The Variations of Yang-Mills Lagrangian.

Tristan Riviere*

I Introduction

Yang-Mills theory is growing at the interface between high energy physics
and mathematics It is well known that Yang-Mills theory and Gauge theory
in general had a profound impact on the development of modern differen-
tial and algebraic geometry. One could quote Donaldson invariants in four
dimensional differential topology, Hitchin Kobayashi conjecture relating
the existence of Hermitian-Einstein metric on holomorphic bundles over
Kahler manifolds and Mumford stability in complex geometry or also Gro-
mov Witten invariants in symplectic geometry...etc. While the influence
of Gauge theory in geometry is quite notorious, one tends sometimes to
forget that Yang-Mills theory has been also at the heart of fundamental
progresses in the non-linear analysis of Partial Differential Equations in
the last decades. The purpose of this mini-course is to present the varia-
tions of this important lagrangian. We shall raise analysis question such as
existence and regularity of Yang-Mills minimizers or such as the compact-
ification of the moduli space of critical points to Yang-mills lagrangian in
general.
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II The Plateau Problem.

Before to move to the Yang-Mills minimization problem we will first re-
call some fundamental facts regarding the minimization of the area in the
parametric approach and some elements of the resolution of the so called
Plateau problem.

Let I" be a simple closed Jordan Curve in R? : there exists v € C%(S!, R?)
such that T' = ~(S1).

Plateau problem : Find a C' immersion u of the two dimensional
disc D? which is continuous up to the boundary, whose restriction to 0D?
18 an homeomorphism and which minimizes the area

Area(u) = / 10,4 X Op,yu| dxy das
D2

The area is a fairly degenerated functional :

i) It has a huge invariance group : Diff(D?), the group of diffeomorphism
of the disc. Let u,, be a minimizing sequence of the Plateau problem
above, then the composition of u, with any sequence of diffeomor-
phism ¥,, of D? is still a minimizing sequence. The sequence ¥,, can
for instance degenerate so that u, o ¥,, converges to a point !

ii) The area of u does not control the image u(D?) which could be uni-
formly bounded while u(D?) becomes dense in R3 !

In order to solve the Plateau Problem J.Douglas and independently
Radé minimize instead the Dirichlet energy

1
Area(u) < E(u) = 5/ [0, u|? 4 |0, u|?] day day
D2
the inequality comes from the pointwise inequality
210y, u X Op,u| < |0y, ul?* + |Op,ul?
and equality holds if and only if
H(u) := |0p,ul? — |0pul* — 20 0p,u - Oy = 0
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This condition is satisfied if and only if the differential du preserves angle
that is to say u is conformal.
The Dirichlet energy E has much better properties than the area : it is

i) it is coercive :
Vu, st. limsup, . . E(u,) <+oo Fuy — usx in W

ii) lower semi-continuous

E(us) < liminf, o E(uy,)

iii) it’s snvariance group in the domain is reduced to the 3-dimensional
Mobius group M (D?)

a

M(D?) := {\If(z) _ G024

st. 0 €R |a|<1}
1—az

Why minimizing F instead of the area has any chance to give a solution
to the Plateau problem 7

Let u be an immersion of the disc D? and denote g, the pull back of the
standard flat metric ggs in R? : ¢, := u*ggrs. The uniformization theorem
on D? gives the existence of a diffeomorphism ¥ of the disc such that

U*g, = e [do? 4 dx3] (i.e. woW is conformal)

for some function A from D? into R. So if © minimizes E in the desired
class we can replace it by v := u o ¥ which is conformal and for which

E(v) = Area(v) = Area(u) < E(u)

hence u is conformal. Assuming now it is not a minimizer of the area, we
would then find w in the desired class such that

A(w) < A(u) = E(u)

and taking again V' s.t. E(w o ¥') = A(w) we would contradict that u
minimizes F.



Hence the difficulty is to find a minimizer of F in the class of C! im-
mersions sending continuously and monotonically D? into T.
One introduces
uwe Wh?(D?) ; weCY'OD%T)
F =
and u is monotone from 0D? ~ St into T’

Fixing the images of three distinct points in dD? in order to kill the
action of the remaining gauge group M(D?) one proves the existence of a
minimizer of £ in F which happens to be a solution to the Plateau problem
(A thorough analysis is required to prove that the minimizer is indeed a
C'' immersion).

II.1 The conformal parametrization choice as a Coulomb gauge.

As we have seen the conformal parametrizations of immersed discs play
a central role in the resolution of the Plateau problem. In the present
subsection we establish a one to one correspondence between this choice of
conformal parametrization and a Coulomb gauge choice.
Let u be a conformal immersion of the disc D? (i.e. H(u) = 0 on D?).
Let A € R such that
e = [0, u| = |0p,ul

Introduce the mowving frame associated to this parametrization

—

€ i=e" Oz u for j =1,2

The family (é7, é;) realizes an orthonormal basis of the tangent space of
u(D?) at u(zy1, ). This can be also interpreted as a section of the frame
bundle of u(D?) equipped with the induced metric ggs.

A simple computation gives

div (), V&) = 0y, [ Oy u - 02 ﬂ+@#ﬂ”%w%ﬂ

= 2718&61 [672)\ al’2|a$1u‘2] o 27181‘2 [672)\ ax1|aac2u‘2] (111)

=02 AN—0> A=0

T1T2 T2T1



In other words, introducing the 1 form on D? given by A := € - dé,
which is nothing but the connection form associated to the Lewi-Ciuvita
connection induced by g, = u*grs on the corresponding frame bundle for
the trivialization given by (€7, é&3), equation (I1.1) becomes

d"A = d" (51 . dgg) =0 (112)

where *, is the Hodge operator associated to the induced metric g,. The
equation (II.2) is known as being the Coulomb condition. We will see again
this condition in the following sections and it is playing a central role in
the mini-course.

Vice versa one proves, see for instance [He] or [Ril], that for any im-
mersion u, non necessarily conformal, any frame (€7, ¢é5) satisfying the
Coulomb condition (I1.2) corresponds to a conformal parametrization (i.e.
3¥ eDiff(D?) s.t. v :=wuo ¥ is conformal and €; = |9,,0| ' ,,v . This
observation is the basis of the Chern method for constructing conformal or
isothermal coordinates.

III A Plateau type problem on the lack of integra-
bility

In the rest of the class G denotes an arbitrary compact Lie group. We will
sometime restrict to the case where G is a special unitary group SU(n)
and we will mention it explicitely. The corresponding Lie algebra will be
denoted by G and the neutral element of GG is denoted e.

III.1 Horizontal equivariant plane distributions.

I11.1.1 The definition.

Consider the simplest principal fiber structure P := B™ x G where B™
is the unit m—dimensional ball of R™. Denote by 7 the projection map
which to & = (x, h) € P assigns the base point x. Denote by Gr,,(TP) to
be the Grassmanian of m— dimensional subspaces of the tangent bundle
to P.



We define the notion of equivariant horizontal distribution of plane to

be a map
H : P=B"xG — Gr,(TP)

5 - (ZE, h) — Hf
satisfying the following 3 conditions

i) the bundle condition :

vée P He e TeP o

ii) the horizontality condition

Vée P W*Hg = TW(S)Bm ,

iii) the equivariance condition
\Vlf - P \V/g - G (Rg)*Hg = HRg(f)
where R, is the right multiplication map by g on P which to any
£ = (x,h) assigns Ry(§) := (z,hg).

I11.1.2 Characterizations of equivariant horizontal distribution of plane by
1—forms on B™ taking values into G.

Let H be an equivariant horizontal distribution of plane in P = B™ x G.
Clearly the following holds

V¢=(z,h) € P VX €T,B™ I X" eTP st mX'=X

The vector X (¢) is called the horizontal lifting of X at £.

At the point (z,e) (recall that e denotes the neutral element of G)
we identify T, )P ~ T, M & G. Using this identification we deduce the
existence of A, - X such that

XH(z,e) = (X, — A, - X)



The one form A is called connection 1-form associated to H. The linearity
of A, with respect to X is a straightforward consequence of the definition
of X and therefore A defines a 1-form on B™ taking values into G.

For any element B € G ~ T.G we denote by B* the unique vector-field
on G satisfying

B*(e)=B and VYgeG B*(g):=(R,):B

and by an abuse of notation B*(g) is simply denoted Bg. Using this
notation we have

VéE=(x,h)e P VX eT,B™
X)) = (X, —(As - X)*(h)) = (Rn): X" (2, ¢)

At any point £ € P Any vector Z € T¢ P admits a decomposition according
to H : we denote by Z" the projection parallel to H¢ onto the tangent
plane to the vertical fiber given by the kernel of , :

7V =7 — (m2)?

III.2 The lack of integrability of equivariant horizontal distri-
bution of planes.

A m—dimensional plane distribution H is said to be integrable if it identifies
at every point with the tangent space to a m—dimensional foliation.

We aim to "measure” the lack of integrability of an equivariant horizontal
distribution of planes. To that aim we recall the following classical result

Theorem III.1 (Frobenius). An m—dimensional plane distribution H is
integrable if and only if for any pair of vector fields Y and Z contained in
H at every point the bracket |Y, Z] is still included in H at every point. O

In the particular case of equivariant horizontal distribution of planes in
P = B™ x G we have that H is integrable if and only if

V X.,Y vector-fields on B™ x4,y =



We shall now compute [X#, Y]V in terms of the one form A.
We write

[XHv YH](x,e) = [(X7 _(A ) X)*)7 (Y7 _(A ) Y)*)](:E,e)
- [(X7 0)? (Y7 0)](1’,6) + [(X7 0)? (07 _(A ) Y)*>](z,e) (HIl)

+[(07 _(A ’ X)*)7 (Y7 O)](x,e) + [(07 (A ’ X)*>7 (07 (A ) Y)*>](z,e)

The definition of the Bracket operation on the Lie algebra G together
with the commutation of the vector-field bracket operation with the push-
forward operation of the right multiplication map gives that

(A- X)), (A-Y)] = ([4- X, A-Y]) (I11.2)

where the brackets in the r.h.s. of the identity is the Lie algebra bracket
operation. The definition of the Lie bracket of vector fields gives

[(X7 0)7 (07 _(A ' Y)*)](:c,e) - (07 - d(A ' Y) ' X) (111'3)
Finally we write
[(X,0),(Y,0)] = ([X,Y],0) = ([X,Y],-A4-[X,Y]) + (0, A- [X,Y]) (IIL.4)
Combining (I11.1), (I11.2), (I11.3) and (II1.4) gives
(XA Y)Y =d(A-X) Y —d(A-Y) - X+ A(X,Y]) +[A-X,A-Y]

and using Cartan formula on the expression of the exterior derivative of a
one form we obtain

X YH)Y =dAX,)Y)+[A- X, A-Y] . (I1L.5)
The two form we obtained
FA(X,Y) =dAX,)Y)+ [A- X, A- Y] (I11.6)

is the so called curvature of the plane distribution H and "measures” the
lack of integrability of H. It will be conventionally denoted

1
FA:dA+§[A/\A] or simply Fq=dA+ANA
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The Lie algebra, and hence the compact Lie group, is equipped with the
Killing form associated to a finite dimensional representation, hence uni-
tary, for which the form defines a scalar product invariant under adjoint
action. For instance G = o(n) or G = u(n)

< B,C >=-"Tr(BC)

If the Lie algebra G is semi-simple : it is a direct sum of Lie algebras with
no non trivial ideal, the Lie algebra is equipped with the Killing scalar
product :

< B,C >:= —Tr(ad(B) ad(C))

where ad(B) is the following endomorphism of G : ad(B)(D) := [B, D].

The Lagrangian we are considering for measuring the lack of integrabil-
ity of the plane distribution H is just the L? norm of the curvature

/ Z‘\@H (9H ‘ da:m:/ |Fa? dz™ |
m Bm

1<j

where dz™ is the canonical volume form on B™. The L? norm of the
curvature is also known as being the Yang-Mills energy of the connection
form A and is denoted Y M (A). We can now state the main problem this
mini-course is addressing.

Yang-Mills Plateau Problem : Let n be a 1-form on OB™ taking
values into a Lie algebra G of a compact Lie group G does there exists a
1-form A into G realizing

inf {YM(A) = / |dA+ANAP d2™ ;e A = 77}

where tygm s the canonical inclusion of the boundary O0B™ into R™.

In other words we are asking the following question : given an equivari-
ant horizontal plane distribution over the boundary of the unit ball in R™,
can one extend it inside the ball in an optimal way with respect to the L?
norm of the integrability defect.

In order to study this variational problem we first have to identify it’s
invariance group.



II1.3 The Gauge Invariance.

In this subsection we identify the group of the Yang-Mill Plateau problem
corresponding to the diffeomorphism group of the disc for the area in the
classical Plateau problem.

Let g be a map from B™ into G. We denote by L, the left multiplica-
tion by ¢g~! defined as follows

Lg—l;PZBmXG — P

¢ =(z,h) — (z,97'h)

Let H be an equivariant horizontal distribution of planes on P we ob-
serve that the push-forward by L,-1 of H, (L,-1).H, is still an equivariant
horizontal distribution of planes. We now compute the connection 1-form
associated to this new distribution.

Let X be a vector of T,B™ and x(t) a path in B such that #(0) = X.
Let h(t) € G such that £(t) := (z(t), h(t)) is the horizontal lifting of x(¢)
starting at the neutral element e of G (ie. & = (2)7(£(t)) and £(0) =

: LV : :
(x,e)). Since xi = 0 we have in particular

dh

dt
The push forward by L,-1 of the horizontal vector X (x, e) is the horizontal
lifting of X at (z,¢~') for the distribution (L,-1).H : XL H (g g1y,
Hence we have

X<L971)*H(£79_1) = (Lg‘l)*XH(xv €) = (Lg-1)«(X, —A- X)

(0)=—A-X

= (X, — (g_ldg - X —l—g_lA . Xg) g_l)

= (X~ (g7dg- X +g7"4-Xg)"(g7)

Hence we have proved that the horizontal lift at (x, e) for the new plane dis-
tribution (L,~1).H is (X,— (¢7'dg- X + g A- X g)) and the associated
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connection one form associated to the distribution (L,-1).H is
A =g ldg- X +¢g 1A - Xg
The curvature associated to this new distribution is given by
Fae(X,Y) =dAY(X,Y) + [AY(X), AI(Y)]
We have in one hand
dAY(X,Y) =dg ' Ndg(X,Y) + [dg ' g A g Ag](X,Y)
and in the other hand
[49(X), A9(Y)] = [g7'dg A g " Ag)(X, V) + g [A(X), A(V)]g

summing the two last identities and using the fact that ¢ 'dg +dg g =0
gives finally
Fao=g"Fayg

Since the Killing scalar product on G is invariant under the adjoint action
of G we have

YM(A9) =Y M(A)
The action of L, on the plane distribution H leaves invariant it’s Yang
Mills energy and realizes therefore a ”huge” invariance group of the Yang-
Mills Plateau Problem which is called the Gauge group of the problem.

Exactly as for the classical Plateau problem we discussed in the first part
of the mini-course the task for solving the Yang-Mills Plateau problem will
be to "kill” this gauge invariance and, here again, the Coulomb Gauge
choices will be of great help.

II1.4 The Coulomb Gauges.

We first start with the simplest group, the abelian group G = S'. The
Yang-Mills Plateau problem in this case becomes :
Find a minimazer of

inf {YM(A) :/ [dA]? da™ ;  thpeA = 77}

11



where 1 is some given 1-form on the boundary 0B™.
In a reminiscent way to the classical Plateau problem our starting func-
tional is degenerate and we shall replace it by a more coercive one

YM(A) < E(A) :/ |dA|? + |d*A|* dz™

with equality if and only if d*A = 0 (i.e. A satisfies the Coulomb condition).
The following coercivity inequality holds

VAeWY(B™ G) st. thgnA=n

o . 2 (ILIL7)
[ AR+ 10,458 da™ < [ECA) + Il

1,7=1

for some fixed constant independent of n and A, where HY/?(0B™) is the
fractional trace space of W'?(B™). The convexity of £ in W,*(A'B™,G)
together with the previous coercivity inequality implies that the following
problem admits a unique minimizer

min E(A)
AeW, 2 (AL B™ G)

and it is the unique solution of the following system
([ d*dAy =0 in D'(B™)

! &*Ay=0  inD/(B™)

* _
\ L(’)BWAO =

The components of A are harmonic in B™ and are therefore smooth more-
over we have

Y M(Ag) = E(Ao)

Let now B in W#’Q(/\Bm, G) we claim that there exists a gauge change g
such that YM(B) = YM(BY) = E(BY). This can be seen as follows. Let

12



@ be the solution of
—Ap=d'B in D'(B™)
=20 on 0B™

Hence we have

(d(B+dp)=dB  inD/(B")

{ &*(B+dp)=0  inD'(B™)

\ L(')BW(B + d@) =1

Taking g := exp(ip) we have YM(B) = Y M(BY) = E(BY).
Hence A realizes

min YM(A)
AeW,*(ALB™ G)

Indeed if there would be B € W,*(A'B™, G) such that Y M(B) <Y M(Ay)
we choose ¢ such that Y M (BY) = E(BY) and we would contradict the fact
that Ay minimizes F.

