma was proved in [35] when X is the torus. We extend it now to general surfaces following the same
line of ideas as in [35].

Lemma V.1. Let X be a closed surface and d* be a sequence of weak immersions in Ex, o satisfying

limsup F(®F) < 400 (V.2)

k——+o00

then the conformal class of the associated sequence gk of constant scalar curvature metric of volume 1
such that gg. = 2" gg is pre-compact in the moduli space M(X) moreover, there exists a sequence of
diffeomorphisms Uk of &2 such that (U*)* gk is converging strongly in any C' topology to a limiting constant
curvature metric h, ®F o U* is conformal from (%, (U*)*gk) and is sequentially weakly pre-compact in

W24 and for any weakly converging sub-sequence the limit EOO is still a weak immersion of Ex2 and
log |d(®" o \Ilk)|?\1,k)*g§ — log |dE™|7 weakly in Wb . (V.3)
O

Proof of lemma V.1. We are working with a Aubin Gauge in the case K,y > 0. Using respectively
lemma II1.12 for K4, < 0 or lemma III.11 for K4 > 0 we have in all cases

ligilg)/z(l +H§>k)2 dvoly, < +oo . (V.4)
Hence using again (III1.81) for genus(X) > 1 or lemma III.11 for K, > 0 gives in all cases
limsup/ |da®)2, dvol jx < +o00 . (V.5)
k—4oc0 JX 9o 0

Moreover since 3 is a closed surface we have also using Willmore-Li-Yau universal Lower Bound of the

Willmore energy (see [40])
1672 < [ /E 2ot dvozgg] [ /E HE, dvol%k] . (V.6)

Hence, combining (V.4) and (V.6) we then have proved in all cases

lim sup |log (Area(@k(ﬁ))ﬂ < Fo0o . (V.7)
k—+oo

These preliminary estimates having been established we now prove the pre-compactness of the conformal
class in the non zero genus case. The case when X is a torus has already been considered in [35]. So we
can restrict to the case where genus(X) > 1. Assume the conformal class associated to gz, and hence
gg would degenerate we have a rather precise description of this degeneration (see [23]). It requires the
formation of at least a collar which is a subdomain of ¥ diffeomorphic to an annulus that we identify to
a cylinder of the form

2T 2
C:= {(wl,xz) ; Tkwk <y < Tk(ﬂ—w’“) ; 0<a < 277}

where the vertical lines x; = 0 and z; = 27 are identified, I* is the length of a closed geodesic for the
hyperbolic metric gg
" —0
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and * := arctan(sinh(1*/2)). The closed geodesic of length I* is given by o = 72/I¥ . On this cylinder

the hyperbolic metric g§ has the following explicit expression

2

9% = | —~ | Aot +dad]

Denote in these coordinates

gz =€ A* [dx? +de3] and &F .= e Dy, "

The unit vector field €;* is tangent to a foliation of the image in R® by ®F of the collar region by circles.

27k 2w

We apply Fenchel theorem to each of these circles. Precisely for each t € (7 ¢", 3¢ (7 — ©*)) we have

>k
0¢;

d
81131 1

2m < /
{xg:t}ﬁC

Integrating this inequality for zo between ?—kﬂpk and %ﬂ-(ﬂ' — ¢*) and using Cauchy-Schwartz gives

(2m)? k 2 k2 g2 12
— (M —=2¢") < —= /7 —2¢F Ve |® dx
l Vik c

We have |Vé*|? < |Viig,|> + [VA¥|2 moreover A = aF + p* where

Ik 1k
uk:Q log (> — 2 log <sin( x2>>
2w 2w

Thus
2 (1* a:z)
k\2 COS
v k2 (l ) ( 2m
| :u‘| - 71_2 . o "
sin ( 5 2)
™
Hence
27r(7r—apk)
k

k)2 ] dx > dx
[ ae < O [ 70 0 <o [0 <o
1 0 e sin? (—l 2:;2) 2me (IF)? x5

and since from (V.5) we have that

limsup/ |Vak|? da? = limsup/ |da® -‘27<f>k dvoly, < +00
k—+oco JC k—+oco JC
we deduce that
limsup/ |Ve 1?2 da? < 400
c

k—+oco

(V.8)

(V.9)

(V.10)

(V.11)

Combining (V.9) and (V.11) gives that ¥ is bounded from below by a positive number which contradicts
the formation of a collar and the degeneracy of the conformal class of [gf]. Modulo the composition with
isometries gg is strongly converging in every Banach space C!(X). In order to simplify the presentation
we assume that g4 is fixed. We cover the riemannian surface (%, gg) by finitely many conformal charts
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¢; + D* — ¢;(D?) for j € J such that ¥ C quﬁj(Df/Q). Denote again ¢7gz. = o2 [dx? + da2] the

expression of gz, in the chart ¢;. We have

limsup/ \Vﬁq;ko¢_|2 + [VAF? da? < 400
D2 ’

k——+oco
For i = 1,2 we denote e}ﬁ- =N Dy, (B 0 ¢;) and Liouville equation gives
—AN = (Veh - viteh) in D?
Inequality (V.12) implies

limsup/ \Vé'jf“i 2 dx? < +oo
DQ

k—-+oco

(V.12)

(V.13)

Combining (V.12) and (V.13) together with Wente estimates we obtain the existence of )\Tk € R such

that _
limsup [[A* — AF|| poerp2 ) < +00
imsup [ 3 (g,

Due to the connectedness of ¥ we deduce that

sup limsup ||A,F — )\jk||Loo(D§/4) < 400
j#l k—4oo
We have moreover
. k
hmsup/ 2N dx? < 400
D2

k— oo

We have
2 22 2
47T§Z/2 H,,, ¢ dr
jeJ D1/2
1/2 1/2
< </ 2 dx2> (/ H%,c 4 2N dx2>
— oQ 4
jeJ D?/z Df/z !
Since

k
lim H 2xF 5 2
unbup/D2 Frop, € dz* < +oo

k——+oco 1

we deduce from (V.15), (V.16) and (V.17) that

li AS
B g = og,) < oo

Using
A(BF 0 ¢;) = 2N Hy

kog;

(V.14)

(V.15)

(V.16)

(V.17)

(V.18)

(V.19)

together with (V.18) we deduce that Pk o ¢; is sequentially weakly pre-compact in W2’4(D%/2). Boot-

strapping this information with (V.19) gives (V.3) and lemma V.1 is proved.

V.2 The Finsler Structure on the Space of W?*—immersions

d

While aiming to apply Palais Deformation Theory we are going to equip & 2, the space of W2* —immersions
of a Finsler structure |- || g given in [44] for which the metric space given by the Palais distance is complete.
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V.3 The Palais-Smale Condition.

The aim of the present subsection is to establish the following lemma which was proved for the exact
Willmore functional in [6].

