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1 Introduction

The first appearance of the Willmore functional is in the work
of Sophie Germain on elastic surfaces. Following the main lines
of J. Bernoulli and Euler’s studies of the mechanics of sticks in
the first half of the XVIII™ century, Germain formulated what
she called the fundamental hypothesis: at one point of the sur-
face the elastic force which counterbalances the external forces is
proportional to the sum of the principal curvature at this point,
i.e., what we now call the Mean curvature. Although Germain’s
work was controversial at the time and was criticized by con-
temporaries including Simeon Poisson, the Willmore energy was
finally established on physical grounds by G. Kirchhoff in 1850
[Ki] as the free energy of an elastic membrane modulo the addi-
tion of a null Lagrangian (see for instance [Lali]).

The Willmore energy was probably first considered in geome-
try in the early XX™ century by Wilhelm Blaschke in his efforts
to merge minimal surface theory with conformal invariance. He
proved that the Willmore energy of a closed surface remains in-
variant under conformal transformations of the ambient space.
As proved quite recently [MoN], this Lagrangian is the unique
one possessing this property modulo the addition of a multiple
of the Gauss curvature.

Because of its simplicity and fundamental nature, the Will-
more energy appears in many areas of science and technology.
Beyond non-linear elasticity and conformal geometry, one sees
it for instance in general relativity, where the Willmore energy
is the main term in the so called Hawking Mass. It arises also
in cell biology as the main term of the free elastic energy of lipid
bilayer membranes and is called the Helfrich Energy there. The
Willmore Energy in its umbilic form also arises in the design of
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multifocal optical elements (see for instance [KaRul), ...etc

For many years, the only surfaces known to be critical for
the Willmore Lagrangian were the minimal surfaces and their
images under conformal transformation. This perhaps explains
why there was essentially no work on the variational theory of
the Willmore functional during the several decades after Blaschke’s
seminal work. In the short but decisive paper [Wi] in 1965,
Tom Willmore reintroduced this Lagrangian, which now bears
his name. He formulated there what is now called the Willmore
Congecture, which asserts that the Willmore energy of a compact
surface of non-zero genus in three-dimensional Euclidian space
is at least 272, and this minimal energy is only achieved by the
stereographic projection of the Clifford Torusin S* (and its con-
formal transformations). This famous conjecture was proved in
2011 by Fernando Coda Marques and André Neves in [MN] and
their proof is the subject of one of the mini-course given at the
present Park City Summer School 2013.

In the present series of five lectures, we develop some funda-
mental tools in the analytic study of the Willmore Lagrangian
motivated by the following set of questions:

i) Does there exists a minimizer of the Willmore functional
among all smooth immersions of a fixed surface ¥2?7 If
there is, can one estimate the energy and special properties
of such a minimizer?

ii) Does there exist a minimizer of the Willmore functional
among a more restricted class of immersions, for exam-
ple, considering only the conformal immersions relative to
a fixed conformal class ¢ on X, or among all immersions
of ¥ into R? which enclose a domain of given volume and
which have a fixed area?



iii) How stable is the Willmore equation? In other words,
does a sequence of “approximately Willmore” surfaces, e.g.
Palais-Smale sequences for the Willmore energy, necessarily
converge to a Willmore surface?

iv) Can one produce Willmore Surfaces using min-mazx argu-
ments 7 More specifically can one apply fundamental vari-
ational principles such as FEkeland’s variational Principles
or the Mountain pass lemma to the Willmore functional?

Question i) was first considered by Leon Simon in [Sim86] and
completely solved when X is the torus T2 in [Sim93]. Later, in
[BKO03], a condition shown in [Sim93] to be sufficient to guar-
antee the existence of minimizing Willmore surfaces was proved
to hold for every oriented closed surface. Simon’s approach has
two main features. First, it is an ambient approach: namely, sur-
faces are viewed as subsets! of the ambient Euclidian space. The
second is the use of btharmonic approximation, where almost-
minimizing surfaces are “improved” by replacing small pieces
by bitharmonic graphs. The main drawback of this strategy is
that it seems to be only well-suited for the study of minimizing
surfaces, but not for questions of the form iii) and iv) for non-
minimizing critical points. Simon’s ambient approach was also
used in [KS] to give partial answers to question ii).