Taking now a general compact Lie group G we would also like to propose
to minimize E instead of Y M but we need first ensure that a Coulomb
gauge always exists. We have the following lemma which answers positively
to this last question

Lemma III.1. Let A € L*(A'B™,G). The following variational problem

Inf / g dg + g 1 Ag|?* dx™
geEW*(B™,G) m

18 achieved and each minimizer satisfies the Coulomb condition

d*(g7'dg+g'Ag) =0

13



Proof of Lemma III.1. Let g; be a minimizing sequence. Since the
group is compact we have that

lim sup/ dgr|* dz™ < 400
k—+o0 m

Hence, using Rellich Kondrachov’s theorem there exists a subsequence g/
converging weakly in W1?(B™ G) to g, and strongly in every L’(B™,G)
space for any p < +oo hence g,, € W}?(B™ G). The same holds for g,;l
and it’s weak limit in W12(B™, G) is the inverse of g,,. Hence we have

9. dge + g, P A gr — 9 dge + 930 Agee in D'(B™)

The lower semi continuity of the L? norm implies that g, is a minimizer
of (I11.6).
For any U € C§°(B™, G) we introduce

Goo(t) = goo exp(t U)
We have
9o (1)dg (t) + 9o (1) Agoo(t) = exp(—t U) dexp(t U)

+exp(—tU) [9'dgos + 95 Ageo] exp(tU)

Hence

% [g;ol(t)dgo_ol(t) + go—ol(t)Agoo(t)] = dU — [U, A%]

Since g, is a minimizer we have

0= % | A9= D2 g™ = 2/ ((dU — [U, A%]) - A%=) dz™
B’ITL

We use the identity < [U, V], W >=< U, [V, W] > to deduce that
(U, A9=] - A9~ =0

m

and then we have proved that for any U € C§°(B™,G) we have
O:/ dU - A9= dxm:/ < U,d"A9> > dz™

14



This finishes the proof of the lemma. O

Since every connection form posses a Coulomb Gauge representative it
is then tempting to minimize F instead of Y M following the main lines of
the abelian case. However due to the non-linearity A A A in F4 it is not
clear whether the E energy controls the W2 norm of A in a similar way
of (II1.7) in the general case.

In fact the answer to that question is "no” as we can see in the fol-
lowing example. We take G = SU(2) and we identify su(2) with the
imaginary quaternions. On R* we identify canonically the point of coordi-
nates (zg, x1, T2, x3) with the quaternion x := xy 4+ x1i+ x2j + z3k. For
a quaternion y = yo + y1 1 + y2j + y3 k we denote by I(y) the element in
su(2) given by y1 014 42 09+ y3 03 where g; are the Pauli matrices to which
we identify i, j and k

. i 0 . 0 1 ) 0 i
1> 01 = g9 = &S ga =
! 0 —i I 10 ’ i 0

forming an orthogonal basis of su(2) with norms v/2 for each vector of the
basis.

On B*, for A € R*, we consider the family of one forms into su(2) given
by

Ay N $ (x dX)
1+ 22 |x|?
The corresponding curvature is given by
Fyo— X dx N dxX
" (1+ 2 |x[?)?

One easily verifies that!

da?
li Fil? da* = F 2d4:/48—:82<
)\—1>I—Poo B4 | A/\‘ & /sz ‘ All * R4 (1 + |$|2)4 T oo

!The somehow surprizing factor 48 comes from the fact that there are 6 curvature coordinates and
each curvature coordinate has the form

8
(1+ |=[2)?

where we have used that the square of the norm of each Pauli matrix is 2.

[(Fa,)ii? =

15



but one verifies also that

: 02 g4
Jdim [ 37 10, (A)F dat =+

1,j=14

we might then think that by changing the gauge we can avoid this blow up
of the W12 norm of the connection form but, as we see now, this cannot
be the case. Consider the second Chern form Tr(Fa, A Fa,), it satisfies

lim Tr(Fa, A Fya,) = 8%y da* (I11.8)

A—+00

The second Chern form is invariant under gauge transformation and for
any choice of Gauge ¢ this 4—form, which has to be closed, is on B* the
exterior derivative of the transgression form known as the Chern-Simon
3-form :

Vg : B* = SU(2)

1
TY(FA/\ A\ FAQ =d [TI" (A‘g\ N dA‘g\ + gAg\ N [Ag\, A§]>:|

Assume now there would have been a gauge g, s.t.

lim inf [AD [wrzpy < 400

Then for some sequence Ay — +oo, using Rellich Kondrachov theorem
AF .= AYF would weakly converge to some limit A in Wh*(A'B?, su(2))
and strongly in LP(A'B*, su(2)) for any p < 4. Hence

1 1
Tr (Ak A dA* + §A’f A [AF A’ﬂ) — Tr (AOO NAA™ 4+ 2 A% A [A> AOO])

in D'(B*). Taking now the exterior derivative and using again the gauge
invariance of the second Chern form we obtain

Tr(Fa, A Fa, ) = Tr(Fax A Fax)  in D'(BY)

Since A is in W2 the 4-form Tr(Fy~ A Fy) is an L' function, however,
from (II1.8) it is equal to the Dirac mass. This gives a contradiction and
we have proved the following proposition

16



Proposition II1.1. There exists A* € WY2(B4 su(2)) such that

limsup/ |Fye? da? < +o0
B4

k—+o00

but

k——+o00 4 =
i,5=1

4
lim inf inf {/ Z \(9%.(14’6)?‘2 dat; g€ W2’2(B4,SU(2))} = +00
B

O

Hence by minimizing F instead of Y M we don’t get enough control on
the minimizing sequence A* in order to extract a converging subsequence
to a solution to the Yang-Mills Plateau problem.

The situation would have been much better in dimension less than 4
where a W12 control of A in terms of E(A) do exist. In dimension equal
to 4, despite proposition III.1, there is still a positive result in that line
which says roughly that such a control do exist for some gauge provided
the Yang-Mills energy stays below some positive threshold. The following
section is devoted to the proof of this result by K.Uhlenbeck.

IV Uhlenbeck’s Coulomb Gauge Extraction Method

IV.1 Uhlenbeck’s construction.

We have seen that in dimension 4 - and higher of course- there is no hope to
control the W12 norm of sequences of connection forms from the E energy.
The fact that the dimension 4 is critical for this phenomenon comes form
the optimal Sobolev embedding

Wh?(BY) — L(B*)
which does not hold in higher dimension.

Theorem IV.1. Let m < 4 and G be a compact Lie group. There exists
eg > 0 and Cq > 0 such that for any A € W12(B™,G) satisfying

/‘MA+AAAPMm<a;,

17



there exists g € W**(B™, G) such that

( 4
/ A9+ |0, AP da™ < Cq / |dA + AN AP da™
V.1
\ @40 =0 in B™ (Iv-1)

\ LgBm<*Ag) - 0

where A9 = g 'dg + g~ Ag and tgpm is the canonical inclusion map of the
boundary of the unit ball into R™. O

For m < 4 the non linearity A A A is a compact perturbation of dA
and the problem is a perturbation to a simple linear one that we solved in
the abelian case. We will then restrict the presentation to the case m =
4. We assume that the compact Lie group is represented by a subgroup
of invertible matrices in R" for some n € N* which gives an isometric
embedding of GG in an euclidian space.

We aim to solve the Coulomb equation d*A9 = 0 keeping this time a
control of A9 in W12 (lemma III.1 was only giving an L? control). Since
we have little energy the hope is to use a fixed point argument close to the
zero connection and for g close to the identity. The linearization of the
Coulomb non-linear elliptic PDE

d* [g_l dg} =—d [g_lA g] in B*
0gg t=—<A0,> ondB!
for A" = tw and ¢' = exp(t U) gives
AU = —d'dU =d'w in B*
oL.U=—<wd, > ondB*

This linearized problem is solvable for any map w € W1%(B% G) and we
get a unique U € W22(B*, G) solving the previous linear equation.

18



However, in order to be able to apply the implicit function theorem we
need the following non-linear mapping to be smooth

NO - W(BY ) x WHH(BY,G) — WY3(BY,G) x HY/*(0B*,G)

(w,U) — (d"[95" dgv + 95'w gu] , Orgu 95" — < w, 0, >)

where gy := exp(U). This is however not the case in dimension 4. This
is due to the fact that W?2? does not embed in C" in 4 dimension but only
in the Bounded Mean Oscillation space BMO(B*) hence simple algebraic
operations such as the multiplication of two G valued W?? maps is not

continuous in 4 dimension.

If one replaces however W12 x W22 by a ”slightly smaller space” WP x
W2P for any p > 2 (p being as close as we want from 2) then the space
W?2P embeds continuously (and compactly) in C? and the map A becomes
sudently smooth ! and a fixed point argument is conceivable in this smaller
space.

Uhlenbeck’s strategy consists in combining a fixed point argument in
smaller spaces - in which the problem is invertible - together with a conti-
nuity argument.

This method is rather generic in the sense that it can be applied to crit-
ical extensions or lifting problems of maps in the Sobolev space W™ (M™)
which misses to embed in C° but for which however the notion of homotopy
class is well defined (see [SU] and [Wh]) and prevents to find global exten-
sions or liftings when the norm of the map is too high. As an illustration
we shall give two results.

Theorem IV.2. For anym > 1, and any compact Lie group G there exists
ema > 0 and Cp,. g > 0 such that for any map g € WH(S™ G) satisfying

/ |dg|™ dvolgm < ey,

there exists an extension g € W™ (B™ G equal to g on OB™ such
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that
/ |dg|™ ! da™ T < C), / |dg|™ dvolgm
Bm+1 m
UJ

Remark IV.1. The ezistence of such an extension g € WhmH(B™+1 @)
is clearly not true for general g € WH1™m(S™ S™)  Indeed, consider for
instance m = 3 and G = SU(2) ~ S3, if such an extension would exists
one would have using Stokes theorem.

~x 7 4 1 * |S3|
0= [ g'dx" = 1.9 dvolgy 2y = e deg(g)
B 3

where deg(g) is the topological degree of the map g which is not necessarily
zero. 0

Theorem IV.2 is proved in [PR2] using Uhlenbeck’s method. The second
example is the following one

Theorem IV.3. Let P be a G principal bundle over S™ where G is a
compact Lie group and where 7 is the projection associated to this bundle.
There exists em > 0 and Cp.g > 0 such that for any g € WH™(S™, S™)
satisfying

/ |dg|™ dvolgm < e

there exists v € WH™(S™ P) such that

/ |dv|™ dvolSmSCm,G/ |dg|™ dvolgm

and
ToU =g

Proof of theorem IV.1.
Fix some 2 < p < 4. For any € > 0 we introduce

U = {A c WH(B* G) s.t. |Fy|? da* < s}

B4
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and for any € > 0 and C' > 0 and we consider

(Aclff s t. Fge W (BG))

/ A | dat < 0/ |Fy [P da?
B4 B4

|dAY)? | dat < C/ |Fy|? da
B4 B4

d*AY =0 and (gprx A7=0

\ J

The first goal is to show the following

Claim
de>0 C>0 st Vo=U°

In order to prove the claim we shall establish successively
1 - The set U is path connected.
2 - The set V5 is closed in U¢ for the W!P—topology
3 - For € > 0 chosen small enough and C' > 0 large enough the set V¢ is

open for the WP —topology

Since Vg is non empty, this will imply the claim 1 for this choice of € and

C.

Proof of the path connectedness of U=. For A in U® and t € [0, 1] we define
the connection form A? to be the image of A by the dilation of rate ¢! :
At =137, Aj(te) dej. We have in particular

4
FAt = t2 Z(FA)M(.I') dxl dxj

i.j=1

/ |FAt‘2 dl‘4:/ |FA|2 d$4<8
B4 B}
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and .

S / 100, (A)a P da* = O (1V.2)
ij—1Y B

This shows that in one hand A" € U for any ¢ € [0,1] and that in the

other hand A" — 0 strongly in W?(B%). Hence A’ is a continuous path

contained in U¢ connecting A and 0 which prove the path connectedness
of U°.

Proof of the closeness of Vi in U°.
Let A* € V¢ and assume A* converges strongly in WP to some limit
A>® e U*. We claim that A> € V.

Since A¥ — A strongly in W', dA¥ — dA> strongly in L? and, using
Sobolev embedding, A¥ — A> in L*/*P. Hence, due to the later,

AF A AR — A% A A strongly in L%/47P(BY)

We have chosen 2 < p < 4 in such a way that p < 2p/4 — p. Hence we
deduce that
Fae — Fye strongly in LP(B*) . (IV.3)

Let ¢* be a sequence such that

d(AR)T )2 dvolgs < C | |Fe|? dvolgs (IV .4)
B4 B4
for ¢ = 2,p and
d(AM =0 and  ihpx (AN =0 . (IV.5)

Since both d(AF)9" and d*(A¥)9" are uniformly bounded in L? and since
there is no harmonic 3-form? on B* whose restriction on the boundary is

2Assume B is a 3 form satisfying dB = 0 and d*B on B* and tygaB =0 then *B = dp, B = df and
a3 = dC. With these notations we have

/|B|2:/ dﬂ/\dgp:/ dC ANdp =0
B4 B4 oB4
hence B = 0.
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zero, classical LP-Hodge theory (see for instance [IM]) infers that (A*)9" is
uniformly bounded in W', So, using Sobolev embedding, it is in particular
bounded in L#/4~P and since (AF)9" = (¢*) " dg* + (g¥) L A* g*, using that
A is bounded in WP and hence in L*/*~?, we deduce that dg” is bounded
also in L*/*=P. Since 4 < 4p /4—p, there exists a subsequence g" converging
strongly to some limit ¢ in C°. Going back to the weak convergence
of (A¥)" in WP, the strong convergence of A* in W'# and the weak
convergence of ¢" in W1*/4 P we deduce that

dg* = g (AF)7 — AF g
is uniformly bounded in W' and therefore g* — ¢> weakly in W?P(B* G).
Thus we deduce that the following weak convergence in W1*(B%) holds
(6")71dg" + (6") AN " = (97) g™ + (97) T AX g
Combining (IV.3) and the latest weak convergence we deduce that
(A" |9da* < C | |Fae|? da (IV.6)

B4 B4

for ¢ = 2, p and, using the following continuous embedding of
WLP(BY) — Wi Yrr(9Bh)

we have

d*(A®)" =0 and p(A>)" (IV.7)
So we have proved that A* fulfills all the conditions for being in V.

Proof of the openness of V¢.

Let A be an element of V;. It is clear that if we find in Vi an open
neighborhood for the W!?—topology of the W'? Coulomb gauge AY, then
A posses also such a neighborhood. So we can assume right away that
d*A =0 and 1yg * A = 0.

We are looking for the existence of § sufficiently small - possibly de-
pending on A - such that for any w satisfying ||w|[y1» < & there exists g
close to the identity in W2?”—norm such that

d[g7'dg+ g (A+w)g] =0 and (pp* (A+w)! =0
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To that purpose we introduce the map

NA - W (B G) x W?P(B* G) — LP(B*,G) x W'=1/PP(3B* G)

(w,U) — (" [97" dgv + 95" (A+w) gu] , tops * (A+w)™)
(IV.8)
where gy := exp(U). We have seen that this map is smooth.

The derivative of N4 along the U direction at (0,0) gives
OuNA(0,0) -V = (=AV + [4,dV],8,V)

where A = 377, 83%.
Using Calderon Zygmund L? theory (see for instance [St] or [GT]) we
have the following a-priori estimate for any V satisfying [ gV dz* =0

Vllwensy < ¢ [1AV o) + 10:V lwi-vroopy)]
< e [loeN™(0,0) - Vil + [I[A, dV] [l o))
<c [H&UNA(O, 0) . VH}‘ +c HAHL‘*(B‘l) Hdv|‘L4p/4—p(B4)i|

where F is the hyperplane of LP(B*,G) x W'=/PP(9B* G) made of couples
(f,g) such that

f(z) da* = —/ g(y) dvolypa
B OB

From the fact that A € V& we deduce that ||Al|s < Cyv/C & where Cy is
the Sobolev constant coming from the embedding into L*(B*) of closed 3
forms on B* with adjoint exterior derivative in L? and whose restriction to
OB* is zero. Hence for any V with average zero on B* we have

HVHWQ,I)(B4) S C [H@UNA(O, 0) : VH]: + 604 V Ce HdVHL4p/4—p

Using again the embedding of W'P(A'B* G) into L*/*P(A'B* G) and
denoting C, the corresponding constant, we have then

[1—cCiVC e G |Vlwansn < ¢l|0pNA(0,0) - V]|
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Having chosen e such that ¢Cy;v/C ¢ C, < 1/2 we have that dypN“4(0,0)
has zero Kernel. A classical result from Calderon-Zymund theory (see
[GT]) asserts that

L W**BYG)— F

V —s (=AV,9,V)

is invertible and hence has zero index. By continuity of the index the maps
,Ct : W2’p(B4, g) — F
V — (—AV + t[A,dV],0,V)

has also zero index and since £; = dpN4(0,0) has trivial kernel it is
invertible. So we can apply the implicit function theorem and there exists
0 > 0 together with an open neighborhood O of 0 in the subspace of
W;P(S*,G) with average 0 on B* such that

Vwe W'Y (B, G) satisfying |lw||wis(sig) <0

31V, eO0 s t. NYV,w)=0 and /vw:o
B4

and O can be taken smaller and smaller as § tends to zero. We denote
Juw = eXp(Vw)'

It remains to establish the control of the LP norm (resp. L? norm) of
d(A + w)% in terms of the L norm (resp. L* norm) of Fy4 .

The Coulomb gauge (A 4 w)¥% satisfies for g =2 and ¢ = p

|d(A +w)™ | ze < [|Farollzr + [(A+w)™ A (A +w)®| e

We have
[(A+w)*|lps < Cy [|[dA| 2 + [|wl|zs + [|dg”|| L2

Using the fact that A is the Coulomb gauge whose W2 norm is controlled
by the L? norm of F4 - which is assumed itself to be less than ¢ - by taking
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e small enough - independently of A - by taking 6 small enough - depending
possibly on A - which ensures in particular that ||dg. ||z is sufficiently small,
and by using the embedding of closed forms with L? exterior co-derivative
and whose restriction to 0B* is zero into L*/4~¢ since d*(A +w)% = 0 and
thpi(A 4+ w)? = 0 we have established that

ld(A + w)*[|zs < [ Farollze + 27 |d(A + w)®|| s

This implies that A + w fulfills the conditions for being in Vg for and w
satisfying ||w||w1» < & where ¢ has also been taken small enough in such a
way that ||Faiw| < e. This concludes the proof of the openness of V; with
respect to the W1P—topology for well chosen constants € > 0 and C' > 0
and this concludes the proof of the claim.