Lemma V.2. Let ¥ be a closed surface and B* be a sequence of weak immersions in Ex. o satisfying

limsup F(®F) < 400 (V.20)

k——+oo

where F' is given by (IV.1) and such that we have

lim sup OF(®F) - =0 (V.21)

k=00 ]| g <1
where for any de Es:2 we denote
s = /E (IVssaats, + laals, + wl*] dvol,

Then, modulo extraction of a subsequence, there exists a sequence of parametrization ¥U* such that ko wk
strongly converges in W2 towards a critical point of F in Es2 O

Proof of lemma V.2. We are taking an Aubin Gauge for the S? case. We denote f(t) := t* + (1 +2)%.
We consider the charts ¢/ given by the previous lemma and we omit to mention the index j. We also
skip writing the index k when it is not absolutely needed. In each of this chart the information given by
(V.21) is saying that

G = div {V(f'(H) 7) — 2 f(H)Vi—2 e V3. Va Va

= = €
4 [—2f(H) + e P Va2 = Kgya e 4 Ky Ag(8) 7] VB —2 e (m_vw) ] (V.22)

—0 strongly in W~24/3(D?) = (WO2’4(D2))*
Let

Foi= ——= s [—2 F(H)Vii—2 e V& - Va Va

N N 1
+ 2 f(H) + e P |Val? - Kyya e 2 4 Ky Ag(S)7] VE -2 e 2 (Jﬂ_vla) ] 1p:

This convolution is justified by observing that %% € L>>(R?) and the other term in the convolution is

uniformly bounded in L!(R?). Hence we have

lim sup ||gz§k l2,00 < 400
k——+oo

We have obviously

Gr = A(f/(Hy) @iy + dr) — 0 strongly in W=243(D?) = (W3*(D?))*

and  limsup || f/ (Hy) 7ix + ‘EkHLMf’(D"’) < +o00

k—+4oco
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Let /i be a weak limit (modulo extraction of a subsequence) of f/(Hy,) fix + ¢ in LY/3(D?). Tt is obviously

harmonic an we have using Rellich Kondrachov
I/ (Hy) iy + gk —h strongly in L?O/S(Dz)
Let Mk = fl(Hk) g + (;k — ]_7: ‘We have
ék = AMk and Mk —0 strongly in L?O/E’(DQ)

Applying Poincaré Lemma we obtain the existence of L such that
VL :=VY(f'(H)R) -2 f(H)V'i—2e 262V - Va Via
F[-2f(H) + e P Vol — Kgya e + Kz Az(2)7'] Vo
+2 e PILVEa - ViM
Equation (IT1.53) gives
V3. VL - div [vé : z\ﬂ =2 (2 f(H)— H f'(H)+ K,y 0e 2 — K, Ag(D)~1) = M- A
Let Y be the solution of
AY =2e? (2 f(H) — Hf/(H) + Kgyae > — Ky Ag(2)™)) — M -A®  in D?
Y =0 on 9D?
Observe that 2 f(H) — H f'(H) = 2(1 — H*). So Y satisfies
~AY =4 (1 - HY) + 2Ky e — 2Ky Az(£)™ =M -A®  in D?
Y=0 on 9D?
Since A® is uniformly bounded in L* we have M-A® -0 strongly in L'. Hence

limsup ||VY4|| 12,0 (p2) < +00
k—+oo

Using Poincaré theorem we deduce the existence of a function S such that
VS=L V&M V'3 + VY
The equation (II1.63) in conformal coordinates gives
V3 x [VLE— vz\ﬂ = Vi3 .Vf(H)+2Va VD |

where

2 2
VB = ( 672/\ Z HM GL(E , 672/\ Z Hgi 8m7 5)
i=1 i=1
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(V.24)

. (V.25)

(V.26)

(V.27)

(V.28)

(V.29)

(V.30)

(V.31)



Let W be the solution of . . .
AW = M x A® in D?
W=0 on 9D?
Since A is uniformly bounded in L* we have M x A® — 0 strongly in L'. Hence

lim ||VWk||L2,oc(D2) =0

k—+o00
Using again Poincaré Lemma on D? we obtain the existence of V such that
VWV i=LxV®—-MxV+d+ f/(H)VS—-2(a—a)VD+ VW
Using the explicit expression of VD given by (II1.64) we obtain
i (VV = VW) =i (L x V& — M x V1)
=L-Vi®+M V& =VtS+VY

We have also

+f(H)VY® —2(a—a) VD
Hence
i x (VV = VAW) = ViV - VI - 2(a — @) (vﬂﬂﬁxvﬁ) _ 7 (VS — V1Y)

Let ¥ be the unique solution to
AT=V'Y Vi  in D?

=0 on 8D?

<

Using one more time Poincaré lemma we obtain the existence of @ such that
AVY =Vi+ Vi
Finally, let R:=V —@. We have
ixVV =iix VR+7ixVi=xVR+ix V-7
Hence (V.38) becomes

X (VR—=VIW) 47 x VLo = —VLR - VW 4 Vi
~AVS - 2(a—a) (vLﬁ+ﬁxv5) ,
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(V.32)

(V.33)

(V.34)

(V.35)

(V.36)

(V.37)

(V.38)

(V.39)

(V.40)

(V.41)

(V.42)
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13

14

which gives

AS:—Vﬁ-VLﬁ—Fdiv(ﬁ-VZ— 2(a — @) ﬁ.vlﬁ)

(V.43)
AR = Vit x VLR + Vi - V18 + div (—ﬁ X VZ+2(a—a) (—VD+17 x VLE) ,
where Z:= 7 — W. Let U := R + 2 (a — @) D, with this notation (V.43) becomes
AS = —Vii- VT + div (ﬁ VZ+ 2 D via)
(V.44)

Aﬁzvmviﬁ+Vﬁ-vLS—div(ﬁxv3— QVaﬁJrﬁxﬁvLa)

From lemma V.1 we know that Vii is weakly sequentially pre-compact in L*(D?). The factor « satisfies
the following Liouville type equation

e M Aq = 2 Ky

- K

g0

Since « is uniformly bounded in L> as well as p on D? we deduce that Aq is uniformly bounded in
L? and hence, Ve is strongly pre-compact in the spaces L7 (D?) for any p < +00. We know that VW

loc
converges to zero strongly in L?° and that V# is strongly precompact in any space L(D?) for any q < 4

hence, since also VD is weakly pre-compact in L* and since we have chosen D to be of average zero on
D?, it is precompact in any L (D?) for any p < +oco. We can then apply lemma VIIL.2 and deduce that

loc

VS and VU are strongly pre-compact in L,/ (D?).

loc

Taking now the vectorial product between (V.34) and V& we obtain
(VV = VW) x V&

= (L-V*®— M -V®)-V®— 2 f(H)e?ii —2(a —a) VD x V+& + 2 M e

(V.45)
=VS VB +VY - VS —2(M -VE) - VS —2f(H)e>ii
—2(a—a@) VD x V+® + 2 M ¢
We have also . . . . .
VV xVi® =VR x V& + Vi x V1D
— VR XV ® +VIix Vi 4+ VY - (7 x VD) (V.46)
—VREXV'®+Vix VD +VY -V
Combining (V.45) and (V.46) gives
2f/(H)ePii=VLS - VB —2(a—a)VD x VL& — VR x VL& — Vi x VP
(V.47)
+2M ¢ —2(M - V®)- VP + VIV x Vo
This implies
2f(H) et = VLS - VO — VU x VLS — Vi x V& +2D x V+d - Vo
(V.48)

+2M e —2(M -V®) - VP + VW x VP
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From the results we established above we have then that f/(H) is strongly pre-compact in L;Lo/ PS (D?). We
have explicitly f/(H) =2 H (3 + H?)). Denote

J® = lm H*(3+|HF?) strongly in L/3(D?) . (V.49)

k——+oo loc

Since Va¥ is strongly pre-compact in any LP (D?) for p < 400, this is also the case for VA¥. Moreover
g loc

AD* is uniformly bounded in L* so, modulo extraction of a subsequence we have
HY — H® =271 ¢ 27 AG™ weakly in L4(D§/4) ,
and ® is a conformal immersion of the disc D%/z in ED%MQ. Observe that
H* {3+ |HM?) = H>® . J* € L'(D});) weakly in D'(D},)

Hence the sequence of non-negative measures |H*|? (3 + |H*|?) does not concentrate with respect to the
Lebesgue measure :

Ve>0 30>0 s ‘D.VECD%/2 measur. |E|<¢d = limsup/|Hk|4dx2§£ . (V.50)
E

k—+oo

From the strong convergence (V.49) we deduce an almost everywhere convergence
HY — > a. e. in D?
Using Egorov theorem, for any § > 0 there exists E5 C D? such that |Es| < § and
HY — I uniformly in D?\ Ej

Hence for any test function ¢ € C§°(D? /2) we have

lim sup / o H* d:v2—/ 0 I dz?| < |l limsup/ |H"|da?* . (V.51)
k—0 D2 D2\ Es k—+4o0 JEjs
Combining (V.50) and (V.51) we deduce that
I~ =H> | (V.52)

and, using (V.49), that H* converges strongly towards H*> in L*. Hence O is strongly pre-compact
in W24(D} ;). Inserting this information in (V.22) gives that the limiting immersion satisfies the Euler
Lagrange equation of F' which concludes the proof of lemma V.2. O

V.4 Min-Max procedures for Frame Energies.
V.4.1 The free case.
Let P(Eg2) the space of subsets of the space of weak immersions Egz.