In 2010, the author introduced the notion of weak immersions
in order to provide a suitable framework in which general vari-
ations of the Willmore Lagrangian (see [Riv10]) are well posed.
The goal of this mini-course is to present fundamental proper-

'More precisely, this approaches considers immersed surfaces as varifolds, i.e., Radon
measures in the Grassman manifold of 2-planes of Euclidian space corresponding to the
tangent bundle of these surfaces immersed into the tangent bundle the euclidian ambient
space.



ties of this approach, which turns out to be a fundamental tool
for addressing all of the questions i)...iv) . To illustrate this, we
explain in the last lecture how to use these properties to give
a new proof of Simon’s existence result. More completely, we
address in this mini-course the following questions:

a) Does a weak immersion define a smooth conformal struc-
ture 7

b) What happens to a sequence of weak immersions of a given
surface X2 for which the Willmore energy is uniformly bounded?
Does it convergence in some sense to a weak immersion ?

c¢) Is there a weak formulation of the Willmore equation which
is compatible with the notion of weak immersion ?

d) Are weak immersions which are solutions to the Willmore
equation necessarily smooth 7

The five lectures of this mini-course correspond to a presenta-
tion of the 2006 and 2010 papers [Riv06] and [Riv10], published
respectively in 2008 and 2014. Since that time, weak immer-
sions have played a crucial role in answering questions 1i)...iv)

see [Riv10], [Riv15], [KMR] and [Riv16].



2 Notations and fundamental results on the
differential geometry of surfaces

2.1 Notations

For a smooth map €: D?> — R™, denote
Ve - (g ) | (2.1)

The associated 1-form is denoted by de and in local coordinates
given by

L ®f

®

de’ = 8:615 dri + 8@5 dxs.

vie:= (B‘z‘f?> . (2.2)

It corresponds to the 1-form *dé, where * is the Hodge operator
from A'R? to A'R?. Indeed, in local coordinates we have

Further, define

*d€ = 0,,€ * dxy + 0,,€ % dre = —0,,€ dx1 + 0,,€ dxo.

For smooth maps €, f: D? — R™, denote

(@ V)= ((5,8171]:))’ (€&, V) = ((ﬁaa@))’ (2.3)

<g73$2f> <€, T >
. — 2 8214 . > —€ X &EQﬁ
efo:(Zxﬁj;), exVLf:(;xafJf>, (2.4)

where (-, -) is the inner product of R™ and we use the x-opera-
tion, if m = 3. Similarly, for A\: D> — R and €: D? — R™ we
write

L (OnXe€ Iy - [—OpA€E
VA é:= (8962)\5), VA e.-(axl)\e_,). (2.5)
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As notation suggests, we write for instance
<VJ—€7 vf} - <8€C1é" aﬂczf} - <a$2€7 8201];}7 (26)
and if m = 3,

VEX VEf=—0,,EX Op,f + 0y, X Oy, f.

Naturally, denote
Vel := (Ve Ve).

Similarly,

VA-VE := 0p A 0y, €+ OpyA O,y€, (2.7)
VN -VE i= —0p,\ 04,8+ O, A O, €.

Applying the divergence operator div to a vector field

Xo
with components X;: D — R™ (for instance X of the form
(2.1), (2.2), (2.3), (2.4), (2.5)) is to be understood as

div X = 0,, X1 + 0y, Xo.
Note that
div(e, V' ) = (Ve V1) = —(V+e V] (2.9)
and for m = 3,
div [5>< vﬂ = 0, X Op f 4 00,& X Du [

! (2.10)
= V[ x Ve



Similarly, we use the above introduced notation for 1-forms. For

—

instance, (€,df) is the 1-form, which is in coordinates given by

— —

(&,df) = (€ 0, f) dzy + (€,0,,f) dxs

and thus the associated 1-form to the vector on the left hand
side of (2.3). Finally, define the 2-form

— —

(e, df) = d(e, df), (2.11)

which in local coordinates is given by

— —

<@mﬁ:«@@@Jy4@@@jgmUw@. (2.12)

Observe that the Jacobian occurring in (2.12) is (2.6).

2.2 Immersions and their geometry

A smooth map ®: M — N between two smooth manifolds M
and N is called immersion if dCI;p: TyM — Ty, N is injective
for all p € M.

In this course, > denotes a smooth 2-dimenstonal closed ori-
ented manifold and we usually consider immersions (later un-
derstood in a weak sense) from ¥ into R™.

2.2.1 Submanifolds of R?

We start to consider a particularly easy class of immersions,
namely the class of 2-dimensional submanifolds of R? (the im-
mersion being provided by the inclusion map).

Let S be a 2-dimensional submanifold of R?. We assume S
to be oriented and we denote by 7 the associated Gauss map:
the unit normal giving this orientation.



The first fundamental form is the induced metric on S that
we denote by g: For any p € S and X,Y € T},S, it is given by

g (X,Y) = (X,Y),

where (-,-) is the canonical inner product in R®. The wvolume
form associated to g on S is locally given by

dvol,, \/det (02,5 0r;)) dxy A day,

where (z1,17) are arbitrary local positive coordinates.?

The second fundamental form at p € S is the bilinear map
which assigns to a pair of vectors X : Y in T,S an orthogonal
vector to T,S that we shall denote by I(X,Y). This normal
vector expresses how much the Gauss map varies along these
directions X and Y. Precisely, it is given by

I,: 7,8 xT,S — N,S
o o (2.13)
(X,Y) = —(diiy(X),Y) 7i(p).