End of the proof of theorem IV.1.

With the claim 1 at hand now, we are going to conclude the proof of
theorem IV.1

Let A € WH(A'B*, G) such that [q, |Fa|?* dvolgs < €. Since C* is dense
in W12 there exists A’ a family of smooth 1—form on S* into G converging
strongly to A in W2 as t goes to zero. Using again the embedding of W12
into L* we have the existence of ¢, > 0 such that

Vi<t / |FAt‘2 dvolgs < €
B4

Thus A" is in U and, due to the claim 1, it is also in V§. Let ¢' such that

d (A9 = 0 with
o ()

Again, since there is no non-trivial closed and co-closed 3—form on B* the
previous identity implies that (A")Y" is bounded in W'? and then in L*
too.The approximating connection one forms A’ are converging strongly
to A in W12 and hence in L* thus d(g') is bounded in L* We then
deduce the existence of a sequence t;, — 0 such that g'* converges weakly
in WH4(B*, Q) to some limit ¢". Using Rellich Kondrachov compactness

2
de* < C | |Faf da?
B4
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theorem g converges strongly to ¢° in LP(B*) for any p < +o0o and hence
¢ is also taking values in G since we have almost everywhere convergence
of the sequence. Using the previous convergences we deduce first that

(g")Hdg"™ + (g") " Agh = (¢") M dg" + (¢") T Ag"  in D'(SY)
This implies that d*((4)?") = 0. Since both A’ and (A?)?" are bounded in
W12 and since ¢' is bounded in L*, using

dg' = g' (AT — Al g

we deduce that ¢’ is bounded in W?2? and hence the trace of g weakly
converges to the trace of ¢° in H*?(0B* G). So we can pass to the limit
in the equation 5, * (A™)9* = 0 and we obtain

Vg % (A9 =0
Finally since F is strongly converging to F in L?, using also the lower

semi-continuity of the L? norm together with the weak convergence of
(A9 towards A9 we have

d(A9)|2 dvolgs < C F4|? dvolg
B Is 4

This concludes the proof of theorem IV.1.

IV.2 A refinement of Uhlenbeck’s Coulomb Gauge extraction
theorem.

This part can be skipped in a first reading.

We have seen that Uhlenbeck’s result is optimal in the sense that without
assuming anything about the smallness of the Yang-Mills energy there is
no hope to obtain a gauge of W2 controlled energy. One might wonder
however if the smallness of the L? norm of the curvature is the ultimate
criterium for ensuring the existence of controlled Coulomb Gauges. The
answer is "no” and one can very slightly reduce this requirement. Recall
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the notion of weak L? quasi-norm. We say that a measurable function f
on B™ is in the weak L? space if

1/2
flaoo := [sup o® [{z € B™; |f(z)| > a}|| < +oo
a>0
where | - | denotes the Lebesgue measure on B™. This quantity defines a

quasi-norm which is equivalent to a norm (see for instance [Grl]) that we
denote || - ||2.00- The weak L* space equipped with | - ||2.0 is complete and
define then a Banach space denoted L** called also Marcinkiewicz weak
L? space or also Lorentz weak L? space. Tt is larger than L?. Indeed, for
any function f € L? we have

[ fll2.00 < Sup/ [P (z)de < / [fP(z) do = I f]13
a>0 Ja | f|(z)>a

It is strictly larger than L? : the function f(x) := |2z|~"/? is in L>>(B™)

but not in L*(B™). It is also not difficult to see that L*>>°(B™) — LP(B™)

for any 1 < p < 2. More generally we define the L% space of measurable

functions f satisfying

1/q

Flai= [sup ot o€ 55 @)= a)l| <o

a>0

This defines again a quasi-norm equivalent to a norm? if ¢ > 1. So it is
a space which 7sits” between LY(B™) and all the LP(B™) spaces for any
p < ¢q. This is a space which has the same scaling properties as L? but
has however the big advantage of containing the Riesz functions |z|~™/4
which play a central role in the theory of elliptic PDE. As we will see later
the space L?*°(B™) has also the advantage of being the dual of a Banach
space, the Lorentz space L7 '(B™) of measurable functions f satisfying

/ﬂo {z; |fl(z) > o}V da < +o0 (IV.9)
0

3This is not true for ¢ = 1, the space L'—weak cannot be made equivalent to a normed space -
unfortunately, otherwise the analysis could make the economy of Calderon Zygmund theory and a major
part of harmonic analysis that would sudently become trivial....!
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where 1/¢" = 1 — 1/q (see [Grl]). This later space has very interesting
"geometric” properties that will be useful for the analysis of Yang-Mills
Lagrangian as we will see below.

We have the following theorem

Theorem IV.4. Let m < 4 and G be a compact Lie group. There exists
eqg > 0 and Cq > 0 such that for any A € W12(B™, G) satisfying

sup o |{x € B™ ; |Fy(x)| > a}| <eq (IV.10)

a>0

there exists g € W**(B™,G) such that

( 4
/ AT+ Y |0, AP da™ < CG/ [dA + AN AP dz™

ij=1
IV.11
< d*A9 =0 i B™ ( )

topm (*A7) =0

\

where A9 = g 'dg + g7 Ag and tgpm is the canonical inclusion map of the
boundary of the unit ball into R™. Moreover we have also

4
D 1105,A%3 1 < Co | Fall3 o
ij=1

O

The weakening of the smallness criterium by replacing small L? by
the less restrictive small L>* condition for the existence of a controlled
Coulomb gauge has been first observed in [BR]|. This was a very pre-
cious observation for the control of the loss of energies in so called neck
annular regions in the study of conformally invariant problems such as
Willmore surfaces or also Yang-Mills Fields as we will see below. The esti-
mate (IV.10) comes naturally from the e—regularity property which holds
in neck regions.

Proof of theorem 1V .4.
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It follows exactly the same scheme as the proof of theorem IV.4 but we
will need to use interpolation spaces between L%* and L%', the Lorentz
spaces L%° and some of their properties.

Let 2 < p <4 and

0 = {A eW'W(BG) st |Faltamip < 5}

and for any € > 0 and C' > 0 and we consider

\

(Aelf s t. 3geW*(BG)

|dAYP dat < C [ |FalP da?
B4 B4

~"

|dAY|? da? < 0/ |Fy|? da
B4 B4

1dA |2 () < C 1 Fall 20

d*AY =0 and (ggix AY=0

The first goal is to show the following

Claim
de>0 C>0 st Vo=U"

The proof of the claim is again divided in 3 steps.

Proof of the path connectedness OfZ/Ale. For A in U¢ and t € [0, 1] we define
the connection form A’ to be the image of A by the dilation of rate ¢~ :
At =137, Aj(te) dej. We have in particular

4
FAt = t2 Z(FA)U(‘T) d.%’l d.%’j

ij=1
hence |Fy|(z) = t? |Fa|(tx) and

| Ea,|p200 Bty = |Falp20opa) < [Falpoespey < €

30



and 4 this path connects A to 0 in the W topology due to (IV.2). Hence
this concludes the proof of the path connectedness of U°.

The proof of the closeness of f/g in U° is identical to the proof of the
closeness of Vi in U°.
Proof of the openness of f/é in U,

We consider the map N4 defined by (IV.8). We recall® the definition
of the space L9*(B™) where 1 < ¢ < oo and 1 < s < +00. A measurable
function f on B™ belongs to L9*(B™) if

(0.¢] s d
i | [ 670

where f*(t) is the decreasing rearrangement function associated to f, de-
fined on R, and satisfying

Va>0  {t>0; f(t) >ajf = {z e B"; [fl(z) > a}]

1/s
< 400 (IV.12)

This defines again a quasi-norm equivalent to a norm for which the space
is complete (see [Grl]). One verifies that the space L%!(B™) defined by
(IV.9) coincides with the space given by (IV.12) for s = 1. One ver-
ifies also that L%9(B™) = L%(B™) and that for any ¢ € (1,+00) and
any 1 < s < 0 < +oo we have L?%(B™) — L%7(B™). We have also
that Vg < r and Vt, s € [1,00] the following continuous embedding holds
LP#(B™) — L% (B™). The following multiplication rules holds and are
continuous bilinear mappings in the corresponding spaces with the corre-

sponding estimates
LPe . L0 — [0 (IV.13)

where r 1 = p~ 4+ ¢t and s71+¢t71 = 07! and where 1 < p, ¢ < 400 such
that r > 1 and 1 < s,t < oo such that 1 < ¢ < +00. In particular we
have for any 2 < p < 4

L. Li5P <y [P (IV.14)

4This last inequality illustrates what we meant at the beginning of this subsection by L% has the
same scaling properties as L2.

5For a more thorough presentation of the Lorentz spaces and it’s interaction with Calderon Zygmund
theory in particular the reader is invited to consult the first chapter of [Grl] as well as [SW] or [Tal.
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Before to move on with the proof of theorem IV.4 we shall need a last tool
from function theory : the improved Sobolev embeddings (see [Ta]). For
1 < p < m the following embedding is continuous
WP(B™) — Ln-sP(B™) (IV.15)
and more generally for any t € [1, +o0]
Wl (Bmy s L5t (B™) (IV.16)

where W) (B™) denotes the space of measurable functions on B™ with
distributional derivative in the Lorentz space LP*(B™).

Proof of openness of )A/é continued. Using Calderon Zygmund L% theory
we have the following bound

HVHWQ-P(B4) S C [HAVHLP(B4) + H&rVHWlfl/p,p(aB4)i|
< ¢ [lopN4(0,0) - VIi7 + [I[A, dV] zoso]

< ¢ [|0pN(0,0) - V|7 + ¢ | All ey 1AV ]| i)

where F := WP(B* G) x W=/rr(9B* G). From the fact that A € Vi we
deduce that ||A||z1~ < Cy+/C € where Cj is the Sobolev constant coming
from the embedding into L*(B?*) of closed 3 forms on B* with adjoint
exterior derivative in L? and whose restriction to 0B* is zero. Hence for
any V with average zero on B* we have

|V lw2e(pey < c[|IOeNA(0,0) - V|7 + cCu VT € ||dV]| pansa-sa

Using again the embedding (IV.15) and denoting C, the corresponding
constant, we have then

[1—cCuVC e G |Vlwansn < ¢l|orNA(0,0) - V]|

Having chosen ¢ such that ¢Cyv/C e C, < 1/2 we have that dyN“4(0,0),
which is again a Fredholm operator of index zero, has a trivial kernel and
is hence invertible.

The rest of the proof is completed by easily transposing to our present
setting each argument of the case of small L? Yang-Mills energy which was
detailed in the previous subsection.
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IV.3 Controlled gauges without small energy assumption.

One might wonder why a W2 control is wished and why one could not give
up a bit our requirements and look for some control of a ”weaker norm”.
This is indeed possible, together with Mircea Petrache [PR2], the author
proved the existence of global gauges A9 whose L** norm is controlled by
the Yang-Mills energy which is not necessarily small. Precisely we have.

Theorem IV.5. Let (M*,g) be a riemannian 4-manifold. There exists a
function f : Rt — R* with the following properties.

Let V be a W2 connection over an SU(2)-bundle over M. Then there
exists a global WH4>) section of the bundle (possibly allowing singularities)
over the whole M* such that in the corresponding trivialization V is given
by d + A with the following bound.

Al zacoary < f (IF9 | r2rm) 5

where Fy s the curvature form of V.
U

V  The resolution of the Yang-Mills Plateau problem
in the critical dimension.

V.1 The small energy case.

We first present the resolution of the Yang-Mills Plateau problem in the
case where the given connection at the boundary has a small trace norm.
Precisely we shall prove the following result.

Theorem V.1. Let G be a compact Lie group and m < 4. There exists
§c > 0 such that for any 1-form n € HY*(AN'OB™,G) satisfying

10l z1208m) <da (V.1)

then the following minimization problem is achieved by a I-form A° €
Wh2(ALB™, G)

inf {YM(A):/ |dA + AN AP d2™ LgBmA:n}
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The previous theorem is a corollary of the following weak closure theo-
rem

Theorem V.2. Let G be a compact Lie group and m < 4. There exists
§c > 0 such that for any 1-form n € HY*(N'OB™,G) satisfying

HUHHl/Q(aBm) <dg , (V.2)
then for any A* € W12(A'B™, G) satisfying

lim sup Y M (AY) = / [dAY + AR N AFP da™ < 400 and  peAY =1

k—+o00

there exists a subsequence A¥ and a Sobolev connection A € WH(A'B™, G)
such that

D(A¥ A®) .=  inf / |AF — (A®)9)|? da™ — 0
geW?2(B4G) | gm
moreover
YM(A”)gliiningM(A’f') and  Uhpn AX =1
'—
Ul

Proof of theorem V.2. We present the proof in the critical case m = 4.
The case m < 4 being almost like the abelian linear case treated . Let B
be the minimizer of £ in W,"*(A'B*,G) and using (IIL.7) and the Sobolev
embedding W12(B*) into L*(B*) we have

[B4|B|4 dx4] + Y [ 10uB s <C[EB) + lnlfns] (V)

1,7=1

The one form B is the harmonic extension of 17 and classical elliptic estimate
gives
E(B) < Cllnllz2op (V.4)
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Combining (V.3) and (V.4) we obtain the existence of a constant C' inde-
pendent of n such that

[ 1FaP dt < O [lromn + o

We choose first §¢ > 0 such that C [6%+04] < €¢ in such a way that we can
apply theorem IV.1 and we have the existence of a minimizing sequence A*

of Y M in Wnl’Q(/\lB‘L, G) with a Coulomb gauge (A*)?" controlled in W2 :
(AR 2y < C [ Farllzamey < C b6 + 0] (V.5)
Without loss of generality we can assume that
(A" = A®  weakly in W'2(A'B*, G)

for some 1-form A> which satisfies the Coulomb condition d*A>® = 0 and
for which

/ |FAOO|2 dzt < liminf/ \F(Ak)gk\Q dot = liminf/ |Fye|® dz* (V.6)
B4 k—+o0 B4 B4

k—+o00

We claim that the restriction of A to 9B* is gauge equivalent to 1. Be-
cause of the weak convergence of (A" )gk to A weakly in W2, by continuity
of the trace operation from W'? into H'/? we have

“ k 1 x — * 400
top (AT = (¢") " hpdg” + (6°) T ngt = oA (V.7)
weakly in H'/2(A'0B*,G). Using the continuous embedding
HY?(0B*) — L*(dB*)

we have that the restriction of g% to 0B* converges weakly to some limit
g in WH3(0B*) and we have, using (V.5),

1dg™ || zsaBr) < llgljgf 1dg" | 23051

. k
<C HnHHl/Q(aB‘l) + lliril_:&f H (Ak)g HHl/Q(aB‘l) (VS)

<C [(5@ + 5%]
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Using now Rellich Kondrachov theorem (see for instance [Br]), this conver-
gence is strong in LY for any ¢ < +o0o which implies that ¢ takes values
almost everywhere in G and ¢ € W3(9B*, G). We have moreover

(97) 7" dg™ + (9™) " 0 g™ = tjpA™
Using the continuous embedding
LN W3(oBY) - HY*(0B*) — H'Y*(0BY)

(the proof of this continuous embedding is also similar to the one of Lemma
B1 in [PR2]), we have that

1dg™ | i1z
< C [ll9%lse + llg®llwr30my ] 1l mz@pey + |thp A me@ps)  (V.9)
<C [(5@ + 5%]

We shall now make use of the following theorem which, as for theorem IV .2
can be proved following Uhlenbeck’s Coulomb gauge extraction method.

Theorem V.3. Let G be a compact Lie group. There exists eq > 0 such
that for any g € H¥*(0B3,G) satisfying

19l gsr20m1.¢) < €
there exists an extension g € W*2(B*, G) of g satisfying
19llw22Br.a)y < C lgllgsropq
U

End of the proof of theorem V.2. We choose d; small enough such
that the r.h.s. of (V.9) C [dg + 2] is smaller than g given by the pre-
vious theorem. Let §° € W?2*2?(B* G) be an extension of g™ given by
theorem V.3. Then

A% = (AT e WIA(A'BY, G)
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and we have using (V.6)

|Fyeo|? dz* < liminf [ |Fyl? do?
B4 k—+oo Jp4

Since A* is a minimizing sequence of the Yang-Mills Plateau problem in
W, 2(A'B*,G), the connection form A™ is a solution to this problem and
theorem V.2 is proved. O

V.2 The general case and the point removability result for W12
Sobolev connections.

The theorem V.2 as it is stated does not hold without the small norm
assumption (V.1) this is due to the fact that the theorem V.3 and sim-
ilar results such as theorem IV.2 do not hold for general data without
smallness assumption (see again remark IV.1). We shall instead prove the
following result where the boundary condition is relaxed to a constrained
trace modulo gauge action.

Theorem V.4. Let G be a compact Lie group and m < 4. For any 1-form
n e H'2(AN'OB™,G) the following minimization problem
inf {/ |Fa)? dz™ ; igmA =17  for some g € H¥*(OB, G)} (V.10)

is achieved by a 1-form AY € WHA(ALB™ G). O
In fact theorem V.4 is a corollary of a general closure result.

Theorem V.5. For any compact Lie group G and any dimension m < 4,
the space of Sobolev connections

A, (B™) = {A e WH(B*,G) : thpnA=n' for some g € H¥?*(OB*, G)}

15 weakly sequentially closed for sequences of controlled Yang-Mills energy.
Precisely, for any A* € A, (B™) satisfying

limsup Y M (A") = / |dA* + AF A AR dae™ < 400

k——+o0
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there exists a subsequence A¥ and a Sobolev connection A% € A,(B™) such
that
d(A¥ A®) .= inf / A — (A%)9)? dz™ — 0
geWi2(B1G) Jpm
moreover

Y M(A®) < liminf Y M (A¥)
k'—=0
U

Proof of theorem V.5. Here again we restrict to the most delicate case
:m =4.