Definition V.3. A non empty subset A of P(Es,2) is called admissible if for any homeomorphism ¢ €
Hom(Eg2 3) isotopic to the identity we have that

YAe A pA)e A

Moreover, there exists a topological set X such that for any A € A there exists 34 in CY(X,Ex2) such
that .
A=d4(X)
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Let now A be admissible. Because of Willmore universal lower bounds of W on the space of closed

surfaces we have obviously
B(0) := inf max W(é) >4 >0 . (V.53)
AeA ieA
Since for any arbitrary fixed ® the map o — F"(@) is increasing we can use a beautiful argument initially
introduced by Michael Struwe in [48] and follow word by word the proof of theorem 6.4 in [32] together
with the Palais Smale property of F'? established in lemma V.2 in order to deduce the following lemma
which was the main goal of the present subsection.

Lemma V.3. Let A be an admissible family. There exists a sequence o* — 0 and a sequence of critical
points $o" of F°" such that

k o o_k —ao_k O’k —’o,k o 1
so in particular we have that
> k
lim W(®7 )= p(0) . (V.55)
k—+oco
O

V.4.2 The Area Constrained Case.

We are now adapting the previous case to the situation when we fix the area to be equal to 1. Precisely

we define
5%72 = {(f €éso / dvoly . = 1}
b

It is not difficult to check that it defines a Finsler Manifold structure based on the W?2# topology. The
notion of admissible set is defined identically as above but replacing general homeomorphisms of &x o
by homeomorphisms of 5%72. The construction of the pseudo-gradient restricted to &L, applies and
we can follow again word by word the proof of theorem 6.4 in [32] and the Palais Smale property of
F? established in lemma V.2 in order to deduce the same statement as lemma V.3 but under the area
constraint Area(q;"k) = 1. We shall now establish the following lemma which is a consequence of the
scaling invariance of the Willmore energy in R™

Lemma V.4. Let 37" be a critical point of F" under the constraint Area(‘f"k) =1 and satisfying

0,77 (87") = 0 <1> (V.56)

ok log(ok)—1
Then it satisfies the equation (for any choice of gauge o in the case ¥ = S?)
d [*95k d[lgkfé_k (Hk) ﬁ(i;k] - 2lgk f(;k (Hk) *gq;k dﬁ(i;k
_ogk _
g [_2 For (H) 4 |do 2 — Kyy ok o720 4 Ky, [45.(S)] 1} fogn AD" (v 57)
—20, <dq>k,dak>%k *omn da® + 21, ]Ikl_gq_)k(*gékdozk)] —Ckd [*gq_)k dcpk] :

where
CF =2(c%)? / (1 — [H*Y) + 1 / Koo dvolg, — Lk Ky (V.58)
h b
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Hence (for the choice of an Aubin gauge in the case ¥ = S%) we have

lim |[C*|=0 . (V.59)
k——+o00
O
Remark V.1. Observe that a-priori C* depends on the choice of gauge o*. ]

Proof of Lemma V.4. We omit to write the index k. The fact that equation (V.57) is satisfied comes
from (I11.49) and classical lagrange multiplier theory bearing in mind that the first derivative of the fixed

area constraint is proportional to d {*g&)k d‘f’“} which cannot be zero since obviously there is no compact

minimal immersion in R™ (hence the constraint is non degenerate). We take the scalar product between
(V.57) and ® and we integrate the resulting 2-form over the closed surface ¥. This gives

C= lg/ 2f,(H)—H f.(H)+ Ky, / ae @ dvoly + 4 1, (genus(X) — 1) . (V.60)
) )

Since 2 f,(H)— H f.(H) =202 I;1(1 — H*) we obtain (V.58). For the choice of an Aubin gauge we have
due to (V.56) combined with theorem III.10 and (II1.74)

lollal[pe(s2) = o(1) . (V.61)

This implies (V.59) for ¥ = S2. For ¥ # S?, lemma I11.12 combined with the assumption (V.56) implies
also
lollallpee sy =0(1) (V.62)

and lemma V.4 is proved in any case. a

For area constrained critical point we then have the following e—regularity lemma whose proof is
following step by step the proof of lemma IV.1 since (V.59) holds.

Lemma V.5. [uniform e—regularity under area constraint.] For any Cy > 0, there exists € > 0
and og > 0 such that for any o € (0,00) and any critical point d of F? under the constraint Area(@) =1
satisfying

FO(3) <Oy and 0,F°(d) < m : (V.63)
assume moreover
/ VA <e (V.64)
D2
then for any j € N the estimates (IV.5) and (IV.6) hold in any case for ¥ # S? and for any Coulomb
gauge in case ¥ = S?. O

VI The passage to the limit 0 — 0.

We shall give two results regarding the passage to the limit in the equation. A subsection will be devoted
to each of the two results.
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VI.1 The limiting immersions.

In the sequel we shall denote by M™(S?) the non-compact Mébius group of positive conformal diffeo-
morphism of the 2-sphere S2.

Lemma VI.1. Let 0% — 0 and a sequence of weak immersions Pk ¢ Eg2 which are critical points of F7*
under area constraint equal to 1 and such that

. ok 2k ok Ry 1

Then modulo translation there exists a subsequence that we still denote <I_5k, there exists a family of
bilipschitz homeomorphism W* | there exists a finite family of sequences (fF)i=1...n of elements in M*(S?),
there exists a finite family of natural integers (N;)i=1...n and for each i € {1--- N} there exists finitely
many points of S%, b; 1 -+ b; N, such that

3F o Wk — £ strongly in co(s%,R™) (VL.2)
where f> € WH>(S2, R™), moreover

o o ff N 550 strongly in C’llOC(S2 \Nbi--bin}) (VL3)

for any I € N where 5_;‘?0 is a Willmore conformal possibly branched immersion of S?. In addition we have

N
R =axs (V1.4)
=1
moreover N
A((fk):/ 1 dvol,, — A(f*) = 3" AE®) (VL5)
52 * i=1
and finally
N
(F)ul8%) =D ()57 (VL6)
i=1

where for any Lipschitz mapping @ from S? into R™, (@).[S?] denotes the current given by the push-
forward by @ of the current of integration over S? : for any smooth two-form w on R™

(@.[s%.w) = [ (@

52
O

Remark VI.1. Lemma VI.1is “detecting” the Willmore spheres “visible” at the limit but is ignoring the
possible “asymptotic Willmore spheres” which are shrinking and disappearing at the limit. The detection
of these asymptotic Willmore spheres is the purpose of the next subsection. Finally the detection of the
possible loss of energy in the so called “neck regions” and the energy quantization effect is going to be
investigated in section VII of the paper.

Proof of lemma VI.1. We are working modulo extraction of subsequences. Consider the various
diffeomorphisms of S? fF given by theorem 1.2 of [34]. We choose the gauges given by fF that is the
pairs (fF, aF) satisfying

_ 2ok
Igrops = €0 gs2
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From the analysis in [34] we have the existence of N; points of S2, bi,1---b; N, such that

limsup (|| e (52\ (b1 bin, 1) + 1VOE 2 (52 (byaebin, 1) < OO (VL7)
k—4o00 i

loc
Hence we have in particular obviously

Gm Lok [l | ge_(52\ (b b, 1)+ Vet VO lL2 (52\(bisebin, ) =0 - (VL)

loc

The assumptions (VI.1) implies moreover

(oF)? / (1+ HZ,)? dvolg. = o(lyr) (VL9)
SQ
Again from the analysis of [34] we have that the density of energy
—' 2
|dn5kofl_k|g(§kof§ dvol

g&;kof{“

remains uniformly absolutely continuous with respect to Lebesgue in S2 '\ U;yzf‘lB(;(bm). Hence all the
assumptions which permit to apply the uniform e—regularity lemma IV.1 are fulfilled and we deduce the
strong convergence (VI.3) towards a Willmore sphere that can be possibly branched at the b, ;.