Extending smoothly X and Y first locally on S and then in a
neighborhood of p in R?, one has, using (77,Y) = 0 on S,
[(X,Y) = (@,dV (X))@ =dY(X)-VgY
- (2.14)
=Vg3Y - VY.

Here, V is the Levi-Civita connection on S generated by g, and
we have VY = m7p(dY (X)), where 7 is the orthogonal pro-
jection onto T'S. V is the Levi-Civita connection associated to
the flat metric and is simply given by VYV = dY (X).

2Local coordinates, denoted by (x1,z2), are provided by a diffeomorphism z from an
open set in R? onto an open set in ¥. For any point ¢ in this open set of S we shall denote
by ;(q) the canonical coordinates in R? of x71(q). Finally 9,, is the vector-field on S
given by dx/0z;.



An elementary but fundamental property of the second fun-
damental form says that it is symmetric®. It can then be diago-
nalized in an orthonormal basis and the two eigenvalues x; and
ko are called the principal curvatures of the surface at p. The
mean curvature is then given by

Io— K1+ Ko
2
and the mean curvature vector by
1 1 o
H=Hi=-tr(¢g'I) == i1 (0, Oy, 2.15
i=gult D=5 3 Ton e, @19

where (z1,x9) are arbitrary local coordinates. Here, (¢");; de-
notes the inverse matrix to (g;;) := (9(9.,,0:,)). In particular,
if (€1, €3) is an orthonormal basis of T,,S, (2.15) becomes

- H@,a) + e
= (61’62)‘; (62,) (2.16)

The Gauss curvature is given by

| d€t<<ﬁ,ﬁ(axiaaxj)>>
T Gy e 0

The Willmore functional of the surface X is defined by
— 1
W(S) = / |H|? dvol, = —/ K1 + k| dvol,.
s 4 Js

The Gauss-Bonnet theorem? asserts that the integral of K dvol,,

3This can be seen combining equation (2.14) with the fact that the two Levi-Civita
connections V and V are torsion-free, i.e. we have

V¥ —VeX = [X,Y]

and

— J— —

VY —VyX =[X,Y].

4See for instance [dC76]
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is proportional to a topological invariant of S: x(S5), the Euler
characteristic of S. Precisely, one has

/SK dvol, = /Sm ke dvol, =21 x(95) (2.18)

where ¢(S) denotes the genus of S. Combining the definition of
W and this last identity one obtains®

W(S)—=m x(S) = 1/(I€1 + K3) dvol,

/UI\Q dvol, = /\dn\Q dvol,,.

Hence modulo the addition of a topological term, the Willmore
energy corresponds to the Sobolev homogeneous H'—energy of
the Gauss map for the induced metric g.

(2.19)

2.2.2 Immersions of an abstract surface into R™.

Let us now consider the general case that $:% -5 R"is a
immersion of an abstract 2-dimensional oriented closed manifold
>) into R™.

The first fundamental form associated to the immersion is
the metric g := o+ grm induced by (P where grm is the canonical

metric on R™: For all p € ¥ and X, Y € T,%,
gp(X,Y) 1= (dPy(X), dPp(Y))

5The last identity comes from the fact that at a point p, taking an orthonormal basis
(€1, €3) of T),S, one has:

2 2
ity = 3_ ). 2 = 3 e ) = I,
ij=1 j=1

since (dii, i) = 0.
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where (-,-) is the canonical inner product in R™. The volume
form associated to g on X is locally given by

dvol, := \/det(g(axi,axj)) dxy A dxs,

where (x1, z5) are arbitrary local positive coordinates.

We shall denote by € the map which to a point in > assigns
the oriented 2-plane®, given by the push-forward by ® of the
oriented tangent space 7),>). Using a positive orthonormal basis
(€1, €y) of 5*Tp2, an explicit expression of € is given by

€= €1 N €.

With these notations the Gauss map which to every point p
assigns the oriented (m — 2)-orthogonal plane to <13*Tp2 is given
by
n=%€="11 A" Afly_s.

Here, * is the Hodge operator’ from A’R™ to A" 2R™ and
(i1, ...,Mm—2) is a positive orthonormal basis of the oriented
normal plane to 5*Tp2. (Consequently, (€1, €5, 71, - ,My,_2) is
an orthonormal basis of R™.)

We shall denote by 7z the orthogonal projection onto the
(m — 2)-plane at p given by 7i(p).

SWe denote by GP(R’”), the Grassman space of oriented p-planes in R™ that we in-
terpret as the space of unit simple p-vectors in R™ which is included in the Grassmann
algebra APR™.