Let A* be a sequence of G—valued 1-forms and denote by e the pos-
itive constant in Uhlenbeck’s theorem IV.1%. A straightforward covering
argument combined by some induction procedure gives the existence of a
subsequence that we still denote A* and N points p; - - - py in B? such that

Vo>0 dps >0
sup sup {/ |Fye)? dat ; y € B\ valB(g(pl)} e
keN B (y)

The case without concentration : {py---px} = 0.
Let p > 0 such that

sup sup / |Fue)? da* b < eg
keN yeB4 B,(y)

We fix a finite good covering © of B* by balls of radius p/2. Denote
{B,/2(xi) }ier this covering. On each of the rice larger ball B,(z;) for any

6We choose in fact eg small enough for the controlled Gauge Uhlenbeck theorem to be valid for this
constant when the domain is any intersection of B* with a ball B,(y) for y € Brfand 0<p<1

"The word ”good” means that any intersections of elements of the covering is either empty or diffeo-
morphic to B* (see [BT]).
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k € N we take a controlled Coulomb gauge (A¥)% such that

(ARye! ¥ / AP dat
[/Bsw Z

l,j=1 (Vll)
S O/ ‘FAk‘Q d.T
Bp €Ty

1’4

and
dH(AMS =0 (V.12)

For any pair ¢ # j in [ such that B,(x;) N B,(x;) # 0 we denote
gij = 9;(9;) " € W*A(By(w:) N By(w:), G)
and we have in particular
k _
(A7 = (gh) Mgl + (g5) ™ (AM)% gl (V.13)

Observe that for any triplet ¢ # j, j # [ and i # [ such that B,(x;) N
B,(z;) N B,(x;) # () we have the co-cycle condition

VkeN  ghgh=45 . (V.14)

Combining (V.11) and (V.13) together with the improved Sobolev embed-
ding W12(B*) — L*?(B*) where L*? is the Lorentz interpolation space
given by (IV.12) we obtain that for any pair ¢ # j such that B,(x;) N
By(x;) # 0

1493317 a2 (B, 0, (2 < C / B | Fe]? da? (V.15)
x; )U Zj

From (V.13) we have
_Agzj (Ak)gl dg’Lj - dgzy (Ak)gj (V16)

Using again the improved Sobolev embedding W1?(B*) — L**(B*), in-
equalities (V.11) and (V.15) together with the continuous embedding

L4,2 . L4,2 SN L2,1
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we obtain
IAGE] 218, @B, @) < C / |Fe]? da? (V.17)
By(z;)UB,(x;)
sin alderon mund theory in Lorentz interpolation spaces (see
Using Cald Zygmund theory in L interpolation sp (see [SW])
we obtain that gfj € WQ’(Q’l)(Bp(xi) N B,(x;)) where W22 denotes the

loc
space of functions with two derivatives in L*! and using (V.15) together

with (V.17) we obtain the following estimate

1/2
/ | F g |? dx4] (V.18)
By (2:)UB,(x;)

We can then extract a subsequence such that

Viel (AR —~ A%  weakly in W'"2(B,(z;))

2 k
V2955l 2By, (@i Bsy (i) < C

Vi #£ j gfj — g7y weakly in WQ’(Q’l)(ng/4(:cZ-) N Bspa(w4)))
moreover A*>* and g;; satisfy the following identities
Vi A= (g7) 7 dg + (95) T A giy
(V.19)
Vi, g, U g5 951 = 9

and we have the following estimate

V202 2as i ovom oy < C liminf/ Ful det (V.20)
J WL2Y(Bs, 4(2)NBs,a(5)) B, (1:)UB, (x,)

k—+o0
It is proved in [Ri0] that
W2EN(Bhy <y 0O(BY)
hence we deduce that gy € CN W2ED(By ) 4(2;) N By,a(w;)) and for any
i # j there exists g;7 € G such that

2
ngojo o g%QHLOO(BBp/4($i)ﬂBBp/4(‘rj))

(V.Ql)
<C liminf/ |Fue]? da* < 2 C eg
Bp(x;)UB,(z;)

k—+o00
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Taking 4 small enough there exists a unique lifting
Uy € W (By, u(2:) N Byyja(z)))

such that
Viti gy =gy esp(UT)
and
U loo < C &g

for some constant C' depending only on G. Following an induction argu-
ment® such as the one followed in [MW] for the proof of theorem II.11, we
can smooth the U7F in order to produce a sequence

955 (t) € C*(Bs,/4(xi) N Bsyay), G)
satisfying
95, (t) — g;7 strongly in WQ’(Q’l)(Bg,pM(xi) N Bs,a(zj)) ast—0
and
Vi Vgl gy () g5 (t) = g (t)
Since the ball Bv4 is topologically trivial, the previous cocycle condition
defines a trivial Cech smooth co-chain for the presheaf of G—valued smooth

functions (see for instance [BT] section 10 chapter II) and for any ¢ € I
and any t > 0 there exists p;(t) € C°(Bs,/4(2;), G) such that

957 (1) = pi(t) pi(t)~! (V.22)

We shall now make use of the following technical lemma which is proved
in [Uh2].

Lemma V.1. Let G be a compact Lie group and {U;};c; be a good covering
of B*. There exists § > 0 such that for any pair of co-chains

V1 7&] hij,gij i~ W2’2 N CO(UZ N Uj, G)

8A co-cycle smoothing argument by induction argument is also proposed in [Is1] under the weaker
hypothesis that the co-cycles g77 are W4 in 4 dimension. This is made possible due to the fact that
C>(B*,G) is dense in WH4(B* G) (see [SU]). The works of Takeshi Isobe [Is1], [Is2] are proposing a
framework for studying the analysis of gauge theory in conformal and super-critical dimension.
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satisfying
Vi, 7,1 Gii 951 = Gil and hij hjl =hy; mU;N Uj N U;.

Assume

Vi#j g hiy —ellrewou) <06
where e is the constant map equal to the neutral element of G, then, for
any strictly smaller good covering of B* {V;}icr satisfying V; C U, there
exists a family of maps o; € W*2 N CY(U; NU;,G) such that

Vi # j hij = (o) gi; 05 in ViN'v;
O

We apply the previous lemma to h;; := gi5(t) and g;j := gi¥ for ¢ small
enough and we deduce the existence of

oi(t) € W** N C%(B,2(x;) N B,ja(;))
such that
Vi # j g5 (t) = oi(t) ! 955 74(t) in B,jo(x;) N B,ja(x;)  (V.23)
Combining (V.22) and (V.23) we have
Vi # j 95 = Oipi (ijj)_1 in B,ja(xi) N B,a(x))
Combining this identity with (V.19) we set
A= (oip) " d(oipi) + (0ipi)~H AP (0ipi)  in Byy(;)

Clearly AY extends to a W'? G—valued 1-form in B*, moreover, following
the arguments in the proof of theorem V.2, the restriction of A" to 0B*
is gauge equivalent to 1. This concludes the proof of theorem V.5 in the
absence of concentration points.

The general case with possible concentration : {p1---pn} # 0.
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Following the arguments in the previous case, for any 6 > 0 we exhibit
a subsequence A¥ . a covering by balls B,,(z;) of B*\ UY,B}(p;) and a
family of gauge changes gF such that

Viel (AR —~ A% weakly in WY2(B,(z;))

Vi #£ j gfj — g7y weakly in WQ’(Q’l)(ng/4(xi) N Bspa(w4)))

The family g;¥ defines again a W22 _co-chain that we can approximate in
C°NW?22 by a smooth one gfjo(t) Using the fact that the second homotopy
group of the compact Lie group is trivial mo(G) = 0 (see for instance [BrDi]
chapter V proposition 7.5) we deduce that the co-chain gi¥(t), defined on
a covering of B*\ UN,Bi(p;). is trivial for the Cech cohomology for the
co-chains on the pre-sheaf of smooth G—valued functions. Following each
step of the above argument we construct a W2 G—valued 1-form A° in
B*\ UN  B}(p;) which is gauge equivalent to A>*> in B;L/Q(xi) for each i € I
and whose restriction on 9B*\ U\ B} (p;) is also gauge equivalent to .
Moreover we have

/ Ff? da < liminf/ Pyl da’
BA\UY, B (p1) hoteo Jp

Using a diagonal argument with § — 0 we can extend A" as a G—valued
1-form in W,2%(B*\ {p1--- pn}) and still satisfying

loc

/ |Fpol? dat < liminf/ |Fye|? da?* . (V.24)
B4 k—+oco Jp4

We conclude the proof of theorem V.5 by changing the gauge of A" in the
neighborhood of each blow up point p; making use of the following theo-
rem V.7, known as point removability theorem, which gives the existence
of a change of gauge ¢ in order to extend our connection 1-form (A%)9 as
a W2 G valued 1—form in the neighborhood of each p;. We then paste
together these W12— gauges by using the same technique as the one we
used in the case without blow up points in order to get a global W2 repre-
sentative of AY on B* gauge equivalent to n on dB* and satisfying (V.24).
This concludes the proof of theorem V.5. O
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Theorem V.6. [Point removability]| Let G be a compact Lie group and
A e WY (A'BY,G) such that

oc

|dA + AN AP da?* < 400
B4

then there exists a gauge change g € W22 (B* G) such that

loc
A9 e WH(A'BG)
O

Remark V.1. Point removability results play an tmportant role in the
analysis of conformally invariant variational problems. This is a natural
consequence of due to the existence of point concentration which is inherent
to the conformal invariance. These results are often formulated for the
critical points of conformally invariant lagrangians and in the present case
it has been first proved by K.Uhlenbeck for Yang-Mills fields (see [Uh1]).
Observe that here we are not assuming that A is satisfying a particular
equation. O

Remark V.2. Beyond geometric analysis, point removability results play
also an tmportant role in complex geometry. One could for instance quote
the work of Bando [Ban] about the possibility to extend an hermitian holo-
morphic structure FX’Q = 0 with L? bounded curvature on a the punctured
ball B*\ {0} as a smooth holomorphic bundle throughout the origin. Beside
the holomorphicity condition Fgg = 0 no further "equation” is assumed and
in particular the Finstein equation w - Fjl’l = c1 is not assumed and the
connection form is not necessarily a Yang-Mills field. O

Proof of theorem V.6. Without loss of generality we can assume that

/ |FA‘2 d$4 <9
B4

where 0 > 0 will be fixed later on in the proof. Denote for ¢ > 2
T, := B}..x(0) \ Bi-.-2(0)
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From theorem IV.1 there exists 6 > 0 such that, on each annulus 7} there
exists a change of gauge g; such that there exists g; € W2?(T}, G) such that

4
/ XA+ Y |0y, A
Ti k=1

V.25
< d*A% =0 in T; ( )

(

2da™ < Cgq / |dA + AN A do?
T;

topm (*A") =0

\

On T; N T4 = By i \ Byi» the transition function g;;11 = gi(giz1) ™
satisfy

A9 = (gii1) dgiivr + (giiv1) AT giia (V.26)
Hence (V.25) imply

22i/ \ \dgii|* da* < C / |dA + AN AP da* (V.27)
Bgﬂ'ﬂ B;{FQ

By it2\By—i-3
Taking the adjoint of the covariant derivative of equation (V.26)
—Agiiv1 = AV - dgiiq1 — dgiigr - AT

and, arguing as in the first part of the proof of theorem V.5, we deduce
the existence of g;;71 € G such that

giiv1 — gii+1HL°°(TmTi+1)

4
< C 2\dgiinill oy + C D03l 2a@or.. (V.28)
k=1

1/2
<C [/ |dA+A/\A\2d:c4] <CVo
T;UT 1

We now modify the gauge change g; as follows. Precisely, for any ¢ € N,
we denote

0i =012 023 - Gi-1i € G
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Observe that
—1
A% = AV ! (V.29)
Hence A%7 ' is still a Coulomb gauge satisfying

( 4
/ 22| A% 2 4 N 9, AN P da™ < CG/ [dA+ AN AP da?

Ti k=1

d* A% = in T,

0 LgBm(*Agm—i_l) =0

(V.30)
Denote h; := ¢;5; ' the transition functions on T; N Tj,; for these new
gauges are given by
hiis1:=Gi0; ' Ois1(Giv1)”" = Gi Giit1 (gis1) ™"
Using (V.28) we have
1/2
1hiiv1 — ellz=mnr,.,) < C U [dA+ AN APdet| < C V6 (V.31)
T;UT 41
Exactly as for g;, using the identity
Ao = (hyi) dhii + (hii) 7 AM i (V.32)

together with (V.29) and (V.30) we obtain

4
2\\dhiii |l 2o + > N0l @or)
= (V.33)

1/2
<C U |dA+A/\A|2d:c4] <C V6
T;UT 41

where e is the content function on 7; N7}, equal to the neutral element of
G. Having chosen ¢ small enough we ensure that the transition functions
of this new set of trivialization are contained in a neighborhood of the
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neutral element into which the exponential map defines a diffeomorphism
and there exist U;;;1 such that h;;11 = exp(U;;11) and
4

1Usiillemomn) + 20Ul + Y 1050 Uiiall i @oran
k=1

1/2
<C [/ |dA+A/\A|2d:c4] <CVo
T;UT; 4

(V.34)
Let p be a smooth function on R, identically equal to 1 between 0 and /2
and compactly supported in [0,2]. On B* we define
pi(z) == p(|z|2") Vj:= By-isan \ By~ and 7; := exp(p; Usiy1)
With these notations we have
on V;'—i—l N V; = BQ—z‘+1/2 \ Bg—i we have T, — h”_ﬂ and Ti+1 = €
Hence on V; 1 N'V; we have
AT = b gy Al 7
(V.35)
= (hiip1) " dhiipr + (hier) P AY Ry = Al = Al

and the 1-form A equal to A" ™ on each annulus V; defines a global V[/lif
connection 1-form on B*\ {0} gauge equivalent to A. Clearly, for k = 1,2,
we have the pointwise estimate
|dk7'¢| <C ZQ“ |dk_lUZ'i+1‘ onV;
1=0F
Combining this fact together with (V.30), (V.34) and (V.35) we obtain

4
) i Tg hi’Ti
/Vz2 AP N 0, Al

i k=1

2dx4§Cg/ [dA + AN A da?
T;UT; 1
Summing over ¢ gives

4
/ 2|2 AP + ) 00, Al da < CG/ dA+ AN A)? da?
B4 B4

k=1

A is then in W'2(A'B*,G) and this concludes the proof of theorem V.6.0

47



V1 The Yang-Mills equation in sub-critical and crit-
ical dimensions.

VI.1 Yang-Mills fields.

Until now we have produced solutions to the Yang-Mills Plateau problem
in dimension less or equal to 4 but we have not addressed issues related to
the special properties that should be satisfied by these solutions. Maybe
one of the first question that should be looked at is whether these minima
define smooth equivariant horizontal plane distributions or not.

In order to study the regularity of solutions to the Yang-Mills Plateau
problem we have first to produce the Euler Lagrange equation attached to
this variational problem. This is the so called Yang-Mills equation.

Definition VI.1. Let G be a compact Lie group and A be an L? connection
1-form on B™ into the Lie Algebra G of G. Assume that

/ |dA 4+ AN AP da™ < +o0

we say that A is a Yang-Mills field if
Ve e G (N B™,G)

d

S| NAA 1)+ (A+16) A (A+ 1) da™ ficg = 0
t Bm

O

Observe that this definition makes sense for any A € L? such that
F4 € L2, indeed we have for any & in C°(A'B™, G)

Fare=Fa+t (dE+ANEFENA)+E2EANE € LX(N*B™,G)

For such a A € L? and for any £ in C{°(A'B™,G) we denote by d4€ the
following 2-form

da8(X,Y) = d§(X,Y) + [A(X), £(Y)] + [£(X), A(Y)]
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So we have for instance
da&(0y,, 0r,) = 00,8 — 02,8 + [Ai, &) + [&i, A
We have then the following proposition.

Proposition VI.1. [Yang-Mills Equation] Let A € L*(A'B™,G) such
that Fy € L*(N2B™,G). The connection 1-form A is a Yang-Mills field if

V¢ e CF(ANB™ G)

(VI.36)
/ das&-Fy=0
B4
which is equivalent to

dyFa=0 in D'(B™) (VL.37)

In coordinates this reads
Vi=1---m Y 0p(Fa)ij+ 4, (Fa)i] =0 . (VI.38)

j=1

Ol

The Yang-Mills equation (VI.36) is also written symbolically as follows
d*Fy + [A,I_FA] =0

where L is referring to the contraction operation between tensors with re-
spect to the flat metric on B". The proof of the last statement of the
proposition goes as follows (VI.36) in coordinates is equivalent to

/ <a SJ a & + [Aﬂgj] [517 FA ’Lj> dz™

1,5=1

using integration by parts and the fact that the Killing metric, invariant
under adjoint action, satisfies < U, [V, W] >=< W, [U, V] > we obtain

Z / (=0 (Fa)iy + [(Fa)igs Ay )40, (Fa)iy + [Ays (Fa)i), &) d™ = 0

i,5=1
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which implies (VI.38).

The gauge invariance of the integrant of Yang-Mills lagrangian implies
that (VI.38) is solved for A if and only if it is solved for any gauge trans-
formation AY of A. More generally we have the following

VAe WH(A'B™ G) V. geW*(B™G)
(V1.39)
(g Fas = g dyFag

where we recall that A9 := g 'dg+ ¢ 'Ag.