We claim now that these Willmore spheres are true spheres Willmore in the sense that the Willmore
residues are zero :

/ Oy Hew — 2He O, — 2HZ, 0,6 dl =0
aBg (bLJ) ° i i i
Indeed, because of the strong convergence (in any C'—norm) away from the b; ; we have for any § > 0

/ 0, He. — 2 Hg. 0, —2 HZ, 0,67 dl — O0,Hgn = 2 Hg O, —2HZ, 0,6° dl = R
0B5(bi,5) ¢ ¢ ¢ ¢ 0Bs(bi,;) ‘ ‘ ‘ ‘

where EZ“ = ko fF . Since é’o is obviously Willmore we have that R is independent of ¢ < inf;;{|b; ; —
b;;|}. For any (i,7) we chose Let x; ; € C5°(0,0;)) such that 0 < 6; < inf;{|b; ; — b;;|} and satisfying
Jr, Xii(s) ds = 1. Hence we have

7 — 2 F00
R= /52 Xij(lz = bij]) dlx — b; ;| A [*dHE;’" — 2H5;X, * dngé,o — 2H5§0 * dE; }
Because of the strong C! convergence we have

R= lim [ ijlla—biyl) dle = bigl A [*dﬁﬁ — 2Hp xdiig — 2 HY, * dﬂ“]

Since we are on a sphere, and because of the Euler Lagrange equation (IV.7) we have the existence of [_:k
on B, (b; j) such that

i

dL" = +dHp — 2Hp, * diig, —2H, % deF
+402 *d(ﬁ@ (1+HE)) —80° ﬁaf (L+HE) *ditg. —20° (1+ HE)? % dgP
-2 1, <d®-do* >g *daf + 1, [|da 3@; — Ky o e 1 K, Aa (D)7 + deF + 21, Tz L sda®
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1

Since clearly
) dz— b ;| AdLF =0

/ Xig(lz —bij
5‘2

R=—-40> lim Xij(J2 = bij]) dla = bi | A *d(He, (1+H§,€))_2ﬁ@ (1+ H) *diig,
2 z 3 7 i 7

+202 lim Xi (| = bij]) dlz — b | A (1+H§)2 % dEF

k—+oco S2

—210 lim Xi7j(|x — bi7j|) d|$ - bi7j| N |:< dq_; . dak >g£_,c *dak — ]T{k I_*dak}
2 i k3

+l0‘ lim ) Xi,j(‘x — bi’j|) |:|dOék|3§_,p - Kgo ak 6_20‘k + Kgo Aé} (E)_1:| d|1‘ — bi,j| A\ *dé}

Using the strong precompactness of ¥ in any C! topology in the domain where Xi,j(lz —bi 1) # 0 we
conclude that R = 0 and this finishes the proof of lemma VI.1. O

V1.2 Bubble Detection.

Lemma VI.2. [Bubble Detection Lemma.] Let X be a closed surface, let Cy > 0 and €(Cp) > 0

gwen by lemma V.5 . Let of =0 and ®* be a sequence of critical points of F°" under the constraint
Area(®*) = 1 and satisfying

[ - 1
Fo (%) < C d 9,F(®)=0—rv VI.10
@) <y an ® =0 (o) (VL10)
assume when ¥ # S? that the sequence of constant Gauss curvature metric gi such that 9gr = 2" gk
is pre-compact in any C'(X) topology. Let B,.(p*) be a geodesic ball for the metric g§ such that
dii|?_ dvol,., < VI.11
/Bpk@k) (Mlggs A0l < 2 Vit

Compose ®* in a sequence of conformal charts (%, %) from D? into (B, (%), gF) such that there exists
7, € R satisfying gk = e2n” [dx? + dxd] and p* — 7% is weakly precompact for the (L>)* topology. Let
a@” be the average of o on Df/Q. Then

e 8k (@) - 84(0)]
is strongly converging in Df/Q in any C* norm towards a Willmore disc. O

Remark VL.2. We are mostly interested with the balls B, (p*) for which

lim sup / |dii|?_ dvolg, >0 (VI1.12)
k=0 JBpr) T *

where there is indeed a non flat Willmore bubble forming which is swallowing part of the energy. The
lemma however applies also when (VI.12) does not hold. O

49



1

2

3

20

Proof of lemma VI.2. We kgep denoting B the composition of ®* with the given chart and we work
on D?. Because of lemma V.4 ® satisfies the equation (where we omit to write explicitly the upper index
k)
A3 7 = 2 U&
e div |Viig - 2 Hg Vitg — 2 H3 V3|
= div[-26%0* V [Hg (1+ H2)| +40% &> Hg (1 + H3) Viig)
B B (VL.13)
+div [02 (1+H2)? > VE 4 1, & [(Lf> LV+ia)t +Vé.Va Voz”

—div [27M, [P Val - Kya e 24 K,] |+ 27 0 g

where )\ is the average of A on D? /2 and is equal to = + @. The uniform e—regularity under area
constraint, lemma V.5, combined with our assumption (VI.10) and lemma V.4 imply that the right hand
side of (VL.13) is converging towards 0 in any norm. Denote & := e~ >($(z) — $(0)) we have

T_ig-‘ = ﬁq; , _’5 = eX _“i; and ng 6_X ve
Hence we have

div [V g, — 2 Hg ~2H2, VE*| — 0 inC(Dy) VIEN

and
limsup/ \Vﬁ5k|2 <400 and limsuplog|VEF > < 400
k—+o0 D%/z k——+o0
Hence, since it is passing also through the origin, adapting the arguments in [41] ( see also precisely
theorem 7.11 [43]) to this perturbed case gives the strong convergence of £¥ to a limiting Willmore
immersion in C*(D7,) V1€ N and the lemma VI.2 is proved. O

VI.3 The energy quantization

With lemma VI.2 at hand, in order to prove our main result theorem I.1, following the scheme of the
paper [8] it remains only to establish the vanishing of the energy in the so called neck region. We are
now restricting to the sphere case exclusively. Precisely we are going to prove the following lemma.

Lemma VI.1. Let 0 — 0 and a sequence of weak immersions Pk ¢ Eg2 which are critical points of Fox
under area constraint and such that

: ok 2k ok Zhy 1

Then there exists El e En, finitely Willmore immersions of S% minus finitely many points, such that

lim W(cf’“):zn:W(é)—zle , (VL.2)

k—
oo i=1

where N € N. |

Proof of lemma VI.1. We shall work with an Aubin gauge (¥*, o*) satisfying

Igrowr = 2o’ g5 and Vi=1,2,3 / xT; 2o dvolgz =0
47 S2
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1 where gg2 and dvolgz are respectively the standard metric and standard associated volume form on S2.
> In order to simplify the notation we omit to write ¥y that we assume to be the identity. The assumption
3 (VIL.1) reads as follows

1 k 2 2 2
O(WW>:20 /32(1—|—Hq;k) e“** dvol,_,

1
o (log o%)2

(VL3)
{/ 2_1|dozk|gs2 dvoly, +/ o¥ dvoly , — 27 logArea(&)k)}
52 52

+ The non negativity of both the first term and the second term in the r.h.s. of (VI.3) gives respectively