“"The Hodge operator on R™ is the linear map from APR™ to A™PR™ which to a
p—vector « assigns the (m — p)-vector xa on R™, which is characterized by the following
property: for any p-vector 5 in APR™,

BAxa={(B,a)e1 A Aem,

where (g1, ,&m,) is the canonical orthonormal basis of R™ and (-,-) is the canonical
inner product on APR™.

12



The second fundamental form associated to the immersion o
is the following map:

I,: 7,8 x T, — ($,1,%)"

(X,7V) m(d?q?(x,y)),

where X and Y are extended smoothly into local smooth vector
fields around p. One easily verifies that, although d*®(X,Y)
might depend on these extensions, 7;(d2®(X,Y)) does not and
we have then defined a tensor.

Let X := d®(X) and Y := d®(Y). Denote also by 7 the
orthogonal projection onto 5*Tq2.

m (PB(X,Y)) = d(@B(X)(Y) = 7 (d(dB(X))(V))
= dX(Y) - VyX (2.20)

=V X — VyX,

where V is the Levi-Civita connection in R™ for the canonical
metric and V is the Levi-Civita connection on 7% induced by the
metric g. Here again, as in the 3-d case in the previous subsec-
tion, from the fact that Levi-Civita connections are torsion-free
we can deduce the symmetry of the second fundamental form.

Similarly to the 3-d case, the mean curvature vector® is given
by

2
. 1 =1 g
Hi= (g™ 1) =5 > 97 L(0n,, 0r,), (2.21)

1,7=1

8observe that the notion of mean curvature H does not make sense any more in codi-
mension larger than 1 unless a normal direction is given.
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where (71, x9) are arbitrary local coordinates in 3 and (¢g%);; is
the inverse matrix to (¢(0s,,0,,))-

We can now give the general formulation of the Willmore
energy of an immersion ® in R of an abstract surface X:

W (®) ::/Z\[jﬂz dvol,.

A fundamental theorem by Gauss gives an expression of the
intrinsic Gauss curvature in terms of the second fundamental
form of any immersion of the surface in R™. Precisely this the-
orem says (see theorem 2.5 chapter 6 of [dC92])

- - - -

K = <I[(61, 61), H(BQ, 62)> — <]I(61, 62), ]I(el, 62)>, (222)

where (e, e2) is an arbitrary orthonormal basis of 7),%.
Note that in particular, the Gauss curvature is controlled by
the second fundamental form as follows:

K| < [T, &)|[L(E, &)| + [I(é1, &)
1 = N 2o =\ (2 T/ = =\|2
5(\1{(61,61” +|1(E, &)] +2m<el,62)|) (2.23)

1 —
— 1
From identity (2.22) we furthermore deduce easily
I = 4|H? - 2K. (2.24)

Hence, using Gauss-Bonnet theorem, we obtain the following
expression of the Willmore energy of an immersion into R™ of
an arbitrary closed surface:

- 1 [ =
Lw@:ZLm@m%+me. (2.25)
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Let us take a local normal frame around p € ¥: a smooth map
(71, ,m_2) from a neighborhood U C ¥ into (S™1)™~2 such
that for any point g € U, (7i1(q), - - - , ;m—2(q)) realizes a positive
orthonormal basis of (,7,%)*. Then

m—?2
mn (B Y)) = S (EBX,Y), ) o,
a=1
from which we deduce the following expression, which is the
natural extension of (2.13):
—2
I(X,Y) = =) (diia(X),Y) fia, (2.26)
1

3

(07

where we denote Y := dB(Y). Let (e1,ez) be an orthonormal
basis of T),2). Then the previous expression of the second fun-
damental form implies

2 m—2 2 m—2
T2 =Y [dita(e), &) =D [{dita, @) (2.27)
ij=1 a=1 i=1 a=1
Observe that
m—2
dn = Z(—l)a_ldﬁa NB+a ﬁg

aglm ) (2.28)

= Z “Ydi,, &) é NBta T3
i=1 a= 1

(€i Npza M) for o =1...,m —2 and i = 1, 2 realizes a linearly
independent family of 2(m —2) orthonormal vectors in A" 2R™,

Hence
2 m—2

dily =" [{diia, &) = [TI2. (2.29)

=1 a=1

15



Combining (2.25) and (2.29), we obtain
1

vw@:ZL}m@m%+nx@% (2.30)

which generalizes identity (2.19) to arbitrary immersions of closed
2-dimensional surfaces.

The negative Laplace-Beltrami operator A, associated to the
metric g = gz, acting on a smooth function f: ¥ — R, is in
local coordinates given by

1 i/

where we use the Einstein summation convention.

2.2.3 Immersions into a Riemannian manifold

We now want to have a short glance at a more general frame-
work, namely immersions mapping into a Riemannian manifold:
Let ® be an immersion from a 2-dimensional closed, ori-
ented manifold Y into an arbitrary oriented Riemannian mani-
fold (M™,q) of dimension m > 3.
The first fundamental form ¢ of $ is the pull-back of the
metric g by ®: For all pe Xand X,Y € T )X, it is given by

9,(X,Y) =7 (d5,(X),d,(Y)) .