The Yang-Mills equation (VI.37) has to be compared with the Bianchi
1dentity to which it is a kind of ”dual equation”. This is a structure equation
which holds for any connection 1-form.

Proposition VI.2. [Bianchi identity] For any A € L*(A'B™,G) such
that Fy € L*(N*B™,G) the following identity holds

daFy =0

where doF'5 1s the 3-form given by
daFA(X,Y,Z) = dFs(X,Y, Z)

HAX), Fa(Y, 2)] + [A(Y), Fa(Z, X)] + [A(Z), Fa(X,Y)]

The proof of Bianchi identity goes as follows. We have
dF.(X,Y,Z) = d(AN A)(X,Y, Z)
= [dA(X,Y), A(Z)]| + [dA(Y, Z), A(X)] + [dA(Z, X), A(Y)]
= [FA(X,Y), A(Z)] + [Fa(Y. Z), AXX)] + [Fa(Z, X), A(Y)]
where we have used the Jacobi identity
[ACX), A(Y)], AZ)] + [[A(Y), A(Z)], AX)] + [[A(Z), ACX)], A(Y)] = 0
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This concludes the proof of Bianchi identity.

In the particular case where GG is abelian, Yang-Mills equation together
with Bianchi identity is equivalent to the harmonic map form system

d*Fq4 =0 Yang-Mills

dF4 =0 Bianchi

whose solutions are known to be analytic in every dimension. We are now
asking about the same regularity issue in the non abelian case.

V1.2 The regularity of W'? Yang-Mills Fields in sub-critical and
critical dimensions.

The Yang-Mills equation (VI.38) is impossible to exploit for proving any
regularity. Indeed, Since the associated lagrangian is invariant under gauge
transformation the equation is also invariant under this action of this huge
group and assuming any regularity for A would be established then, tacking
any arbitrary other non smooth gauge g there is no reason why A9 should
be again smooth though it still solves Yang-Mills. here again breaking the
gauge invariance plays a condimental role and we are proving the following
result

Theorem VI.7. Let G be a compact Lie group and m < 4 and let A €
WL2(ALB™ G) satisfying the Yang-Mills equation (VI.37) then for any
W12 Coulomb gauge A9 (i.e. satisfying d*A9 =0), A9 is C*°. O

Proof of theorem VI.7.
We assume that A is Coulomb and satisfy the Yang-Mills equation
(VI.37). Hence we have

FdA+d (AN A) + [A,LdA] + [A,LAA Al =0

Using the fact that d* A = 0 the Yang-Mills equation in this Coulomb gauge
reads then

AA=d(ANA)+ [A LA+ [A,L(ANA)] (VI.40)

and theorem VI.7 is now the direct consequence of the following result. O
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Theorem VI.8. Let m < 4 and N € N*. Let f € C®(RY x (R"@R"Y),RY)
and let g € C°(RY,RY) such that there exists C > 0 satisfying

FEENSCIIIE and g <CEP . (VI.41)

Let u € WH2(B™ RY) satisfying
Au= f(u,Vu) +g(u) (VI1.42)
then u is C*. O

Proof of theorem VI.8. First we observe that in dimension 4 only
the theorem is not a straightforward consequence of a classical bootstrap
argument in elliptic PDE. Indeed, if m < 4, using the embedding

W3(B™) — L(B™)

for ¢ = 6 in 3 dimension and any ¢ < +oo in 2 dimensions, we obtain
from the equation (VI1.42) that Au € L3? in 3 dimension and Au € L? for
any p < 2. Using classical Calderon-Zygmund theory this last information
gives that Vu € L3 (B?) in 3 dimension and respectively Vu € L4(B?) for
any ¢ < +o00 in 2 D. So we have gained informations about the regularity
of u. Injecting again this improved regularity for u in the equation we
obtain that u is bounded in L* and, after one more bootstrap that u is
lipshitz. The proof of the full regularity is established then by induction
taking more and more derivatives of the PDE and arguing as we just did
with the successive derivatives of u.

We shall now concentrate on the case m = 4 which is critical and for
which the direct bootstrap argument we just used in the sub-critical di-
mensions 2 and 3 is not offering any more information on the regularity of
u. In 4 dimension we have the embedding

Wh(B*) — LY(BY)
We claim that there exists « > 0 such that

sup p_40‘/ lu*(z) do* < +oo . (VI.43)
20€BY,(0) ; 0<p<1/4 B,(z0)
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Let € > 0 to be fixed later. There exists py > 0 such that

sup / [Ju*(2) + |Vul*(z)]dz < e . (VI1.44)
By (x0)

20€B] 5(0) ; 0<p<po

Let now xy € Bf/Q(O) and p < py arbitrary. On B,(x) we consider ¢ to be
the solution of

Ap = f(u, Vu) + g(u) in B;f(:co)
(VI1.45)
=0 on 8B§(x0)

Classical elliptic estimates (see [GT]) gives the existence of a constant
independent of p such that

lellLaBi@e) < C Nf(w, Vu) + g(uw) || s (1(ay))
3 (VI1.46)
< C ullzasi@e 1VUullzami@) + C llullzisia,)

The difference v := u— ¢ is harmonic on B;l(a:o). Hence |v|* is subharmonic
Al[* =12 v]* |Vv|* > 0

This gives that
olvl*

Vr<p / >0
aBr(l’o) a/’n

which implies that

— | = d >0
dr |:7n4 /Bﬁ(xo) ‘U‘ (x) ) ] N

So we have in particular

/ v (a) dot < 4~ / w4 (z) do (VI.47)
Bya(zo)

B(o)
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From this inequality we deduce

[ wl@drtss [ ot
B, /4(0)

By/a(xo)
< 25/ lv|*(x) dz* + 8 / lo[* da? (VL48)
Bp(wo) Bp(mo)
< 22/ (@) dat + 16 / ]! dat
B(o) B(o)

Combining (VI.46) and (VI1.48) we then have

[ el ot
B, /4(0)

< {224-00 [HVUH%Q(B,)) + Hu|\%4(3p)]} /B( )\U\‘l(l‘) dx*

We choose € > 0 such that Cye? < 271 and we have then established that
for any p < pg

(V1.49)

1
/ lul*(2) do* < —/ u|*(z) da? (VL.50)
Bp/4($0) 2 Bp(l’o)

[terating this inequality gives (VI.43). Inserting the Morrey bound (V1.43)
into the equation (VI.42) gives

sup p_40‘/3/ |Aul*3(z) da* < +o00 . (VL.51)
20€BY,,(0) ; 0<p<1/4 B, ()

The Adams-Sobolev embeddings (see [Ad]) give then the existence of p > 2

such that Vu € LfOC(Bf/Q(O)). It is easy then to see that the PDE (VI.42)

becomes sub-critical for W (with p > 2) in 4 dimension and we can

apply a similar bootstrap arguments as we did in dimensions 2 and 3 in

order to obtain the desired regularity for u. This concludes the proof of
theorem VI.8. a.

Remark VI1.3. The proof of the reqularity of Yang-Mills fields in the crit-
ical 4 dimension is “soft” in comparison with the proof of the reqularity of
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the ”cousin problem” : the harmonic maps between a surface and a man-
ifold. Both equations are critical respectively in 4 and 2 dimensions but
the analysis of the harmonic map equation is made more delicate by the
fact that the non-linearity in the harmonic map equation is in L' which is
a space which does not behave "nicely” with respect to Calderon-Zygmund
operations. There s no such a difficulty for Yang-Mills. What is deli-
cate however is to construct a ”good gauge” in which Yang-Mills equation
becomes elliptic. In a somewhat parallel way the difficulty posed by the
harmonic maps equation was overcome by the author by solving a gauge
problem (see [Ri2]).

One consequence of the previous regularity result and the point remov-
ability result V.6 is the following point remowvability theorem for Yang-Mills
fields in 4 dimension

Theorem VI.9. [Point Removability for Yang-Mills in conformal
dimension.] Let A be a weak solution in W\-*(A'B*,G) to Yang-Mils

loc
equation

dFa=d'Fy+[ALF) =0  inD(B*\{0})

Assume

|dA + AN A)? da? < 00
B4

then there exists g € W 2(B*\ {0}) such that
AY € O=(BY)
and A9 solves the Yang-Mills equation strongly in the whole ball B*. O

Proof of theorem VI1.9. The point removability result V.4 qgives the ex-
istence of a I/Vlif—gauge such that A9 € W12(AlB%,G). Using Uhlenbeck’s
Coulomb gauge IV.1 extraction theorem we can assume that AY satisfies

the Coulomb condition d*AY = 0 in D’(B*). So AY is a W2 —solution of a
system of the form

Au = f(u,Vu)+g(u) in D'(B*\ {0})
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where f and g are smooth maps satisfying (VI.41). The distribution
Au — f(u,Vu) — g(u) is supported in {0}. Hence by a classical result
in distribution theory this distribution is a finite linear combination of
derivatives of Dirac masses :

—Au+ f(u,Vu) + g(u) = Z Co 0ub0 (VL.52)

where N € N, a = (a;---ay) € N4, |a| := |ag| + -+ + |y, C, € R* and
0, denotes the partial derivative
o™ 9% 9% O™
Oa :

C 0x(t Oxy? Oxg® Oxy!

Let x be an arbitrary smooth compactly supported function in B{(0).
Denote x.(z) := x(z/¢), multiply equation (VI.52) by this function and
integrate over B* gives

> e =2 [ i) Vu [ 1 Vi) +g(w)
la|<N B? B2

Hence, using Vu € L? and u € L* we have

> Oaacz_ogo) = o(e)

ol <N

Since 0“x(0) are arbitrary, this implies that C,, = 0 for any «a. So the
equation —Au + f(u, Vu) + g(u) = 0 holds on the whole ball and we can
apply theorem VI.8 to u = AY and obtain that it is C'*° which concludes
the proof of theorem VI.9. O

It is clear that the solutions to the Yang-Mills Plateau problems satisfy
the Yang-Mills equation and hence we have the following corollary.

Corollary VI.1. Let G be a compact Lie group and m < 4. For any
1-form n € HY2(N'OB™, G) the following minimization problem

inf {/ |Fa)? dz™ ; pmA =17 for some g € H¥*(OB*, G)} (VL.53)
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is achieved by a 1-form A° € WY2(ALB™,G) which is C* in any local
W2—Coulomb gauge inside the ball B™. O

VII Concentration compactness and energy quanti-
zation for Yang-Mills Fields in critical dimen-
sion.

The goal of this section is to study establish the behavior of sequences
of Yang-Mills fields of uniformly bounded energy in critical dimension 4.
There are three main problematics attached to this study

e Modulo extraction of subsequence, do we have strong converge to a
limiting Yang-Mills 7

e If the strong convergence does not hold where is located the lack of
strong convergence in the base ?

e How much Yang-Mills energy is lost at the limit 7

We have already several tools and results at hand that we established in
the previous sections in order to provide a relatively precise answer to these
three questions. The proof or our main result in this section is based in
particular on the following ”quantitative reformulation” of the regularity
theorem VI.7 which belongs to the family of the so called e—regularity
results for conformally invariant problems.

Theorem VII.1. [e—regularity for Sobolev solutions to Yang-Mills
in conformal dimension]| Let G be a compact Lie group, there ezists
eca > 0 such that for any G—valued 1-forms A in W2(A'B(0),G) satis-
fying the Yang-Mills equation

A5 Fy=d Fy+[ALF =0 in  D(B}0)).

and the small energy condition

/4( | ‘FA|2 da* < EG A
B(0
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then there exists a gauge g in which the following estimates holds : for any
[ € N there exists C; > 0 such that

IV (A5, 000 < Ci |[Fal? da* (VIL1)
/ By (0)

O

Proof of theorem VII.1. We choose eg4 > 0 that will be definitively
fixed a bit later in the proof to be at least smaller than the e > 0 of the
Coulomb gauge extraction result theorem th-I11.2. We now work in this
Coulomb gauge and we omit to mention the superscript g. So, from now
on until the end of the proof, we are then assuming that we have

4
AP dat + [0, Ay dat < Co | |Falda’ <egs  (VIL2)
Bl

4
ij=1 By

from which we deduce in particular

2
/ |Al* dot* < Oy [/ \FA|2da;4] (VIL3)
B} B}

for some constant C; > 0. Recall that in the Coulomb gauge we are
choosing, the connection form A satisfies the elliptic system (VI.40) to
which we can apply the arguments of the proof of theorem VI.8 that we
are going to follow closely keeping track this time of each estimate. In

particular, having chosen €¢4 small enough we have inequality (VI.50)
which holds for u = A and for any B,(x¢) C B;(0) and we deduce

YV xg 633/4(0) \V/p<1/4
A4da:4§2po‘/ At da?
/Bp(ﬂfo) 4 B{(0) A (VIL4)

P
<2 Cy p“ [/ \FA|2dJ:4]
B1(0)

where a = log 2/ log4. Inserting this inequality in the Yang-Mills PDE in
Coulomb gauge (VI.40) we obtain the existence of a constant C; > 0 such
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that
Vrg € B3u(0) Vp<1/4

4/3
/ [AAPM dat < Oy p7? [ / \FAFdx“]
B, (z0) B1(0)

Combining (VII.4) and (VIL5) we deduce from Adams-Morrey inequalities
(see [Ad])

(VIL5)

3/4
|WAHLP(133/5(0)) <C sup pa/3/ |AA\4/3 Azt
20€B3/4(0); p<1/4 B, (x0)

+C || Al 2B, (0)) : )
VII.6

where

16 —4a/3

> 2
8 —«

p:

Hence we have for this p > 2

IV Aoy <€ |
B(0)

Since p > 2 the non-linear elliptic system (VI.40) becomes sub-critical
in 4 dimensions and a standard bootstrap argument gives (VII.1). This
concludes the proof of theorem VII.1. O

1/2
‘FA‘QdiLA]

The previous e—regularity result is the main step for proving the following
concentration compactness theorem for sequences of Yang-Mills fields.

Theorem VII.2. [Concentration compactness for Yang-Mills Fields
in conformal dimension] Let (M*, h) be a closed 4 dimensional rieman-
nian manifold and P a principal smooth G bundle over M*. Let V¥ be a
sequence of Yang-Mills connections satisfying

lim sup/ | Fgi|3 dvoly, < 400
M4

k—+o00

Then there exists a subsequence V¥, a smooth G—bundle P over (M*, 1),
a smooth Yang-Mills connection V> of P and finitely many points {p1- - pn}
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in M* such that for any contractible open set D* C M*\ {p;---pn} there
exists a sequence of trivialization of P over D* for which

AF 5 A> strongly in C'(DY) VIeN

where A¥ (resp. A®) is the connection 1-form associated to V* (resp.
V) in this sequence of local trivializations of P (resp. P>) over D*.
Moreover we have the following weak convergence in Radon measure

i = |Fow|? dvol, — p™ := |Fy~=|? dvolj, + v (VIL7)

where v is a non negative atomic measure supported by the points p;

N
vi=>Y fi o, (VILS)
j=1

O

Proof of theorem VII.2. We follow step by step the proof of theo-
rem V.5 replacing for the choice of the covering the Uhlenbeck Coulomb
Gauge threshold eg(M?, h) by the smaller positive constant eg4(M?, h)
given by the e—regularity result VII.1 on the manifold (M*, h). Observe
that, because of the epsilon regularity result, the Coulomb gauges (Ak)gf
are pre-compact for any C’'—topology on each ball B,(x;). This gives also
the pre-compactness of the transition functions gf’j in any of the C? topolo-
gies. Hence, the co-cycles gfj converge in any of these topology to the
limiting (now smooth) co-cycle g¢¥ which defines a smooth G—bundle P>
over M*\ {p; - --pn}. Moreover the limiting collection of 1-forms A7»> de-
fines a connection V> on P satisfying also the Yang-Mills equation which
passes obviously to the limit under C* convergence. The gauge invariant
quantities such as | Fyx|* converge also to the corresponding limiting quan-
tities and we have then, modulo extraction of a further subsequence, the
existence of a limiting radon measure v supported on the points p; ex-
clusively such that (VIL.9) holds. Finally applying the point removability
theorem and once again the e—regularity we extend V> globally on M?*
as a Yang-Mills smooth connection of the bundle P> which also obviously
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extends throughout the p; as a smooth bundle. This concludes the proof
of theorem VII.2. O

Finally, we identify the concentration atomic measure by proving that
the weights f; in front of the Dirac masses ), are the sums of Yang-Mills
energies of Yang-Mills fields over S*, the so called "bubbles”. Precisely
we have the following energy identity result which was first established for
instantons in [1] and for Yang-Mills fields in general in [Ri3]. The proof we
present below is using the interpolation Lorentz spaces following a technic
introduced in [LR1] and [LR2].