1
k\2 2 \2 2 _
(c") /52(1 +Hz, )" e dvoly, =0 (log(ak)1> , (V1.4)

s and

1

—1 k k i
Toa(o®) 1 [/52 27 |da" g, dvoly , + /S2 a” dvoly , —2m logArea(q)k)] =o(1) . (VL5)

s We keep using the notation from previous sections that is [, := 1/log((¢*)~1). Using lemma II1.10 and
7 lemma II1.11, we get for this Aubin gauge

lor / |dozk|zs2 dvoly, = o(1) (VL6)
S2

8 and
Lok [|oF || oo (s2) = 0(1) (VL7)

s Hence in order to apply the uniform e-regularity lemma V.5 on any geodesic ball B,.(xq) for the S? metric
w0 it suffices to assume that o is small enough and

P
/B (wo) |dn|gs2 dvoly,, <e
un then in particular

r e V(Hge (14202 (1 + HZ)) I (8, a(mo)) + 77 0 X Hge (1 + HEO L (5,0 (w0))

2
— — ak
+7’2 ||V’fl(ﬁk”%oo(37./2(x0)) S C /Bz( ) |Vn\2 dI2 —|—O /B ( )[lak 62 “l‘lo-k ||ak||Loo(SZ)] dU01952]
7(zo r(zo

2 2
+C / (c®2H* e* dz?| + C / lx |Va*|? da?| +C lo-k||e4#k”Loo(Bu(w0)) ,
B2 (o) B2 (o) '
(VL8)
1 and
2
2 I \\Va’f||2Loo(Br/2(mo)) < Cly» / |Va|? dz? + C / |Vitg|? da®
BZ(zo0) BZ(x0)
4 2
+C / (016)2]—]‘-1‘,C e de?| +C / (V gk + ok eQak) dvoly , | +C Iy ||64W" ||Loo(B (20))
B2(z0) ¢ By (o) ° ’

(VL9)
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1

Recall that the fact that ®* is a critical point of F " is equivalent to the existence of [_:q;k such that
VI =2Vt (ﬁ@c (1+202(1+ Hi)) —4Hg (1+20% (1+ H2,)) VViidg,
—2 e VER . Vak Vel 421, e I LVt - 2(H2, +0%(1+ H2,)?) VEEE  (VIL10)
+lgn [e‘”‘k |Vak|? — K, o e 20" 4 4n A@k(52)_1] Vg

Since 2 (¢%)? (1 + H‘%k)|H(5k| |Vitge| er < |Viig.|> + (oF)* H%k(l + H(%k)2 2\ the previous estimates
imply
1/2
+ Clgw / |Var|? da?
BZ(x0)

k N
r?[ler” VLge| o < C

/ |Vﬁ&;k|2 dl‘2
BZ(x0)

+/ (Uk)QH%,C e da? + I / dvoly_, + Ik |aF | oo / dvoly,
BZ(o) Br(wo) B (o)

BT‘/Z(:EO
(VL11)

We now follow step by step the arguments from section VI of [8] and check how each estimate is slightly
modified by the viscous terms. We consider a neck region that is an annulus (for the S? metric) of the
form B%,.(0) \ B%,(0) where

k
lim R* =0 and lim 7G—ZO ,
k—+o00 k—+oo RE
and such that
lim  sup / |Vitge|® dz® =0 . (V1.12)
k=400 1k« s<RF /4 J B2_(0)\ B2(0)

We shall omit very often when it is not necessary to write explicitly the superscript k. Denote for
s < RF/4

1/2 1/2
5 0F(s) = [/ |Vii|? da? + C |l / |Vak|? dz2]
B, (0\B2,(0) B, (0\B2,(0)
1/2 1/2
+ / (6™)2(1 4+ H?)? 2 da? + |l / dvolg(f)] (VI.13)
B3.(0\B3,,(0) B3.(0\B2,,(0)
1/2
+ ol [ dvolm]
B3, (0\B2,(0)

h]ll su 6 - 0
k ( p k)s (S)

We shall omit very often when it is not necessary to write explicitly the superscript k. From (VI.11), we
have in the neck region

2|V L|(2) < |a] 6(|z]) e @ (VL14)
and such that
R/4
lim sup/ 6%(s) s ds < +o0 (VI.15)
k—4o00 Jr
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We keep up with the notations in [8] and introduce

. 1 .
Ly = ——— L dl and A(t) :
¢ |0B:(0)[ Jag, (o) 950 Q

Using (VI.11) we have

1

= A dlyp,
0B,(0)] Jop, " P

dL, 1 [*™ oL 2 [* ) o 107
=t = — =(t,0)do=—-=| H@1+20>(1+H?)-= db
dt 2w J at(’) T Jo (14207 (1+ ))tae
1 [ - 19a 1 [*7 - )
_7/ e, VB Va - 22 —/ e, (]ﬂ_via) -2 dn
™ Jo tog  w Jy or (VL16)
1 109 '
—= H*+0?(1+H*)?) - — df
- [ g
1 [ ~ C9a ., 108
o/, lo [e7M|Val]? — Ky o e72* + 41 Ag(S*) '] =255 %
This gives using again 02(1 + H?)?2 < 20*(1 + H*)2H? +3 (1 + H?)
A0 L gy < 0 ot H (14 B2 + C|Vi|2a
dt = L= (0B¢(0)) L= (0B¢(0)) (VI.17)
+Clo | Valli e op,0) T lo €2 + 1o o]l
Combining the previous inequality with (VI.8), (VI.9) and (VI.13) we finally obtain
Ao 9L (t) <C8(t) . (VL.18)

Following the arguments in [8] (proof of lemma VI.1) we can choose a normalization in such a way that
@|L(x) < C |z[™" on Bru\ Bar (VL19)
where C' is independent of k. We adopt the notations of the proof of lemma IV.1. Let Y satisfying

—AY =4e*0? (1 — H*) + 21, Ky ae® — 81, e** Az(S?)™"  in Bg(0)

(V1.20)
Y =0 on 333(0)
Inequality gives (IV.41)
VY| L2 (Bp(0)) < C o?[1+ HY e® da®+
Br(0)
Ag(Bal0) (VL.21)
+Cly ||l oo e da? + Cl, “2 00— (1)
7(57)
BRr(0) 3
On By \ By we have
IAY [l (Ba\By ) < C0%(1) (VI.22)
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Hence we deduce using standard interpolation theory'

PIVY 1Z< @08, 0) < ClIVY L2 (Br(0) 2 N1AY || (Ba\Byj2) T IVY 725 (B (0))

Combining (VI.21), (VI.22) and (VI.23) give
IVY ||z @m0 < o(1) [6(t) + 7] = o(1) ¢
Using Poincaré theorem we deduce the existence of a function S such that
VS =L-V&+V'Y on Bg(0)
Combining (VI.19) and (VI.24) gives
VS|l @Bi0) < Ct! for t € [2r, R/2)

Let ¢ satisfying
AT =V1Y -Vii  in Bg(0)

7=0 on 0Bg(0)

This gives using Wente estimates (see [40])

/ Vi de? < C|IVY |3 / VA do? = o(1)
Br(0)

Br(0)
and
NIVl o8, 0)) < C IV L2 12 AT Lo (BB, 2) +/ Vi? da?
B2t\By /2
Let
1/2
m(t):=t1! [/ |V? d:z:gl =o(1)t!
B2t \Bi /2

We have

R
/ p2(0)t dt = of1)

Hence using estimates (VI.29) we have
V7] o @, (0)) < (1) 8(t) +ma(t) = o(1) ™

Let now 4 such that
AVYY =Vi+ Via
It satisfies
V]| < (o3, (0)) < o(1)
Let

2 2
VD = <zg e i 05, @, Iy e Ty az@)
i=1 =1

Using again Poincaré Lemma on Bg(0) we obtain the existence of V such that

VV:=LxV®+2H(1+20%(1+H?)VS—-2aVD

(VI.23)

(VI.24)

(VI.25)