For defining the second fundamental form one formally replaces
the exterior differential d with the Levi-Civita connection V of
(M,g). Precisely, the second fundamental form associated to
the immersion @ at a point p € Y is the following map:

I,: T, xT,Y% — (B.1,%)*
(X.Y) = (Vpldd(x),
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where m; denotes the orthogonal projection from Tq;(p)M onto

(D,T,%)"*, the space orthogonal to @, (T,%) with respect to the
metric §. As before we use the notation ¥ = d®(Y).

As before, the mean curvature vector is given by

2
i 1 17 1 i T

1,j=1

where we are using local coordinates (z1,x2) on 3. The Will-
more energy of ® is defined as

W (®) ::/E\Fm dvol,.

2.3 Conformal invariance of the Willmore Energy

Definition 2.1. i) Two metrics g and h on a smooth mani-
fold M are said to be conformal (or conformally equivalent),
iof there exists a smooth function p: M — R such that

h = e*y.

ii) An immersion &: M — N between two Riemannian mani-
folds (M, g) and (N, k) is called conformal if the pull-back
metric h == ®*k 1s conformally equivalent to g on M.

Example.

i) Let U C C be an open subset and ®: U — C a diffeo-
morphism onto ints image. ® is conformal if and only if
it is either holomorphic (if it is orientation-preserving) or
antiholomorphic (if it is orientation-reversing). In particu-
lar, the space of conformal transformations of C is infinite-
dimensional.
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ii) The group of conformal transformations in dimension m >
3 reduces to a finite-dimensional group. Precisely, Liou-
ville’s theorem gives that any conformal diffeomorphism o
from U C R™ into R"™ is of the form

- Az — )

®(r)=a+ « ,
() p—

for some a € R™, o € R™\U, a € R, an orthogonal matrix
A and ¢ € {0, 2}.

iii) The space of conformal maps from 2D into 3D is infinite-
dimensional. It contains non-analytic mappings.

The conformal invariance of the Willmore energy was known
since the work of Blaschke [Bla29] in 3 dimensions, in the general

case it is a consequence of the following theorem due to Bang
Yen Chen [Che74].

Theorem 2.2. Let ® be the immersion of a 2-dimensional ori-
ented manifold ¥ into a Riemannian manifold (M, g).
Let h be a conformally equivalent metric to g, given by

h = e*q.

We denote by HY and H" the mean curvature vectors of the im-
mersion ® in (M,q) and (M, h) respectively. We also denote
by K9 and K" the scalar curvatures of (3, 0*g) and (3, D*h)
respectively. Furthermore, K and K" denote the sectional cur-
vatures of the subspace é*TpE in the manifold (M, g) and (M, h)
respectively. With the previous notations the following pointwise
wdentity holds:

2 (A" - K"+ K") = [H — K+ K. (233)
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Proof of theorem 2.2. See [Riv].

The conformal invariance of the Willmore energy is a corol-
lary of theorem 2.2.

Corollary 2.3. Let ¥ be a smooth 2-dimensional closed ori-
ented manifold and let & be an immersion of X into an oriented
Riemannian manifold (M™,g).

Let W be a positive conformal diffeomorphism from (M™, g)
into another oriented Riemannian manifold (N™, k).

Then the following equality holds:

W(d) + /E K dvolg., = W(Wod)+ /Z K" dvolgy.p (2:34)
where K’ (resp. Fk) 18 the sectional curvature of the 2-plane

&, T in (M™, g) (resp. of the 2-plane U, &, T? in (N™ k)).

Proof of corollary 2.3. By definition ¥ realizes an isometry
between (M, U*k) and (N, k). Let pu: M — R such that

eg = U'k.
We can apply the previous theorem with h = ¥*k and obtain
‘ﬁcﬁ*g‘z _ K% +Kg} _ 2uod [‘ﬁ(qzoc}?)*k‘z _ o (wod)k +Kﬂ _
Furthermore, we have
dvolq;*g — o208 dvol(\l,oqg)*k.

Hence combining the two last facts gives the following pointwise
identity everywhere on X:

{|]—HI(§*9|2 ~KY 4+ K’ dvolg.,
(2.35)
e O_‘ * O_‘ * —k
_ [|H(‘I’ BE2 KOV LR duol g
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(2.34) is obtained by integrating (2.35) over X, the scalar cur-
vature terms canceling each other on both sides of the identity

due to Gauss-Bonnet theorem. ]

Example.

i)

ii)

Let ®: ¥ — R™ be an immersion into R™. Define ¥ to be
the inverse of the stereographic projection

7 S™\{(0,...,0,1)} - R™

Recall that 7 is conformal, thus applying Corollary 2.3 gives

/Elﬁ(ﬁ*ngdeOl(f)*ng :/Z(|ﬁllfo(§)*k|2_{_1> dUOl(\Ijoé)*k7

where k£ denotes the round metric on S™.