Theorem VII.3. [Energy quantization for Yang-Mills Fields in
conformal dimension.] Let (M* h) be a closed 4 dimensional rieman-
nian manifold and P a principal smooth G bundle over M*. Let V¥ be a
sequence of Yang-Mills connections of uniformly bounded Yang-Mills en-
ergy converging strongly away from finitely many points {p1--- Oy} to a
limiting Yang-Mills connection V™ as described in theorem VIIL.2. Let v
be the atomic concentration measure

N
vi= ij Op,
j=1

satisfying
1= |Fou 3 dvol, — p™® = |Fy«<|? dvoly, + v

Then for each 5 = 1--- N there exists finitely many G— Yang-Mills con-
nections (D})i—1..y, over S* such that

N;
Vji=1---N fj:Z[q4‘FD§
i=1

2 dvolgs . (VIL9)

O

Proof of theorem VII.3. Since the result is local, the metric in the
domain does not play much role and we will present the proof for M* =
B}(0) equipped with the flat metric and assuming moreover that there is
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exactly one limiting blow-up point, N = 1, which coincide with the origin,
p1 = 0. We also express the connection V¥ in s

Recall that we denote by e¢ 4 the positive constant given by the e—regularity
theorem VII.1. We detect the "most concentrated bubble” precisely let

€
P =inf{ p; Ir € B{(0) s. t. / |F i dat = =82
B,(x) 2
Since we are assuming that blow-up is happening exactly at the origin we
have that
p¥ =0 and

2k 0 &t./‘ |Fal? dat = 5G4
Bpk () 2

We choose a sequence z* that we call center of the first bubble and p” is
called the critical radius of the first bubble. Let

4
AF(y) =" YAl (" y + 2") dy;

1=1

Due to the scaling invariance of the Yang-Mills lagrangian in 4-dimensions,
A which is the pull-back of A* by the dilation map D*(y) := p* y + ¥, is
a Yang-Mills fields moreover

max |F|? dyt = /
YEBY (35 (0) /Bi*(y) . Bt

1

£G4

I1.1
- (VIL10)

[Pl dy* =
(0)
Applying the e—regularity theorem VII.1 we deduce that on Uhlenbeck’s
Coulomb Gauges g which exists on each unit ball B;(y) since the eg 4 has
been taken smaller than e; from theorem IV.1

VieN sup  [[V(A)||e(m,,0) < Ci

YEB, (35 (0)

where (] is independent of k. Hence, locally in Coulomb gauge, modulo
extraction of a subsequence, the sequence A* converges strongly in any C*

loc
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topology on R* to a limiting Yang-Mills connection A> satisfying

/ P2 dyt = 264
B1(0) 2

and which is therefore non trivial. Let now 7 be the stereographic pro-
jection with respect to the north pole, due to the conformal invariance
of Yang-Mills energy A := ™A is a non trivial Yang-Mills Field on
S*\ {south pole}. Since A is a smooth G—valued 1-form with finite Yang-
Mills energy and satisfying the Yang-Mills equation we can apply the point
removability result for Yang-Mills fields, theorem VI.9 and conclude that
A extends to a global smooth Yang-Mills G—connection D} over the whole
S* which is our first bubble and using again the conformal invariance of
Yang-Mills energy we have

€G4 /\FDl\ dvolgs = lim lim |Fye)? dz* . (VILI1)

R—+00 k—+00 BR i (%)
P

We have now to study the loss of Yang Mills energy in the so called neck
region between the first bubble and the macroscopic solution A to which
AF converges away from zero. Precisely we are studying

lim / \FAk\Qd:I;4—/ |FAoo|2da:4—/ |Fpi|? dvol g
k—+o00 Jpa B4 S4 !

= lim lim | Fye]? da?
R—+400 k—+00 BR—l(wk)\BRpk(ZEk)

(VIL.12)

For any G there is a minimal Yang-Mills energy among all non-trivial Yang-
Mills Fields. This can be proved easily observing that if the energy is less
than the eg4 threshold, the connections can be represented by a global
smooth Yang-Mills 1-form on S* to which the C! estimates of theorem VII.1
apply. Hence since A satisfies globally on S* the PDE (V1.40) and for small
enough Yang-Mills energy this implies that A is an harmonic one form on
S* which gives that it is a trivial Yang-Mills fields. Denote

M(G, 8% = min{ |Fp|? dvolgs ; D is a non zero G Yang-Mills Fleld}
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To simplify the presentation we assume that

lim \FAk\Qd:I;4—/ |FAoo|2da:4—/ \FD%P dvolgs
B B 54

k—s+o0 (VIL13)
< YM(G,SY
or in other words
lim lim |Fyel? dat < YM(G, SY) . (VIL.14)

R—+o00 k—+00 Bp-1 (gﬂk)\BRpk (%)

Alternatively we would have to go through some standard and fastidious
induction procedure to remove all the bubbles one by one - each of them
taking at least an amount of YM(G, S*) Yang-Mills energy - and we would
be anyway reduced at the end to study the loss of energy in annuli re-
gion where (VII.14) holds (such a procedure is described for instance in
[BR] proposition III.1 in the framework of Willmore surfaces). Under the
assumption (VIL.14) the goal is ultimately to prove

lim lim |Fge? da* =0
R—+o00 k—+00 BRfl(Jik)\BRpk(l’k)

that will finish the proof of the theorem. We are now going to prove the
following claim.

Claim 1 :
B, p(z")V6>0 3R;>1 s.t. Vre[Rsph Ry

lim sup/ |Fge|? da* < 6
By (2F)\ B, (zF)

k—+o00

Proof of claim 1. We argue by contradiction. Assume there exists dy > 0
such that for all R > 1 there exists 7% € [R p¥, R7!]

limsup/ | Fye)? dxt > 6
k—too JB, L (x*)\B,(a*)
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Since we can find a sequence r; for any R > 1, using a diagonal argument
and the extraction of a subsequence we can assume that

-k
— — +oo  and r* — 0
P

Now we introduce

s Az € Byu(z")\ Bur(a®) s t.

k .
s" = inf 5
/ ‘FAk‘Q da:4:min{—€G’4a—0}
B.(z) 2 16

Let ¥ be a point in the dyadic annuls By« (2*)\ B,«(2¥) where this infimum
is achieved. We clearly have

By(7*) C Br-1(a*) \ Bp(2%)

for any R > 1 and k large enough. Dilating the Yang-Mills connection A*
about 7* at a rate (s¥)~! we again obtain a limiting non trivial Yang-Mills

field, a second bubble, A> either on R* or on R*\ {0} depending whether
s* /r¥ tends to zero or not. In any case we have

0
lim lim | Fge|? da* > / |Fie|? dz* > min{—EGA,—O}
R—+o00 k—400 BR—l(xk)\BRpk (%) R4 2 16

and the point removability theorem VI.9 for Yang-Mills fields implies that
A> extends to a non-trivial Yang-Mills Field on S*

|Fie|? dz* > YM(G, SY)
R4

which contradicts the fact that we are working under the assumption that
there is only one bubble (i.e. assumption (VII.14)). So we have proved
claim 1.

Combining claim 1 and the e—regularity theorem VII.1 we obtain

Vo>0 dRs>1 s. t.
V€ Byt \ Bp o (2")  Jaf [FaeP(2) <6
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Consider an Uhlenbeck Coulomb gauge (A*)¢" in the annulus B, Ry ot (2F)\
Bp, +(z¥). Introduce x to be a cut-off function such that

x(x)=1 in R*\ B,(0)

x(x) =0 in B{(0)
and let v*(z) := x(Rs p* (z — 2%)). Extend (A*)9" in By g, (") by taking
Ak — Xk(Ak:)gk
Using again the O estimates (VII.1) of e—regularity theorem VII.1 for the

Uhlenbeck Coulomb gauge (A*)? in the annulus By g, +(2*) \ By, »(2") we
obtain for any « € By g, x(2") \ Bg, (z¥)

o] |A|(x) + [af* |V A*|(2)

/ Fl? dot
B k(‘rk)\BR(; pk/Q(;Ek)

4Rsp

1/2 (VIL15)
<C

We have then produced an extension A* of A* inside the ball By g, (2
equal to A* in Bp- \ Bg, (") and satisfying

|H5’7‘2 |FA’€|HL°°(BR51(:5’€)) <5
This implies in particular
HFAkHLZoo(BR_l(zk)) <C Vs (VIL.16)
[

where C' > 0 is a constant independent of ¢ and k. Taking ¢ small enough

we can apply theorem IV .4 and find a gauge that we denote simply A" and

which satisfies
(

4
/ AP+ [0, AP da™ < Co / P da*
Bpa(ah) ij—=1 B -1 (%)
) A" = in BRgl(xk) (VIL17)
) —k
LaBR—1(xk)(*A ) =0
\ [
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Using the gauge invariance of Yang-Mills integrant (VI.39) together with
the C! estimates (VII.1) of e—regularity theorem VII.1 applied to the Uh-
lenbeck Coulomb gauge (A*)Y in the annulus By g, +(2%) \ B, »(2¥) we
obtain on BRgl(xk)

2, P < C VX [(AF))2 + C x| (AR
(VIL18)
<C (Rsp") 3 1356

where 154 is the characteristic function of By g, (z¥) \ Bg, +(2*). This
implies the following estimate

Hd*_kF—k HL(4/3,1)(B _1(xk)) S C / |F—k |2 dZC4 . (VIIlQ)
A A R B, Ry ok (J:k)\BR5 p (%) A
where we recall that L*/31 is the Lorentz space whose dual is the Marcinkiewicz

weak L* space : L4, Using the embeding (IV.15) for p = 2 and m = 4
Wl,Q(Bél) SN L4,2(B4) :

we obtain from (VIL.17) the estimate

—k
1A o2ty < Co /B (k)\FZdex“ . (VII.20)

()

R

Using now one of the embeddings (IV.13) :
LQ(B4) . L4,2(B4) N L4/3,1(B4) :
we obtain

« =k
Hd dA HL4/3=1(BR_1($’°)) S CG /B (wk) |sz|2dfﬁ4 . (VHQl)

J
()

Combining this fact with the three lines of (VII.17) together with classical
elliptic estimates in Lorentz spaces (see [SW]) gives

1 221 < 1|2 4
Pl oy < Co [ Pl

5
Rs
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Combining this inequality with the estimate (VIL.16) of the curvature in
the dual space L** in the neck region we obtain

V>0 JdRs>1 s.t.

k——+o0

limsup/ |Fae?dat < C V6
B él(mk)\BzR pk(xk)

from which we deduce

lim lim |Fye)? da* =0
R—+00 k—400 BR—l(CEk)\BRPk(CEk)

This implies
‘FAI@|2 det — (> = |FAoo‘2 dz* —l—/ |FDH2 dvolgs O
5’4

This completes the proof of the theorem VII.3. O

VIII The resolution of the Yang-Mills Plateau prob-
lem in super-critical dimensions.

VIII.1 The absence of W!? local gauges.

We can reformulate the sequential weak closure of W12 connections we
proved in the previous sections for the dimensions up to 4 in the following
way. Let G be a compact Lie group and (M™,h) a compact riemanian
manifold. Introduce the space of so called Sobolev connections defined by

Ae L*(NM™,G) 5 [ym|dA+ AN AL dvoly < +00
Ae(M™) :=
locally 3 g € W2  st. A9 e W2

then we have proved the following result.
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Theorem VIIIL.1. For m < 4 the space Aq(M™) is weakly sequentially

closed below any given Yang-Mills energy level : precisely For any AF €
Aa(M™) satisfying

lim sup Y M (A") = / |dA* + AP A AR dvoly, < +00
k—+o0 m
there exists a subsequence AF and a Sobolev connection A® € Ag(M™)
such that
d(AY, A®) = inf AF — (A®)9]2 dvoly, — 0
Ay = A (A dooly

moreover
Y M(A®) < liminf Y M(A")
k'—0

U
Remark VIIL.1. Observe that the space Ag(M™) contains for instance
global L? one forms taking values into the Lie algebra G that correspond
to smooth connections of some principal G—bundle over M™. If the Yang-
Mills energy of a sequence of such smooth connections is uniformly bounded,
we can extract a subsequence converging weakly to a Sobolev connection and
corresponding possibly to another G—bundle. This possibility of "jumping”
from one bundle to another, as predicted for instance in the concentration

compactness result theorem VII.2, is encoded in the definition of A (M™).
U

Because of this weak closure property the space 24g(M™) is the ad-hoc
space for minimizing Yang-Mills energy in dimension less or equal than 4.
This is however not the case in higher dimension. We have the following
proposition.

Proposition VIIL1. For m > 4 the space Agy)(M™) is _not weakly
sequentially closed below any given Yang-Mills enerqgy level : precisely there
exists AF € s (2)(M™) satisfying

limsup Y M (A*) = / [dA* + AP A AR da™ < 400

k—+o00
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and a Sobolev connection A® € L? such that

d(AF, A®) = inf / A — (A%)9)2 dvol;, — 0
geWL2(M™ SU(2)) S m

but in every neighborhood U of every point of M™ there is no g such that
(A>)9 e WHA(U) . O

The proposition is not difficult to prove but we prefer to illustrate this
fact by a small cartoon. We consider a sequence A* of smooth 1-forms on
B®, the unit 5 dimensional ball, into su(2) such that lim sup;,_, , ., Y M (A*) <
+o00. The drawing is representing the flow lines of the divergence free vec-
tor field associated to the closed Chern j-form : Tr(Fa. A Fyr). In this
cartoon A* is weakly converging in L? to some limit su(2)—valued 1-form
A® such that Fy~ € L? but this 1-form satisfies

d(Tr(Fae N Fyx)) = 87 [0p — O] # 0

where P and N are two distinct points of B® - the red dots in the cartoon.
Hence for almost every small radii » > 0 we have for instance

/ Tr(Fpe A Fp) = 87
OB (P)

Assume there would exist g € W2 such that (A*) € W% in the neigh-
borhood of P. The gauge invariance of the Chern form gives that

/ T?"(F(AOO)g A\ F(AOO)g) = 87'('2
0B2(P)

However we have seen in section III that the fact that ¢} 55(A%)Y is in
W12(A'0B2, su(2)) for almost every r - due to Fubini theorem - imposes

/ T?”(F(Aoo)g A F(Aoo)g) =0
9By(P)

which is a contradiction.
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Flow linesof tr(F_D A F_D)
I

Fig. 1: Sequence of smooth connections time 1

Flow linesof tr(F_D"F_D)

Fig. 2: Sequence of smooth connections time 2

(Flow linesof tr(F_D"F_D)

L — Energy concentration| set

Fig. 3: Sequence of smooth connections - the limit.

The construction of the counter example of proposition A* for M™ = B®
can be achieved by generating countably many dipoles of the form (P, N)
at the limit which realize a dense subset of B® and then in such a way that

supp [d (Tr(Fa= A Fy~))] = B®
This can be done by controlling the Yang-Mills energy.
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In the above cartoon the limiting 1-form A* is a 1-form of a smooth con-
nection but on a SU(2)—bundle which is only defined over B>\ {P}U{N}.
What this example says is that, starting in 5 dimension, the Yang-Mills
energy is not coercive enough in such a way that it’s control does not pre-
vent the corresponding bundle to degenerate and to have local twists at the
limit. In order to find an ad-hoc weakly sequentially closed space below any
yang-Mills energy level, in such a way that the Yang-Mills Plateau prob-
lem can be solved we have then to relax the notion of Sobolev connections,
which was implicitly assuming that the underlying bundle was smooth, by
allowing the bundle, the carrier of the connection, to have singularities.
This effort is similar to the one produced by Federer and Fleming while
producing the class of integer rectifiable currents - i.e. sub manifolds with
singularities in a way - in order to solve the Classical Plateau Problem in
super critical dimension m > 2. We are looking for a Geometric measure
theoretic version of bundle and connections.

VIII.2 Tian’s results on the compactification of the space of
smooth Yang-Mills Fields in high dimensions.

The need of developing a Geometric measure theoretic version of bundle and
connections beyond the too small class of Sobolev connections on smooth
bundles has been already encountered in the study of the compactification
of the moduli space of smooth yang-Mills fields by G.Tian in [Ti].

Theorem VIIL.2. Let G be a compact Lie group and A¥ be a sequence
of G—wvalued 1-forms in B™. Assume A* are all smooth solutions to the
Yang-Mills equation

dszAk =0

Assume
lim sup/ [dA* + AP A AF)? da™ < 400

k—+o00

Then there exists a subsequence A¥ and a limiting G—valued 1-forms A>

d(AF A®) .= inf AR (A2 dvol
Ay = it A A dvoly — 0
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Moreover there exists a m — 4 rectifiable closed subset of B™, K, of finite
m — 4 Hausdorff measure, H™ *(K) < 400 such that in

V B.(zg) C B"\ K dge W (B.(z0),G) s t.

(A>®)9 is a smooth solution of Yang-Mills equation in B,.(x)
and the following weak convergence as Radon measure holds
|F ] do™ — |Fao|* da™ + f H" LK (VIIL1)

where H™ LK is the restriction to K of the m — 4 Hausdorff measure
and f is an absolutely continuous function with respect to this measure. O

This result is very close to a similar result proved in [Li] by F.H.Lin for
harmonic maps in super-critical dimension m > 3.

Proof of theorem VIII.2. The starting point of the proof of theo-
rem VIII.2 is the following monotonicity formula computed first by P. Price
in [Pri].

Proposition VIII.2. [Monotonicity formula] Let m > 4 and A be a
G—wvalued 1-forms in B]'(0) assume that A is a smooth solution to the
Yang-Mills equation

dyFqs=0 in BT*(0).

then the following monotonicity formula holds

d 1
Vpe BNO) ¥ BI(p) C BY(0) [ / Fa? dxm] >0
B (p)

% Tmf4 :
(VIIL.2)
]
The monotonicity formula is a direct consequence of the stationarity

condition which is satisfied by any smooth critical point of the Yang-Mills
lagrangian. Precisely the stationarity condition says

d
VX € C(B™,R™) pr W7y |2
Bm

=0 (VIIL3)
t=0
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where U, is the flow of X. The monotonicity formula is obtained by ap-
plying (VIIIL.3) to the each vector-field of the following form : On the ball
B, (p) the vector-field X is equal to the radial one, X = 9/0r for canonical
coordinates centered at p which generates the dilations centered at p, and
it realizes a smooth interpolation to 0 outside B, s(p) for any § > 0 (see
[Pri]). Once such a vector field is chosen one computes (VIIL.3) and make
9 tend to zero. This computation gives then (VIII.2).

The second ingredient of the proof is the extension of the Coulomb
gauge extraction in dimension larger than 4 to the framework of the so
called Morrey spaces where the m — 4 densities of Yang-Mills energy are
assumed to be small everywhere and at any scale. The following result
has been obtained independently by T.Tao and G.Tian in [TT] and by
Y.Meyer together with the author of the present notes in [MR] .