(V1.26)

(VL27)

(VI.28)

(VI.29)

(V1.30)

(VL31)

(VL.32)

(V1.33)

(V1.34)

(V1.35)

14Gee for instance the proof of lemma A.1 in [10] and replace ||u|/cc by ||Vu||2,00 which has the same scaling in 2 dimension.
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Using again 2 |H| o2 (1+ H?)) < 2\/HZ2e2* o (1 + H?2)? together with (VI.8) and using also (VI.19) we
obtain .
HVVHLOQ(BBt(O)) <C [t_l + (5(75)] < 20t . (V136)

We denote R :=V — @ and (IV.22) implies
AxVR+ixVig=-VIE+Vi—idVs— 2a (Vlﬁ+ﬁ x vf)) . (VL37)
Combining (VI.33) and (VI.36) we have
IVE| @B, o) <Ct" . (VL38)

Let E be the solution of . =
AE =2Va-V+D on Bg(0)

(VL.39)
E=0 on 8D
We have using Wente estimates (see [40])
IVEll L2 (Br(0)) < IVElz218r0)) < Clo Vel p2(8r0) IVl 280y = o(1) (V1.40)
Denote
1/2
na(t) =171 / IVE]? de?| =o(1)t!
B2t\By/2
From (VI.40) we obtain
R/2
/ na(t) tdt =o(1) . (VL.41)
2r
Interpolation inequalities give again
CIVE =080y < CIVE|L2(Br0) t° |AE| Lo (8,\B,,0) + C IVEP? da?
B2t\B; /2
< Ct* o) lo||Val Lo (Bu\B, o) IVl (Bar\By o) + 12 05(E) (V1.42)
< Ct? o(1) 6%(t) +m3(1)] = o(1)
Hence we deduce .
IVE| L= @B.0)) < C [0(1)6(t) +ma(t)] = o(1)t™ . (V1.43)
Let F such that = . .
20V+D=V'F+VE
Observe that we have in one hand
IVEll2(Br(0)) < 2o alloo [Viill2(Br(0)) + IVEl L2 (Ba(0) = 0(1) (V1.44)
and in the other hand for ¢ € [4r, R/4]
IVl L 08, (0)) < 21o [|allco [V7ill L 08,(0)) + IV Ell L (05, (0))
(V1.45)

=C [o(1)6(t) + ma(t)] = o(1) !
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Let X := R+ F we have using (VI.38)
IV Xl (08,0) < Ct™

and it satisfies . = . .
ix VX +7ixVii=-VX +Vi—-7VS—VE+ix VIE
Let w be the solution of .
AW = Vil - V(@ —E) on Bg(0)
w=0 on 0Bg(0)
Using Wente estimates we obtain
IV 2(Br(0)) < CIV(@ = E)ll22(80) Vil L2(Br(0)) = o(1)
Denote
1/2
na(t) i=t"! / | V|2 da? =o(1)t7!
Bat\By /2
From (VI.49) we obtain
R/2
/ n3(t) tdt = o(1)
2

r

Interpolation inequalities give again using (VI.31) we obtain
IVl L 08,0y < C [0(1)6(t) +5(t)] = o(1) ¢

Let Z such that B .
Ax VT - E)=V+Z+Vu

Clearly from the above we have also

||VZHL2(BR(0)) =o(1)

and ||VZ‘|L°C(6Bt(O)) <C

3
o(1) &(t) + Zm»(t)] = o(1) ¢!

Let T = )?+Z. We have
VI =-VY%+VIE+@aViS+iaxviX |

which implies in particular
VS +i-VHE -¥) =7 VT

Regarding the estimates we have from (VI.46) and (VI.52)

VT Lo (om,(0)) < C ¢ = IVT |20 (Ba\B) < C

(VI.46)

(VL47)

(VI.48)

(V1.49)

(VL.50)

(VL51)

(VL52)

(VL53)

(VL54)

(VL55)

where the constant C' (as for all constants C' above) is independent of k. Let B be the solution of

AB=Vii-V*(E—7) in Bg(0)
B=0

56

(VL56)



Similarly as above we obtain
VB[22 (Bro) =0(1) and ||VB|p=@n,0) < o(1) t
Denote
1/2
na(t) :=t"! / |VB|? dx? =o(1)t™*
B2¢\Bi/2
From (VI.57) we obtain
R/2
[ ot =o)
2

T
Interpolation inequalities give again

VBl =08, 0) < C [o(1)8(t) +ma(t)] < o(1) t

Let D such that

S

VHE-7)=VB+V'D
Similarly as above we obtain
||VD||L2(BR(0)) =o(1)
and VDl om0y < C [0(1) 6(2) + 11 (8) + 1 (t) + 1a(8)] = o(1) 1
Denoting U := S + D we have form (VI.26) and (VI.61)
IVU| o8, 0)) <C t™} = VU2 (Bp\B,) < C
The pair (U, f) satisfies the following system
VU =V+C —ii-V*+T
VT =-V'5+VIE +7 VES +i x VEX
Let U, := [0B,|~" [,5, U and T, = |0B,| ™! Jss, T'. The system (VL.63) implies

Uy 1 [ 10T
dti 2770

T, 1 [*" 188 1 [ 10X
e _ 2 7] - 22 0+ — 71, x =~ 22 dp
a " an ), T gt gy | Aol x e dd

where 71y := [0B;| " [, 7. We have
7 — 7it|| L (oB,) < C T 6(2)

Hence using the estimates above we obtain

dT,

dt

v,

<
p <Cd()

57

(VL57)

(VL58)

(VL59)

(VL60)

(VL61)

(VL62)

(VL.63)

(VL.64)

(VL.65)



which implies
2

tdt<C | (VL.66)

2 d7,

dt

U,
dt

r

where C' is again independent of k. The system (VI.63) implies

AU = -Vii- VT
(VL67)
AT = Vit - V'S + Vit x V1 X
We can then make use of lemma 10 of [28] we obtain that VU and VT are uniformly bounded in L2
/ VU] + |VT)? da® < C (VL68)
Br\B»
which itself implies using (VI1.61) and (VI.52)

/ IVS|2+ VX2 de? < C | (VL69)
Bgr\B,

where C' is independent of k. We bootstrap this information in (VI.64) as follows

Rrau,| |dT, R . .
= < 5(t T X
LG G s [ [T vEi s
R 1/2 R 9 1/2
< V §2(t) t dt] V ¢ [/ \VT|+|VX]| + vs] dt] (VL70)
r r OB

R 1/2 1/2
< V §2(t) t dt] V IVS|? + |[VT|? + |[VX? da:Q] <C
r Br\B:,

We can chose S and R which were fixed modulo the addition of an arbitrary constant in such a way that

0=U,=|0B,|™* U  and o:ﬁ:|aBr|—1/ T . (VL71)
0B, 0B,

Combining this choice with (VI.70) we obtain
\Ut|Loe ((r,r)) + |ﬁ|L°¢([r7R]) <C . (VL.72)
We can then make use of lemma 8 of [28] and deduce
IVUlz20(Ba\8,) + IVT 20 (BB, < C (VL.73)
We have from (IV.28)

2(14202(1+H?) —l,a) 2 H=V'5.V® - VR x V'& — Vi x V

(VL.74)
=VU . VO —VT x V+® - Vix VO — VLD .- VS + V(F 4 Z) x V+d
Hence (VI.73) implies
[t X H + [VE+ VEHF 4+ Z) x V8™ + VD - Vde™ | p2agny <C (VL75)
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where h; 1 :=2(1+202 (1 + H?) -, a). For any € > 0 we choose r* and R* such that
15 8" ()| oo (o oy <€
which implies in particular using (VI.8) that
1(RE) = X H*|| 2 (p,\B) < Ce (VL76)
Using (VI.28), (VI.44), (V1.52) and (VIL.61) , for k large enough we have
I[VT* + VE(EE + Z9)] x V8* e 4 VADF V8 e N | 2p \p o< e . (VL77)
Combining (VI.76) and (VI.77) we obtain in particular that

[[(hE)~1 e*’“fiu[wuvl(ﬁhz”k)]xvéke—”‘Jrvka.vq?ke—kk||L2,m(BRk\Brk) < Ce . (VLT8)

Combining (VI.75) and (VI.78) we obtain
I(hE) =L X HE 4+ [VT* 4 VH(EF 4 Z9) x V8 F e + VA DF V8 e || 25, \5,) < CVE . (VLT9)
Combining (VI.77) and (VI.79) we then obtain
-
I(he) ™t X HE[| 12,08, < ClVE+e] (VL.80)

which implies that the Willmore energy is as small as we want in any neck region for k large enough. We
deduce lemma VI.1 from this fact and the final arguments of [§]

VII Appendix

Lemma VIL.1. There ezists C > 0 such that for any o € (0,1) and any Va € L*(D?) and Vb €
L4/3(D2), denoting ¢ the W11 solution to the following equation

—A@ = 0p,a 0,0 — 0pya 0y, b in D?