For a € R™, consider the inversion i, at a, which for x €
R™\ {a} is given by
, x—a
() = ——.
o) |z — al?
iq, restricted to R™\ Bj(a), is a conformal diffeomorphism.

Given a smooth immersion ®: ¥ — R™ with a ¢ ®(2), we
have thus

W(igo0®) =W (®),
due to Corollary 2.3.
If a € B(2), then the situation is different. In fact, in this

case we have

W (iy 0 ®) = W(®) + 4r - Card{® !(a)}.



2.4 Two-dimensional geometry in isothermal charts

Definition 2.4. Let ®: ¥ — R™ be an immersion of 2. A chart
Y: D* — Y is called isothermal or conformal for ®, if

(05, (B 01), 0y, (B oth)) =0 in D?
B ) (2.36)
105, (@ 0 )| = |0y, (P o @p)|  in D2

Here, (0, (Do), d,, (P oth)) denotes the usual inner product in
R™.

Note that a different way of formulating (2.36) would be to
say that the map ® o ¢: D?* — R™ is conformal (cf. Defini-
tion 2.1 ii)).

In isothermal charts many objects defined in subsection 2.2
take an easier form, which we want to explore now.

Let v: D> — ¥ be an isothermal chart for the immersion
d: ¥ — R™.

The first fundamental form in the coordinates provided by
is

Vg5 = e*(dat + da3),
where e* = [9,,(® o 1h)| = |0y, (P o 1)|. The volume element is
given by
dvoly = e dxy A das

Moreover, for the second fundamental form, we have

—

I, = 1(0y,,0y.) = 5 | Oz, 0, q;ozp . (2.37)
J i J J

Note that

—

(02,(B 0 9), 0y, (B 0 1))
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= a:cl \(am((ﬁ © ¢)» aﬂfl((ﬁ © ¢)> _<811((13 © ﬂj)’ 851((13 © ,¢}>>

e

'
—e2X

= 200, () = 300, (00(F 0 1), 0,,(F 0 0) (2.38)

- <8ﬂ€16£2 ((i)) © w)? 6332 ((i)) © ¢)>

= Oy, (00, (B 0 1), 01, (B 0 1)) —(02,(B 0 1), 0, (B 0 1))

\ 7
TV
=0

= —(02,(B o), s, (B o 1)),

Similarly, one obtains that

(02,(® 09), 00, (B o ) = —(32,(B 04), 0, (P o9p)).  (2.39)
(2.37), (2.38) and (2.39) together imply that

Li+ L= (A@ov)) = A@ow),  (240)

where A = 97, + 02, denotes the negative flat Laplacian.

From expression (2.31) of the intrinsic negative Laplace-Bel-
trami operator A, in coordinates the following relation follows
immediately:

A, = e 2A. (2.41)

Using (2.40) and (2.41), the mean curvature vector takes the
following form:

_ 2 _
1 . 62/\ 62/\

L e R EAVr
H = tr(g H)_TZW]I”_ A@oy)  (242)

1,7=1
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= %Ag(cﬁ o).  (2.43)

The Willmore functional has therefore the expression

S 1 S
W(®) = 1 /E |A,®|? dvol,. (2.44)

Induced orthonormal moving frame. Given an isothermal chart
Y: D? — ¥ for an immersion ®: ¥ — R™, we can look at the
frame
(€1,8) = e (01, (P 0 9), By, (@ 0 ).
This realizes a tangent orthonormal moving frame, i.e. a map-
ping from D? to @, (T D*xT D?) such that at every (z1, z2) € D?,
the pair (€7, €)(z1, x2) realizes a positive orthonormal basis of
<I)*(T(x17x2)D2).
A simple computation, similarly as the one in (2.38) shows

(61, Véy) = =V (2.45)
In particular it follows

Note that this identity can be writen independently of the para-
metrization as
d* <€1, d€2> =0, 247)

—

which one refers to as the Coulomb condition. A frame (€7, é5)
satisfying (2.47) is called a Coulomb frame.

The following identity of 2-forms on D? holds:
d<€1, d52> =K dUOlg, (248)
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where K is the Gauss curvature of (D?, g).
To see this, let e; be the vector field on D? given by d®(e;) =
¢; for i = 1,2. Further, denote

D& = maldéj(e,)).
Then, using Cartan’s formula®, we obtain

d(é}, d€2> (61, 62)

= d((€1,déy(e2))) (e1) — d((€1, dés(e1))) (e2) — (€1, dé([e1, €2]))

— —

= (I(eq, 1), 1(eg, €2)) —

- K. (2.50)

In the last identity we have made use of the Gauss theorem
(2.22). By R we denote the Riemannian (3, 1)-curvature tensor

of the exterior differential d, the Levi-Civita connection associ-
ated to (R, (-, -)).