Theorem VIII.3. [Coulomb Gauge extraction] Let m > 4 and G be a
compact Lie group, there exists ey, ¢ > 0 such that for any smooth G—valued
1-forms A in B7*(0) satisfying the small Morrey energy condition

1
My 4(B"(0)) peB(0), r>0 1" ! By (p)nBy*(0)

then there exists a gauge g € WQ’Q(B?}Q(O), G) such that

1 / m , )
o Z |02, (A9);17 < C || Fa .
! B (p)NB*(0) J M3 ,(B7(0))

peBP(0), r>0 T

ij=1
and
d*(A)? =0 in B*(0)
o) (A) =0
where the constant C' only depends on m and G. O

In this Coulomb gauge any Yang-Mills smooth connection one form
satisfies

AAY = d* (A9 N A9) + [A9,LdA9) + [A9,L(AY A A9)] . (VIIL4)
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We shall make now use of the following generalization of theorem VI.8 to
Morrey spaces.

Theorem VIIL.4. Let m > 4 and N € N*. Let f € C*°(RY x (R" @
RM),RY) and let g € C°(RYN,RY) such that there exists C > 0 satisfying

f(& 3N <C e = and — |g()| < CI¢f . (VIIL5)

There exists € > 0 such that for any u in L* N WH2(B™, RY) satisfying

1
sup — / Vul?> dz™ < e (VIIL.6)
peBy(0), r>0 """ JBr(p)nBy (0)
and
Au = f(u,Vu)+g(u) (VIIL.7)
then we have for any |l € N the existence of C; > 0 such that

1
HVluH%oo(B{nQ(O)) < sup m4/ |Vul? dz™ (VIILS)
/ peB(0), r>0 " By (p)nBy (0)

O

The proof of this theorem is more or less identical to the one of the-
orem VI.8 replacing the different spaces in 4 dimensions by their Morrey
counterparts in higher dimension, bearing in mind that Calderon-Zygmund
theory extends with the natural exponents to these spaces (see [Mo]).

Combining the monotonicity formula, theorem VIII.3 and theorem VIII.4
applied to the PDE (VIII.4), adapting the arguments we followed for prov-
ing the corresponding result - theorem VII.1 - from the 4-D counterparts
of theorem VIII.4 in the conformal dimension 4, we obtain the following
e—regularity result *

9An e—regularity theorem for smooth Yang-Mills fields has first been obtained by H.Nakajima (see
[Na]). It is however a ”gauge invariant reslult” which gives only an L> bound on the curvature under the
small energy assumption but is not providing any control of the connection in some gauge. The proof of
Nakajima e-regularity for smooth Yang-Mills fields is following the arguments originally introduced by R.
Schoen in [Sch] for proving the corresponding result for smooth harmonic map. It is using the Bochner
Formula as a starting point together with the mazimum principle and the Moser iteration technique.
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Theorem VIIL.5. [e—regularity for smooth Yang-Mills| Let m > 4
and G be a compact Lie group, there exists ey, > 0 such that for any
smooth G—wvalued 1-forms A in B7(0) satisfying the Yang-Mills equation

d4Fy=0 in B"(0).

and the small energy condition

/ ‘FA|2 dax'™ < Em,G
B (0)

then there exists a gauge g in which the following estimates holds : for any
[ € N there exists C; > 0 such that

IV A ey S Cr [ Fal o
By(0)

Proof of theorem VIII.2 continued.
Let

1
Ef = {p e B"; m_4/ |Fpr| dz™ > €m,G}
r B, (p)

where ¢, ¢ is the epsilon in the e—regularity theorem VIII.5.The mono-
tonicity formula implies

VK eN Vr<p EfCE,

Hence, by a standard diagonal argument we can extract a subsequence
such that Ej o-; converges to a limiting closed set E o-; which of course

satisfy
E3%, 0 C B

Let
K :=()E>
jEN
A classical Ferderer-Zimmer covering argument gives

H"K) < 400
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With the e—regularity theorem at hand, extracting possibly a further sub-
sequence following a diagonal argument, we can ensure that A¥ converges
locally away from K in every C'—mnorm in the Coulomb gauges constructed
in theorem VIII.3 and we have

pF = | Fuw|? da™ — p® = |Fas|? da™ + v

where v is a Radon measure supported in the closed set K. Because of the
Radon measure convergence, the monotonicity formula (VIII.2) satisfied
by A* can be transferred to the measure p>

vpe BM0) ¥ B"(p) C B™0) d% [w dxm] >0

from which we deduce

gm*‘l(uoo’p) — hmw >0

r—0 rm—4

exists for every p € B{"(0)

Observe that
K ={peB/"0); 6" *(u*,p) >0} . (VIIL9)

Using the monotonicity we have that for any p € (0,1) and any p € K N
B,(0)

T.m—4

v(B"(p)) < —— lim |Fyw)? dz™
" (1= p)m =t k=too Jpp(o)
We deduce from this inequality that v is absolutely continuous with respect
to H™ 4L K, the restriction to K of the m — 4—Hausdorff measure. Let

0 > 0, define

1
Gy = {p € BY"(0); 0 < limsup _4/ | Fpoe | dxm}
r=0 T By
Considering for any 0 > 0 for any n > 0 and any p € Gs aradius0 <7} <n

such that
/ ‘FAOO ‘2 dx™ Z
B (p)

p

) i
2 (TZ) !
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For any n > 0 we extract from the covering (B (p))peq; a Besicovitch

subcovering (B]"(p))ier of Gs in such a way that there exists an integer
N,, > 0 depending only on m such that each point of B"" is covered by at
most IV, balls of this sub-covering. We then have

2
H"H(Gs) < glim sup E / |F g |* da™
By (p)

2Ny, ..
< hmsup/ | Fgoo | da™
0 dist(z,K)<n

Since K is closed and has Lebesgue measure zero we deduce that

H (ﬂ G5> =0

or in other words

1
for H™* almost every p € B™  limsup — / |Fp|* da™ =0
r=0 - T g (p)
Using the characterization of K given by (VIIL.9) and the fact that v is ab-
solutely continuous with respect to H™ *L K we deduce from the previous
fact that

B,
for v almost every p € B™ lim _V( (p))

1 —— exists and is positive
r— it

The following result, which is an important contribution to Geometric mea-
sure theory was proved by D.Preiss in [Pre| and answered positively to a
conjecture posed by Besicovitch. It permits to conclude the proof of theo-
rem VIIIL.2. O

Theorem VIII.6. Let v be a Borel non-negative measure in B™. Assume
that v almost everywhere the n—dimensional density of v exists and is
positive then v is supported by a n— dimensional rectifiable subset in B™.0O

In order to have a more complete description of the compactification of
the moduli space of smooth Yang-Mills fields in supercritical dimension two
main questions are left open in this theorem
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i) What are the special geometric properties satisfied by the set K ?
ii) What is the energy defect f(z) ?

ii) What is the regularity of A* - modulo gauge - throughout K ?

In subcritical dimension m < 4, due to the analysis we have exposed
in the previous sections, we have that K = (), f = 0 and modulo gauge
transformation the limiting connection extends to a smooth Yang-Mills
field over the whole ball.

In critical 4 dimensions these questions are answered by the point re-
movability theorem VI.9 : the set K is made of isolated points, the function
f is the sum of the Yang-Mills energies of Yang-Mills fields over S?* (see
[Ri3]) and, modulo gauge transformation the limiting connection extends
to a smooth Yang-Mills field over the whole ball.

In super-critical dimension it is expected that K with the multiplicity
f defines a a so called stationary varifold (see [Si]). This belief comes from
the fact that smooth Yang-Mills fields satisfy the stationarity condition
(VIIL.3) and it is expected that this condition should still be satisfied by
the weak limit A itself, and hence, due to the Radon measure convergence
(VIIL.1) , it would be ”transfered” to the measure f H™ 4L K. This last
fact is equivalent to the stationarity of (K, f).

Regarding the regularity of A> a result of T.Tao and G.Tian [TT]
asserts that A* is a smooth Yang-Mills connection of a smooth bundle
defined away of a closed subset L C K satisfying H™ 4(L) = 0. This par-
tial regularity result is probably not optimal but this optimality or non-
optimality is an open problem (a similar open question exists for stationary
harmonic maps - see [RS])

VII1I.3 The (Q—anti-self-dual instantons.

In 4 dimension a special class of solutions to the Yang-Mills equation, the
anti-self-dual instantons have been considered by S.Donaldson in the early
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80’s to produce invariants of differential 4 dimensional manifolds. On a 4-
dmensionnal riemannian manifold (M?, h) for some given SU(n)—bundle
over M we consider connections A solutions to the equation

s Fy=—Fy . (VIIL10)

This equation is issued from an elliptic complex (see [DK]) and is the
natural generalization in 4 dimension of the flat connection equation Fy = 0
on riemann surfaces considered to classify holomorphic complex structures
over such a surface. It defines special solutions to Yang-Mills equation.
Indeed taking the covariant exterior derivative with respect to A, using
the Bianchi identity d4F4 = 0 one obtains d**Fy = 0. The anti-self-dual
equation (VIIL.10) is generalized in higher dimension

s Fa=—QAFy | (VIIL11)

where 2 is a closed m — 4 form. Again, due to Bianchi identity, by taking
the covariant exterior derivative with respect to the connection A, using
Leibnitz identity on 1-derivations and the fact that €2 is closed, we obtain
the Yang-Mills equation d**F4 = 0. The Q—anti-self-dual equation is
not elliptic in general. There are however special situations of geometric
interest when the base manifold has a restricted holonomy.

e Hermitian Yang-Mills fields.

Let (M?", h) be an even dimensional riemannian manifold. We assume
that M?" is equipped with an integrable complex structure Jy; - i.e. the
brackets operation leaves the space of 1—0 vector fields of T'M ®C invariant

V X, Y vector fields J[X —iJX,) Y —iJY]|=i[X—-iJX,)Y —iJY]

Finally we assume that (M?™, h,Jy) is Kéhler : w(-,-) = g(-, Jyr+) is a
closed 2-form. It defines a non degenerate 2-form and w™/m! = dvol,. Let

Q:=w"?/(m —2)!

Consider an hermitian vector bundle E associated to a principal SU(n)
bundle over M™ with projection map # : E — M?™. A connection V is Q
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anti self-dual if and only if it satisfies the Hermitian Yang-Mills equations

FY* =0
xfy=—QANFy <— -

w-kFg =0
where F%Q (resp. Fé’l ) is the 0 — 2 (resp. 1—1) part of the curvature (the
space T M ® C is decomposed according to the eigen-spaces of Jy; for the
eigenvalues ¢ and —i) so the Hermitian Yang-Mills equation

p

F’=0 & VXY Fy(X—iJX,)Y —iJY)=0

< m m
w - Fé’l =0 < Z(FV)ehjel =0 where w = Zel A Je
L I=1 I=1

and g; denotes an orthonormal basis of (T*M?™ h).

The Hermitian Yang-Mills equation can be interpreted as follows. The
equivariant horizontal distribution of plane H associated to V defines an
almost complex structure Jy on F in the following way

VEC EVX € TE  Ju(X) := Jp(XY) + (Ju(m.X))"

we recall that XV is the projection onto the tangent vertical space (the
kernel of the projection 7,) with respect to the horizontal plane H, and Jg
is the complex structure on the tangent vertical space defined by the SU(n)
structure group of the bundle. The first part of the equation Hermaitian
Yang-Mills can be reformulated as follows

V XY vector fields in M*" F%2(X|Y)=0<+=

Jv (X —iJy X2 (Y —iJy Y)H] =i[(X —i Ju X)T (Y —i Jy Y)H]
which is equivalent to say that Jy is integrable and that the hermitian
bundle is holomorphic.

If Ais a su(n)—valued 1-form representing V in an orthonormal trivi-
alization, this integrability condition implies, by switching to a local holo-
morphic trivialization, that there is a gauge change g (non-unitary anymore
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but taking values into Gl(n,C)) such that locally
g 99+ g 1AM g = (A" =0

and the 0 — 1 part of the connection V in this holomorphic trivialization
coincide with 9. Since A is taking values into su(n), we have that A =

—Wt. Thus we obtain the fact that
(AY) =n"'oh

where h := ¢’ g is taking values into invertible self-dual matrices. So the
so called ”Einstein part” of the equation w - Fé’l = 0 becomes equivalent

to the non-linear elliptic equation!

w-0[h~tOh] =0

e SU(4)—instantons in Calaby-Yau 4-folds.

In high energy physics and later in geometry (see the PhD thesis of
C.Lewis , [DT], [Ti]) the following generalization of instantons has been in-
troduced. Consider an SU(n) principal bundle P over (M?®, g) a Calabi- Yau
manifold of complex dimension 4 - i.e. (M3, g) has holonomy SU(4). Such a
manifold posses an integrable complex structure Jy; for which (M3, g, Jyr)
is Kahler and it posses in addition a global holomorphic 4 — 0 form 6 of unit
norm - unique modulo unit complex number multiplication - and satisfying

4

—w

The 4—form 2 defined by
2
Q:=4R0) + %

is closed, parallel and of unit co-mass ( see [Ti| lemma 4.4.1) : Vx € M

< Q,ul/\UQ/\U3/\U4 >
4
Hi:1 i

10Recall that in a Kihler manifold w - 89 = A

1= [[Q.(z) = Sup{ ;i € TxM\{O}}
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The holomorphic 4 — 0 form 6 defines an isometry of the space of 0 — 2
forms on M?® such that

Va, 8 e A%2M8 aAsgB=a-80

Some basic computation gives the the Q2—anti self dual equation in this
case is equivalent to

(1 +%9) Fg” =0
xFy=— QAN Fy <—
w-Fo' =0

which is also known as the SU(4) instanton equation.
VIII.4 Tian’s regularity conjecture on (2—anti-self-dual instan-
tons.

Tian’s result in the case of ) anti-self dual instantons for a closed m —
4—form ) of co-mass less than 1 is the following.

Theorem VIIL.7. Let (M™, h) be a compact riemannian manifold. Let §)
be a smooth m — 4 closed form in M™. Assume 2 has co-mass less than 1

2] ll e amy <1
where
< QU A AN Uy >
[T il

Let E be an hermitian vector bundle associated to an SU(n)-bundle over
M™ and let V* be a sequence of smooth SU(n)—connections satisfying the
Q anti self dual instantons equation

€2+ (2) := sup { ;o u € T,M\ {0}}

xpFgr = — QA Fyr m M™

Then, modulo extraction of a subsequence, there exists a m — 4 rectifiable
closed subset of M™, K, of finite m — 4 Hausdorff measure, H™ *(K) <
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+o0, an hermitian bundle Ey defined over M™ \ K and a smooth SU(n)
connection V™ of Ey such that

s Fgo = — QA Fg~ in M™\ K (VIIL12)

moreover
V B.(xg) C M™\ K 3 a sequence of trivializations s. t.

AF — A>®  strongly in C'(B™) VI €N

where V¥ ~ d+ A¥ in these trivializations and V™ ~ d+ A® in a trivial-
1zation of Ey over B™. Moreover there exists an integer rectifiable current
C such that for any smooth m — 4 form ¢ on M™

/ TT(FVk/ /\ka/)/\@—> TT(FVoo/\Fvoo)/\gO—FSTFQC(QO)
m Mm
and the current C 1is calibrated by €2

() = M(C) = sup{C(¢) ; lllelellzom <1}

where M is the mass of the current C. Finally the following convergence
holds weakly as Radon measures

|Eow|? dvol, — |Fy|3 dvoly, 4+ 87 ©(C) H" L K

where ©(C) is the integer valued L' function with respect to the restriction
of the m — 4 Hausdorff measure to K and which is giving the multiplicity
of the current C' at each point. O

Observe that no bound is a-priori needed for the Yang-Mills energy of

the sequence. We have indeed

YM(Vk> = —/ T?”(ka A\ *thk) dvol,,

m

:/ TT(ka/\ka)/\Q

Since (2 is closed this integral only depends on the cohomology class of the
other closed form T'r(Fgr A Fygr) which is the second Chern class of E and
which is independent of V*.
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Remark VIII.2. Regarding the limiting bundle Ey, it is important to insist
on the fact that there is no reason for Ey to extend through K over the whole
manifold M™ as a smooth bundle. Hence there is a-priori no meaning to
give to V™ owver the whole manifold and therefore the QQ—anti-self dual
equation (VIII.12) cannot even hold in a distributional sense throughout
K if we do not relax the notion of bundle and connections. O

An important question directly related to the regularity of the limiting
configuration (Fy, V>, (') is the following open problem.

Open problem. Show that the limiting current C' has no boundary :
oC' =0

Observe that this open question is equivalent to
d(T?”(Fvoo N Fvoo)) =0

This last question should be equivalent to the following

strong approximation property : Does there exist a sequence D* of
smooth SU(n)—connection of smooth hermitian bundles over M™ such
that

lim inf / IV — (D"|2 4 |Fy~ — g ' Fpigl|? dvol, =0 ?
k_>+00 gEleQ Mm

If we would know that dC' = 0 then C defines a calibrated integral
cycle. The optimal regularity for calibrated or semi-calibrated integral cycles
of dimension 2 has been proved in [RT] and [Be]. Such cycles have at
most isolated point singularities. More generally, the calibrated condition
implies that such a cycle is homologically mass minimizing (see [HL]).
From this later fact, using Almgren regularity result [Al] proved also by
C.De Lellis and E.Spadaro ([DS1], [DS2] and [DS3]), we would obtain that
(' is the integration along a rectifiable set which is a smooth dimension

85



m — 4 sub-manifold away from a co-dimension 2 singular set with smooth
integer multiplicity away from that set. This result is optimal : integration
along holomorphic curves in CP" is a calibrated integral cycle for the
Fubini Study Kahler form and can have isolated singularities which are of
co-dimension 2 within the curve.

In his paper Tian made the following conjecture.