(VIL.1)
p=0 on dD? |
then the following inequality holds
IVellpz.o < C ||VCLHL2,OOQ[,1/2L4(D2) HVbHL2»°°+U—1/2L4/3(D2) , (VIL.2)
and
||V<)OHL2’°°+0"1/2L4/3(D2) S C ||vaHL2‘oo ||Vb||L2,oo+o.—1/2L4/3(D2) 5 (VIIS)
where
£l L2 mo1/2 01 D2y = I fllz2ee(p2) + 02 | fllLacpe)
and
[ fllL2.00 4o-172La73(D2) 1= inf{HfIHL?vOO(D?) + 02| foll pasapay 3 f=H+ fg}
Proof of lemma VII.1. Let X; and X5 such that
Vb=X1+Xo || X1llpze(p2) + 02Xzl pass(p2y < 2[[ VD] 2050 o172 1475 (D2 (VIL4)
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Let ¢; for ¢ = 1,2 satisfying
~Ac; = div(X;") in D?

c; =0 on 9D?
There exists a constant C independent of ¢ such that
[Verllpzo(p2y < Cl|Xillz200(p2y  and  ||Vea|lpaszp2y < C || Xallpasz(p2y
Applying Poincaré Lemma we obtain the existence of b; such that f p2bi =0 and
X+ +Ve; =Vth, <= X'=Vb+Vig |,
and we have
[Vbi][r2.00(p2) < (C+ 1) | Xal[p2.00(p2)  and  [|Vba||pass(p2y < (C+ 1) | Xal[Lass(pe2)

Observe that
Vb=Vby +Vby+V¥e, +Vies Al +c2) =0

Since ¢1 + ¢ = 0 on OD? we have ¢; + ¢o = 0 on D? and
Vb= Vb 4+ Vby

Let
—A(pi = (91-1a(91-2bi — 8I2a8I1bi in l)2

©; =0 on 0D?
Using Wente estimates (see for instance [40]) we obtain respectively
||V(p1||L2,oc(D2) < C HVCLHLz,oo(Dz) HvblHLZ,oo(DZ) s

and
IVo2llr2(p2) < C ([Vallpap2y Vb2l pass(p2)

Combining (VIL.12) and (VIL.13) we obtain (VIL.2). We now write

—Apy = div(by V+ta) in D?

=0 on OD?
Sobolev-Lorentz embedding theorem gives, since | p2b2=0,
[b2]| L4473 (p2) < C'[|Vbal|Lass(p2)
Hence we have using fundamental properties of Lorentz spaces (see [20])
1b2 V*all ass(p2y < C [ Val 2o (p2) [b2llpaars(p2y < C [ Vall Lz (p2y Vb2l ass(pe)
Hence using classical elliptic estimates we have

IV@2llLars(p2y < C ||Val L2 (p2y V2| L/3(p2)
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(VIL5)

(VIL6)

(VILT)

(VIL8)

(VIL9)

(VIL.10)

(VIL11)

(VIL12)

(VIL13)

(VIL.14)

(VIL.15)

(VIL16)

(VIL17)



1

Combining (VII.12) and (VIL.17) we obtain using (VII.4)

V@1l p2(p2) + 072 [Vl Lass (2

< C |Val g2 (p2) [||Vb1|\L2,oo(D2) + 0—1/2||Vb2||L4/3(D2>}

(VIL18)
< CIVallpzoopr) [1X1llz2s o2y + 02| Xallgasa (o)
<C ||vaHL2,oo(D2) ||vaL2,oo+o-—l/2L4/3(D2)
This implies (VII.3) and lemma VII.1 is proved. O

Lemma VIL.2. Let m € N*, and 1 < p < +o0. There exists e(m,p) > 0 such that for any sequence of
maps A € WH2P(D? M, (R)) satisfying

/ [VAR?P < e(m, p) (VIL.19)
D2

and weakly converging to As in W12P, for any sequence of maps @y, weakly converging in whet (D?,R™)
- - 2 -
and any sequence of maps Fy, strongly converging to F in LTEl(Dz,IFR2 ®@R™) to a limit Fw and sat-
isfying B
~A@p = VA, - V3 + div Fy, in D' (D?) (VIIL.20)

2p
172p71

then @y, strongly converges in W, (D?,R™) .15 O

oc

Proof of lemma VII.2. We consider the case p = 1 which is the most delicate. We first prove the claim
assuming that Fj, — Fs, in W52(D2 R? @ R™). Under this assumption we claim that there exists!6
g > 1 such that for any Q cC D? .
lim sup ||¢g |lw2.0(0) < 400 (VIL.21)
k— 400

This last claim implies, using Rellich Kondrachov, that (;_5‘;C — ggoo strongly in Wllof (D?).
Proof of (VIL.21). Let p < 1, we prove that there exists v > 0 such that

limsup sup  sup 7’77/ |V@k|? do? (VIL.22)
k—+o00 zo€B,(0) T<l—p B (x0)

Let zg € B,(0) and r <1 — p. On B,(0) we decompose @), = Uy, + T where
—AYy, = VA - VG, + divF, in By(zq)
Ur =0 on  0B,(xg)

Using Wente estimate we obtain

/B ( )|v1/7k|2 da?* < C’\/e(Q,m)/B ( )|v¢k|2 da® + Cr? | Fillfya ooy - (VIL.23)
r(Zo r(Zo

151f one assume further p > 1 the smallness condition (VII.19) is not needed for the same result to hold.
161n fact under the assumptions this is true for any g < 2

61



Since v}, is harmonic, the monotonicity formula gives for any ¢ < 1

/ |VT|? da? < 2 / |V|? do? <t / |V@k|? do? | (VIIL.24)
Bir(z0) B;-(x0) By (z0)

where we used the fact that the harmonic extension minimizes the Dirichlet energy. Combining (VII.23)
and (VIIL.24) gives then

/B o |V@e|? do? < [2C+/e(2,m) +271] / |V@i|? do? + Cr? ||ﬁk||€V1,Q(D2)
2—1,.(Zo

B,- (:Eo)

By choosing 2C /(2,m) < 1/4 we obtain
3 .
/ IV@i|* de? < = / IV@L* da® + Cr2 [|Fllfrzpey - (VIL.25)
B,—1,.(20) 4 By (z0)

The iteration of (VIL.25) gives (VIL.22). Inserting (VII.22) in the right hand side of the equation (VII.20)
gives

limsup sup  sup r_"’/z/ |ABy| da?
k—+oo xg€B,(0) r<l—p B, (z0)

where we have used |\div(ﬁk)||L1(Br(x0)) <r ||ﬁk\|W1,z(D2). Using Adams estimates we deduce the exis-
tence of s > 2 such that

lim sup |Gy w1 (B, s, (0) < +00
k—+o0

Inserting this bound in the right hand side of the equation (VIL.20) gives (VIL.21).