9The Cartan formula for the exterior differential of a 1-form « on a differentiable
manifolfd M™ says that for any pair of vector fields X,Y on this manifold the following
identity holds:

da(X,Y) = d(a(Y))(X) — d(a(X))(Y) — o([X, Y]), (2.49)

see Corollary 1.122 chapter I of [GHLO04].
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In (x) we used that
(dei(er), dey(es)) = (De, €1, De,€) + (V¢ €1, Ve, €3),

where the second summand vanishes, since V., é; (V€ resp.)
is oriented along €y (€] resp.):

<V6ié:i7 é;> — ei(@%; €Z>) - <v€i€i7 étt> — 07
=1
for + = 1,2. Similarly, one shows that
(Ve €2, 62) = (Ve,e1,€1) =0

such that
(Ve,€1, Ve, €2) = 0.

From (2.50), the claimed identity in (2.48) follows since
d(é1,déy) = d{e7, dés)(e1, eq) €] A €5
and e} A e5 = dvol,,.
Combining (2.45) and (2.48) gives
—AX = — xd*d\ = *d(€,,d&) = 'K,

where A denotes the negative flat Laplacian. Recall from Sec-
tion 2.1 that *d)\ is the associated 1-form to V.

The previous identity is the well-known expression of the
Gauss curvature in isothermal coordinates in terms of the con-
formal factor A, called Liouville equation. We have proven the
following lemma.

Lemma 2.5. Let ®: D> — R™ be a conformal immersion with
|aﬁ?1(§| - ‘85525‘ - 6)\.
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Then
—A\ = P K, (2.51)

where K 1is the Gauss curvature of (DQ,(I;*g m) and A is the

negative flat Laplacian on D?.
One easily obtains the following generalization.

Theorem 2.6. Let ®: ¥ — R™ be a smooth immersion and
g = ®*grm the induced first fundamental form. Let h be a
conformally equivalent metric on X satisfying

g = e*“h.

Then
~Apa =™K, — Kp, (2.52)

where K, and K}, are the Gauss curvatures of (£, g) and (3, h)
respectively.

Proof of Theorem 2.6. In the next subsection we will show that
there exist isothermal coordinates for ®, i.e. locally ¢ is of the

form
g = *Nda? + da). (2.53)
Hence, we have

h = €% (dx} + da3), (2.54)

where 0 1=\ — .
Then we can apply Lemma 2.5 to (2.53) and (2.54) respec-

tively and obtain
K, = —e 2 A\ (2.55)

and
Ky = —e 22 9A\ - a) (2.56)
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Combining (2.55) and (2.56) yields

K, = e (Kg + e_zAAoz) = eQO‘Kg + Apa,

where we used (2.41) in the last identity. This finishes the proof.

]

Finally, we want to take advantage of the fact that for a con-
formal immersion ® from D? into R3, (&}, é&,7) is an orthonor-
mal frame of ®*(R3), where & = e * 9,,® and 7 is the Gauss
map of ®. The following two lemmas dealing with conformal
immersions into the 3-dimensional space are easy consequences

of this.

Lemma 2.7. Let ®: D? — R3 be a conformal immersion. Then

672)\ —2)

Kﬁ:—jftmxsﬂ*:—%fdwmxv%ﬁ
where K is the Gauss curvature of 3.
Proof. Note that
Vit x Vi = div [ii x Vi) = =2 0,7 X Oy,

Since
(0p, 11, 1) = (0,1, 1) =0,

for proving (2.57), we have to show that
e K = [0y, X Opyii.
For the Gauss curvature, we can write
det ((7.10,..,,)))
det(gi;)

K = = 6_2)\ det (—(c%ﬁ, é}>) ,

27

(2.57)

(2.58)



where &; 1= e 8:6(13 The parallelogram spanned by 0,7 and
O.,M is contained in the tangent bundle, of which (€1, é3) is an
orthonormal frame, hence we have

05,1 X Oy, 11| = det ((0y,1, €))) -
This, together with (2.59), implies (2.58) and thus the result. [J

Lemma 2.8. Let ®: D> — R3 be q conformal immersion. Then
the following identity holds:

—2H V® = Vit + i x V. (2.60)
Proof. Consider the tangent frame (€7, €;), given by

g =e Oy, P,

where ! = |0,,®| = |9,,P|. The oriented Gauss map 7 is given
by
n= 51 X 52.
We have
(6,7 x Vi) = —(Vi7, &),
<€2,ﬁ X VJ‘ﬁ> —= <VLﬁ, €1>

From this we deduce

—7 X O, = (Op,M, ) €1 — (0,7, €1) €5,
A X0y 7 = (0071, & + (007,81 .
Thus,
Oy, — 1 X Oz, = [(Op,M, €2) + (04,1, €1)] €71,
O, + 1 X Op T = [(Op,7, E2) + (0,71, €1)] €2



Since 1
H = =2 (00,71, €1) + (00,71, )],

we deduce (2.60) and Lemma 2.8 is proven. ]

2.5 Existence of isothermal coordinates and the Chern
moving frame method

In this subsection we want to prove the existence of isothermal
coordinates for an immersion ® of 3 into R™. More precisely,
we show that for any p € X there exists a neighborhood U of p
and a diffeomorphism ¢: D? — U such that v is an isothermal
chart for @, i.e. satisfying (2.36).