Tian regularity conjecture Let (Ey, V™) be the weak limit of smooth
Q-anti-self dual instantons on a bundle E. Then the limiting bundle Ej
and the limiting connections V™ extend to smooth bundle, resp. smooth
connection, away from a closed co-dimension 6 set L in M™. a.

There is one case which has been completely settled and where the
conjecture has been proved. This is the case of Hermitian Yang-Mills
fields. In that case the currents defined by

p — Tr(Fgr N\ Fge) A @
M2m
is a (m — 2) — (m — 2) positive cycle (i.e. calibrated by w™2/(m — 2)!),
This condition is of course preserved at the limit and then

© —> Tr(Fye A Fy<) A @+ 872 C(p)
M

is also a (m —2) — (m — 2) positive cycle (i.e. calibrated by w™ 2/(m —2)!).
The points of non zero density correspond to the support of C' and using an
important result by Y.T. Siu [Siu] we obtain that C is the integration along
an holomorphic sub-variety of complex co-dimension 2. Using now a result
by S.Bando and Y.T.Siu [BS] we obtain that Ej extends to an analytic
reflexive sheaf over the whole M?™ it is then locally free (i.e. it realizes
a smooth bundle) away from a closed complex co-dimension 3 subset of
M?™ which is included in K (see for instance [K]). They also prove a point
removability asserting that V* defines a smooth connection on the part
where the sheaf is free which proves the Tian reqularity conjecture in the
special case of Hermitian Yang-Mills fields.
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VIIL.5 The space of weak connections.

As we saw in the previous section, in dimension larger than 4, ”"bundles
with singularities” arise naturally as ”carriers” of limits of smooth Yang-
Mills fields with uniformly bounded energy over smooth bundles. If now we
remove the assumption to be Yang-Mills and just follow sequences of con-
nections with uniformly bounded Yang-Mills energy over smooth bundles
we have seen in the beginning of this section that the limiting carrying bun-
dle can have twists everywhere on the base ! Similarly, taking a sequence
of closed sub-manifolds with uniformly bounded volume the limit ”escape”
from the space of smooth sub-manifold and can be singular. The main
achievement of the work of Federer and Fleming has been to introduce
a class of objects, the integral cycles which complete the space of closed
sub-manifold with uniformly bounded volume and which was suitable to
solve the Plateau problem in a general framework. The purpose of the work
[PR3] is to define a class of weak bundles and weak connections satisfying a
closure property under uniformly bounded Yang-Mills energy and suitable
to solve the Yang-Mills Plateau problem.

We introduce the following stratified definition.
Definition VIIL.2. Let G be a compact Lie group and (M™, h) a compact

riemanian manifold. For m < 4 the space of weak connections Aqg(M™) is
defined to coincide with the space of Sobolev connections defined by

Ae L2(N'M™,G) 5 [y [dA+ AN AJZ dvoly, < +o0
Ao (M™) =
locally3 g € W2 st. A9 c W2

For m > 4 we define the space of weak connections Ag(M™) to be

Ae LA(N'M™,G) 5 [ym |[dA+ AN AJZ dvoly, < 400
AM™) =
VpeM™ fjorae r>0 iy Ac Aq (0B (p))

where B"(p) denotes the geodesic ball of center p and radius r > 0 and
LBB,-(p)A is the restriction of the 1-form A on the boundary of B)"(p). O
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As an illustration of this space, It is not difficult to check that the
limiting connections V> from Tian’s closure theorem are in Ag. We have
the following result which justifies the previous definition.

Theorem VIII.8. The space Ag(B?®) is weakly sequentially closed bellow
any Yang-Mills energy level. Precisely, let A¥ € Ag(B%) such that

limsup [ |dA* 4+ A% A AM? da® < 400
k—4o00 JB5

then there exists a subsequence k' and A® € Ag(B®) such that
d(A¥ A®) .= inf |AF — (492 dz® — 0
geEW2(B5,G) J g5

O

We conjecture in [PR3] that this result extends to dimension m > 6. A
proof of theorem VIIL.8 is given in [PR3] and is using the following strong
approximation theorem whose proof is rather technical.

Theorem VIIL9. Let A € Ag(B®) then there exists A¥ which are the
connection G 1-forms on B® associated to smooth connections of a sequence
of smooth bundles over B®> minus finitely many points such that

1. f A_ Ang F_—lF 2d5:0
kv oo geWA2(55.) /Mm‘ (A + [Fa = g7 Fargl” do

]

These two last results can be seen as a non-abelian version of the fol-

lowing weak sequential closure, respectively strong approximation, results
proved in [PR1].

Theorem VIII.10. Let p > 1 and let F} be a sequence of LP two forms in
B3 such that

VpeB® fora.e B.(p)C B / F,e2nZ
aBT.(p)
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Assume Fj, — F, weakly in LP then

VpeB® forae B.p)cC B / Fye2nZ
aBT(p)

The strong approximation result says the following.

Theorem VIIL.11. Let p > 1 and let F' be an LP two forms in B> such
that

Vpe B forae B(p)CB® / Fe2rnZ
aB,.(p)

then there exists a sequence AF of smooth connections of a sequence of
smooth U(1) bundles over B® minus finitely many points such that

lim |Fyx — F|P da® =0
k—+oo J 3

O

VIII.6 The resolution of the Yang-Mills Plateau problem in 5
dimensions.

In order to solve the Yang-Mills Plateau problem in the 5-dimensional ball
B’, we introduce a sub-space of .ASU(”)(B5) of weak connections admitting
a trace.

Let 1 be a weak connection 1-form of Ag(S*) we denote by AgU(n)(B5)
the subspace of Agp(,)(B°) made of weak connection 1-forms A such that

I inf DiA—g'dg— g 'ng|* dvols:

rigl— gEW}E(S‘l,G) S4| " 9 99 ngl vots
where D?A is the pull-back on S* ~ 9B}(0) of the restriction of A to
dB2(0) by the dilation of ratio r. It is proved in [PR3] that for any n € Ag
the space A}, is weakly sequentially closed under any Yang-Mills energy
level. Hence we have the following theorem.
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Theorem VIII.12. [Existence for YM minimizers| Let G be a com-
pact Lie group and let n be an arbitrary Sobolev connection one form in
Aq(S?) then the folowing minimization problem is achieved

inf { |dA+ ANA]? da® ; Ac Ag(B5)} . (VIIL.13)
B5
Ol

Solutions to this minimization problem will be called solutions to the
Plateau problem for the boundary connection 7.

Once the existence of the minimizer is established it is legitimate to ask
about the regularity for these solutions to the Yang-Mills Plateau problem.
Before to give the optimal regularity we give an intermediate result which
holds in the general class of stationary Yang-Mills in the space of weak
connections Ag(B®).

Theorem VIII.13. [e—regularity for weak stationary YM fields in
5D] Let G be a compact Lie group, there exists e¢ > 0 such that for any
weak connection 1-forms A in Ag(B®) satisfying weakly the Yang-Mills
equation

d*Fo+[ALFq =0 inD'(B}(0)).

assume also that it satisfies the stationarity condition

d
vV X € C°(B°, R p W42 =0
B5

t=0

where VU, 1s the flow of X, and the small energy condition

/ ‘FA‘Q dZES < Eqg
B}(0)

then there exists a gauge g € WLQ(Bf/Q(O), G) in which the following esti-
mates hold : for any [ € N there exists C; > 0 such that

l
IV A g o < C [ B do?
B}(0)
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This theorem is a consequence the monotonicity formula deduced from
the stationarity condition and a weak version of the Coulomb gauge extrac-
tion theorem VIII.3 which generalizes the work of T.Tao- G.Tian [TT] for
admissible connections or the work of Y.Meyer and the author [MR] for
approximable connections to the general framework of weak connections in

Ac(BY).

With the e—reqularity result at hand, using a Luckhaus lemma together
with a Federer dimension reduction method following the proof of the reg-
ularity result of R.Schoen and K.Uhlenbeck for minimizing harmonic map
[SU1] we obtain the following theorem.

Theorem VIII.14. [Regularity for minimizers of the Yang-Mills
Plateau problem.] Let G be a compact Lie group, and let n be the con-
nection 1-form associated to a smooth connection of some G—bundle over
OB® then the minimizers of the Yang-Mills Plateau problem (VIII.13) are
smooth connections of a smooth bundle defined on B® minus finitely many
points. O

It is proved in [PR3] that the theorem is optimal in the sense that there
exists a smooth su(2)—valued 1-form 7 - defining then a connection of the
trivial bundle over S* - such that any solution to the Plateau problem
(VIII.13) has isolated singularities.

References

[Ad] Adams, David R. ”A note on Riesz potentials.” Duke Math. J. 42
(1975), no. 4, 765-778.

[Al] Almgren’s Big Regularity Paper, Ed. Vladimir Scheffer , Jean E Taylor
World Scientific Monograph Series in Mathematics: Volume 1,World
Scientific, 2000.

[Ban] Bando, Shigetoshi "Removable singularities for holomorphic vector
bundles” Tohoku Math. J. (2) Volume 43, Number 1 (1991), 61-67.

91



[BS] Bando , Shigetoshi; Siu, Yum-Tong ”Stable sheaves and Einstein-
Hermitian metrics”, in Geometry and Analysis on Complex Manifolds,
T. Mabuchi, J. Noguchi, and T. Ochiai, eds., World Scientific, River
Edge, NJ, 1994, 39-50.

[Be] Bellettini, Costante ” The regularity of semi-calibrated 2-dimensional
integral cycles” in preparation.

[BR] Bernard, Yann; Riviere, Tristan Energy quantization for Willmore
surfaces and applications. Ann. of Math. (2) 180 (2014), no. 1, 87136.

[BT] Bott, Raoul ; Tu, Loring Differential forms in Algebraic Topology
GTM 82, Springer, (1982).

[Br] Brezis, Haim, ”Functional Analysis, Sobolev Spaces and Partial Dif-
ferential Equations” Universitext, Springer 2011.

[BrDi| Brocker, Theodor; tom Dieck, Tammo Representations of compact
Lie groups. Graduate Texts in Mathematics, 98. Springer-Verlag, New
York, 1995.

[DS1] De Lellis, Camillo; Spadaro, Emanuele ”Regularity of area minimiz-
ing currents I, L? gradient estimate” arXiv:1306.1195 (2013).

[DS2] De Lellis, Camillo; Spadaro, Emanuele ”Regularity of area minimiz-
ing currents II, center manifold” arXiv:1306.1191 (2013).

[DS3] De Lellis, Camillo; Spadaro, Emanuele ”Regularity of area minimiz-
ing currents III, blow up” arXiv:1306.1194 (2013).

[DK] S.K.Donaldson and P.B.Kronheimer ”The geometry of Four-
Manifolds” Oxford, (1990).

[DT] S.K.Donaldson and R.P.Thomas, ”Gauge theory in higher dimen-
sions”. The geometric universe (Oxford, 1996), 31-47, Oxford Univ.
Press, Oxford, 1998.

92



[GT] Gilbarg, David; Trudinger, Neil S. Elliptic partial differential equa-
tions of second order. Reprint of the 1998 edition. Classics in Mathe-
matics. Springer-Verlag, Berlin, 2001.

[Grl] Grafakos, Loukas ”Classical Fourier Analysis.” Gratuate Texts in
Mathematics 249, Springer (2009).

[HL] Harvey, Reese; Lawson Blaine. " Calibrated geometries.” Acta. Math.
148 (1982), 47-157

[Is1] Isobe, Takeshi ” Topological and analytical properties of Sobolev bun-
dles, I: the critical case.” Ann. Glob. Anal. Geom. (35) 3 (2009), 277—
337.

[Is2] Isobe, Takeshi ” Topological and analytical properties of Sobolev bun-
dles. II. Higher dimensional cases.” Rev. Mat. Iberoamericana, 26
(2010), no. 3, 729-798.

[IM] Iwaniec Tadeusz; Martin Gaven John ”Geometric Function Theory
and Non-linear Analysis” Oxford 2001.

[He] Hélein, Frédéric, Harmonic maps, conservation laws and moving
frames, Cambridge Tracts in Mathematics, 150, Cambridge Univer-
sity Press (2002).

[K] Kobayashi, Shoshichi Differential Geometry of Complex Vector Bun-
dles, Princeton University Press, 1987.

[Li] Lin, Fanghua“Gradient estimates and blow-up analysis for stationary
harmonic maps” Ann. Math. , 149, (1999), 785-829.

[LR1] Lin, Fanghua ; Riviere, Tristan “A Quantization property for static
Ginzburg-Landau Vortices” Comm. Pure App. Math.,54 , (2001), 206-
228.

[LR2] Lin, Fanghua and Riviere, Tristan “Energy Quantization for Har-
monic Maps” Duke Math. Journal, 111 (2002) 177-193.

93



[MR] Meyer, Yves; Riviere, Tristan ”A partial regularity result for a
class of stationary Yang-Mills Fields in high dimension.” Rev. Mat.
Iberoamericana, 19 (2003), no. 1, 195-219.

[Mo] C.B.Morrey Multiple integrals in the calculus of variations Springer,
New-York (1966).

[MW] Miiller, Christoph; Wockel, Christoph ”Equivalences of smooth
and continuous principal bundles with infinite-dimensional structure
group”. Adv. Geom. 9 (2009), no. 4, 605626.

[Na] Nakajima, Hiraku ”Compactness of the moduli space of Yang-Mills
connections in higher dimensions” J. Math. Soc. Japan 40 (1988), 383-
392.

[PR1] Petrache, Mircea; Riviere, Tristan ” Weak closure of singular abelian
LP-bundles in 3 dimensions.” Geom. Funct. Anal., 21 (2011), 1419-
1442.

[PR2] Petrache, Mircea ; Riviere, Tristan ”Existence of controlled global
Coulomb gauges.” arxiv:1302.5659 to apear in Analysis and PDE.

[PR3] Petrache, Mircea ; Riviere, Tristan ” The resolution of the Yang-Mills
Plateau problem in super-critical dimensions”

[Pre] Preiss, David ”Geometry of measures in R": distribution, rectiifia-
bility, and densities, Ann. of Math. 125 (1987), 537-643.

[Pri] Price, Peter ”"A Monotonicity Formula for Yang-Mills Fields”
manuscripta math. 43, (1983) 131-166.

[Ri0] Riviere, Tristan ”Conformally Invariant Variational Problems.”
arXiv:1206.2116 (2012).

[Ril] Riviere, Tristan ”Weak Immersions of Surfaces with L*-bounded sec-
ond fundamental form”. PCMI Graduate Summer School (2013).

[Ri2] Riviere, Tristan ” Conservation laws for conformally invariant varia-
tional problems.” Invent. Math., 168 (2007), no. 1, 1-22.

94



[Ri3] Riviere, Tristan ”Interpolation spaces and energy quantization for
Yang-Mills fields.” Comm. Anal. Geom., 10 (2002), no. 4, 683-708

[RS] Riviere, Tristan; Michael Struwe: Partial regularity for harmonic
maps and related problems. Comm. Pure and Applied Math., 61
(2008), no. 4, 451-463.

[RT] Riviere, Tristan; Tian, Gang ”The singular set of 1-1 integral cur-
rents”. Ann. of Math. (2) 169 (2009), no. 3, 741794.

[Sch] Schoen, Richard ” Analytic aspects of the harmonic maps problem”,
Math. Sci. Res. Inst. Publ. 2 Springer-Verlag, New York, 321-358,
1984.

[SU|] Schoen, Richard ; Uhlenbeck, Karen Approximation theorems for
Sobolev mappings, unpublished manuscript.

[SU1] Schoen, Richard; Uhlenbeck, Karen A regularity theory for harmonic
maps. J. Differential Geom. 17 (1982), no. 2, 307335.

[Se] Sedlacek, Steven ” A direct method for minimizing the Yang-Mills func-
tional over 4-manifolds”, Comm. Math. Phys. 86 no. 4 (1982), 515—
527.

[Si] Simon, Leon ”Lectures on geometric measure theory.” Proceedings of
the Centre for Mathematical Analysis, Australian National University,
3. Australian National University, Centre for Mathematical Analysis,
Canberra, 1983.

[Siu] Siu, Yum-Tong ” Analyticity of sets associated to Lelong numbers and
the ex- tension of closed positive currents” Invent. Math. 27 (1974),
53-156

[St] Stein, Elias “Singular integrals and differentiability properties of func-
tions” Ann. Math. Studies 63, Princeton University Press (1970).

[SW] Stein Elias; Weiss, Guido ”Introduction to Fourier analysis on Eu-
clidean spaces.” Princeton Mathematical Series, No. 32. Princeton
University Press, Princeton, N.J., 1971.

95



[TT] Tao, Terence ; Tian, Gang. ” A singularity removal theorem for Yang-
Mills fields in higher dimensions.” Journ. Amer. Math. Soc., 17 (2004),
no. 3, 557-593.

[Ta] Tartar, Luc ”"An introduction to Sobolev spaces and interpolation

spaces.” Lecture Notes of the Unione Matematica Italiana, 3. Springer,
Berlin; UMI, Bologna, 2007.

[1] Taubes, Clifford Henry ”Metrics, connections and gluing theorems.”
Vol. 89. Amer Math. Soc., 1996.

[Ti] Tian, Gang Gauge theory and calibrated geometry. I. Ann. of Math.
(2) 151 (2000), no. 1, 193—-268.

[Uh1] Uhlenbeck, Karen ”Removable singularities in Yang-Mills fields”,
Comm. Math. Phys. 83 (1982), no. 1, 11-29.

[Uh2] Uhlenbeck, Karen ”Connections with LP bounds on curvature”,
Comm. Math. Phys. 83 (1982), no. 1, 31-42.

[Wh] White, Brian "Homotopy classes in Sobolev spaces and the existence
of energy minimizing maps”, Acta Math. 160 (2008) no. 1, 1-17.

96