We consider now the general case : F, — Fy strongly in L?(D?). The weak convergence in W2
respectively of ¢ towards ¢, and of Ay towards A, implies that the limits, due to the jacobian structure
of the r.h.s., satisfy the equation

“A@o = VA - VG + div Fy in D(D? |,
Let F$ := Foo x x* where x*(z) := s72 x(z/s). Let @2, be the unique solution of
—AFL = VA - VG2 +div 2 in D2
B3 = Poo on on dD?
We claim that @3 strongly converges to Fo in W12(D?). We have indeed
—A(BL — Poo) = VAo - VH(PL — Foo) +div (FE — Fy)  in D?
Poo = Poo =0
Multiplying by @5 — @oo and integrating by parts gives

| 1905 =gl e < [ (5% = ) VA V(@ ) da®
(VIL26)

_/ P B V(B — Gu) da?
D2
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Recall the Wente inequality

Va,be WH2(D?) and VY ce W) ?(D?) < C ||Vallz ||Vbll2 | Vel

/ ¢Va-V*tb
D2

Applying this inequality to the first term in the r.h.s. of (VII.26)
1835, — Boollwrz(p) < C e(m,2) |83 = Boollwr2(p2) + |F. — Fooll2
Choosing £(m, 1) small enough in such a way C e(m,1) < 1/2 we obtain
183 = Boollwizpz) < 2 B = Faoll2 (VIL.27)

which implies
G — Bo  strongly in W?(D?)

Let ¢, be the unique solution of
—AGE = VA, - VEEE +div (Fyxx®)  in D?

P53 =Pk on on dD?

For any fixed s > 0 and any Q CC D?, using the first part of the proof we have the existence of ¢ > 1
such that

lim sup || @y, [ 2.0() < +00
k—+oo

Hence
lim ||&7 — 5llwre =0 . (VIIL.28)
k— o0

Similarly as in the proof of (VII.27) we have for e(m, 1) chosen as above
||<ﬁ,§ — SBkHWLz(D?) S 2 ||F}: — ﬁk"Lz(DZ) . (VIIQQ)
Using the triangular inequality and Young inequality we have

IF = Fillrapey < 1(Fx — Foo) % X*lr2(p2) + 1 FS — Faclln2(p2) + | Fk — Facllr2(p2)
(VH.30)
<2||Fy — Follp2(p2) + 1FS — FeollL2(p2)

From the triangular inequality we have for any s > 0 and  CC D? we have combining (VII.27), (VIIL.29)
and (VII.30)

IV (B — Goo)lz2() < V(B — B)L2(y + IV(BE — B 220 + IV (Boo — )220
<2 ||Fe = Fillrz o2 + IV(B5 — E2)llr2(o) + 21 FS — Fallr2(p2)

< 4| Fy — Foll2p2) + IV(B; — Boo)llz@) + 411Fe — FoollL2(p2)

Let & > 0, there exists s > 0 such that || — ﬁm\\Lz(Dz) < /8. Once s is fixed, using (VII.28), we have
the existence of ks such that

Vk > ks ||Fy — Fooll2p2) < 6/16  and  ||V(F — @) |l2() < §/16

Hence for k > ks we have ||V(Gr — Poo)ll12(0) < 6. This implies the lemma for p = 1.
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Lemma VII.3. For any Cy > 0 there exists € > 0 such that for any conformal weak immersion in

Es2(D?) satisfying
VA2, (p2y < Co  and / |Vi|? do? <e
D2

then

B 2
02/ |Vi|* e da? < C o? H*e* dz? + Co? e [/ |Vii|? dx2]
D? D2

1/2 D?

A Bl — 5 Y2 |-1 2
where e* = |0y, ®| = 02, ®| and A = | D7 5| fo/Q Ax) dz?.
Proof of lemma VII.3. Arguing as in the beginning of the proof of lemma IV.1 we have
l =@l (pz ) < C

We have also - B B
AD =22 H=2e*e2AN H  in D?
This gives that V2& € L4(D§/4) and hence Vii € L4(D§/4) Let @ satisfying

AG = div(7 x Vi) in D?

=0 on 0D? |

U

and let b such that 7@ x Vi = Va + V=>b. Using classical elliptic estimates we have
/ |Vl +|Vb]? da® < C / V|2 da® < Ce
D? D2
Let p € [1/2,3/4] such that
/ Va2 + VB2 di < 4/ VAP da? < 4e
aD? D?
Observe that W'?(dD2) < W1_1/4’4(8D3). Hence we have
. 1/2
||dHW1—1/4v4(6D§) + Hb”Wl—l/‘*v‘l(BDﬁ) <C |:/ ‘Vﬁ‘Q d;U2:|
D2
Recall now from [40] the following general formula

AxVi=2HV+® + v

Hence we have in particular on D%
AT = 2div(H V+®)

1/2
+C {/ |Vii|? dxﬂ
D2

Classical elliptic estimates give then, using (VII.37),

1/4
V@ La(p2y < C e l/ H* dx?
P D',ZJ
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(VIL.31)

(VIL32)

(VIL33)

(VIL.34)

(VIL.35)

(VIL36)

(VIL37)

(VIL38)

(VIL.39)

(VIL.40)



We have also on Dﬁ
Ab=V1iix Vi . (VILA41)
Classical elliptic estimates imply (using Hl/z(Di) — L*(D2)).

HVEHL‘*(D,%) <C ||A5||L4/3(Dg) +C va”Lz(i)Dg)

Hence using (VIL.36) and (VIL.41) we obtain

3/4
|\V5\|L4(D§) <C /2 |Vi|/3 |wii /3 d:cz}
DP

(VIL42)
1/2
+C {/ |Vii|? de}
D2
Hence
1/2
||Vg||L4(D/z;) <C /2 |Vﬁ|2 de] HVﬁ||L4(D§) +C ||Vﬁ||L2(D2) . (VIL.43)
D?
Combining (VII.40) with (VII.43) together with the fact that ||V7i||2(p2) < € gives
1/4
= X 4 7.2 -
an||L4(Dg) < (Ce DI%H dx +Ce ||V’I7,HL4(D{2)) (VH.44)
+C | Vii|| 2(p2)
Hence for € small enough we finally obtain
B 2
02/ |Vi|* e 2 da? < C o H* e da? + 0% e {/ |Vii|? dzﬂ . (VIL45)
D2 D2 D2
O

Lemma VIIL.4. For any v € (0,1) there exists € > 0 such that for any 5 in W12(D?) satisfying

A¢ =V i xVé+ divF (VIL46)

where
/ |Vi|? de? <e and sup r7 / |F|? dz? < 400 (VILA47)

D2 B, (z)CD? B, (z)
then
sup r 7 / IVo|? da? < C, sup 17 / |F|? da® + / IVo|? da? (VIL.48)
B,r(x)CDf/2 B, (x) B, (xz)CD? B, (z) D?

where C, depends only on v € (0,1). O

Proof of lemma VII.4 For any ¢ € Df/Q and r < 1/4 we decompose ggz 1/74- ¥ in B,.(xo) where J is

the solution of . . R
AY =V i x Vo +divFE  in B,(x)

1; =0 on  0B,(xg)
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Using Wente inequality we have

/ |Vi|? da? < Ce / IVo|? da? + C / |F|? da?
B, (zo) B, (x0)

B, (x0)

Since ¥ is harmonic we have for any ¢ € (0,1)

/ VP do® < 12 / VP do® < 12 / VP da?
Bir(z0) By (o) B (o)

Hence in particular for ¢t = 1/2

/ IVo|? da? < (271 + Ce) / IVé|? dz? + C |F)? da? (VIL49)
B,_1,(z0) B (o) By(x0)

We choose ¢ such that (271 4+ Ce) =277 and (VIL48) is obtained by iterating (VIL.49). O
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