By picking any chart ¢: D? — U around p, it suffices to prove
the following theorem, which can then be applied to do ©.

Theorem 2.9. Let & be an immersion of the disc D? into R™.
Then there exists a diffeomorphism 1 of D? such that the map
®op: D?* — R™ is conformal, i.e. satisfies (2.36).

To obtain this result we will make use of the Riemann map-
ping theorem (see for instance [Rud87], chapter 14), which we
want to recall now.

Theorem 2.10. If U C C is non-empty, open and simply con-
nected, then there exists a biholomorphic mapping f from U onto
the open unit disk D* = {z € C: |z| < 1}.

In the last subsection we have seen how any isothermal chart
generates a Coulomb frame in the tangent bundle. S.S. Chern
observed that this is in fact an exact matching, the converse
being also true: starting from a Coulomb frame one can generate

isothermal coordinates. This is our strategy for the proof of
Theorem 2.9.
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Proof of Theorem 2.9. Let $: D2 — R™ be an immersion. We
are looking for a Coulomb tangent orthonormal moving frame
(€1,€): a tangent moving frame from D? to 5*(TD2 x TD?)
such that the Coulomb condition (2.47) is satisfied.

Note that the passage from an arbitrary tangent orthonormal
moving frame (f1, f2) to another one (&, &) is realized through
a change of gauge which corresponds to the action of an SO(2)
rotation e on the tangent space 613*(T(x17x2)D2):

& +id =€ (fi +ifs). (2.61)
One shows that the following gauge change formula holds:
(@1, dE) = (f1,dfs) + db. (2.62)

Thus, construcing a Coulomb tangent orthonormal moving frame
is the same as finding the change of gauge § € W12(D?) which
minimizes the energy

Js

In fact, there exists a unique minimum satisfying

d*s [d9+<ﬁ,dﬁ>} = 0 in D?

= S 12
d9+<f1,df2>‘ dvol,,. (2.63)
g

Lype (*g [d9+ <f:,dj2>}> =0 on 0D?,

where 15p2 is the canonical inclusion of dD? into D2. Denote
by (€1, ) the corresponc{ing Cj)ulomb frame, i.e. the frame ob-
tained by & + i€y = e(f1 +ifa).
By Poincaré’s Lemma there exists A satisfying
d\ = *4(€1,déy)

[ a-u
0D?
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Denote moreover ¢; := d® (&) and let (e, €3) be the dual basis
to (e1,ez). The Cartan formula for the exterior differential of a
1-form implies

dej(e1,e2) = d(ej(ea))(e1) —d(ej(e1))(e2) — €;([e1, ea])

= —¢;([e1, ea])

(2.65)
The Levi-Civita connection V on ®,7D? is given by VxY =
7mp(dY (X)) where mp is the orthogonal projection onto the tan-
gent plane. Since the Levi-Civita connection is torsion-free, we
have

[51, 52] = velég - Veggl = WT(dgg(el) - d€1(62)). (266)

Since €7 and €5 have unit length, the tangential projection of de;
(resp. dé3) are oriented along é (resp. €1). So we have

WT(d€2(€1)) = <d52,€1>(€1) 51

(2.67)
WT(dgl(BQ)) = <d€1, €2>(€2) 52.
Combining (2.65), (2.66) and (2.67) gives then
dej(er, e2) = —(déa, €1)(e1)
(2.68)
deé(el, 62) = <d€1, €2>(62).
Equation (2.64) gives
—<d€2, €_)1>(€1) = *gd)\(el) = —d)\(eg)
(2.69)

(déy, €3)(eg) = *4dA(e2) = dA(er).

31



Thus combining (2.68) and (2.69) yields

dej = —d\(ez) €] Ney =dA N e}

(2.70)
des = dX(ey) €] N ey = dA N és,.
We have thus finally proven that
d (e_)‘e’{) =0
(2.71)
d (e*/\e;‘) = 0.

Apply Poincaré’s Lemma and obtain functions ¢, ¢o with aver-
age 0 on the disc D? such that

dg; = e e}, (2.72)

7

Note that (2.72) implies that ¢ is a local homeomorphism. We
can thus make the following local calculations envolving ¢~ !:
From (2.72) we have

8yi¢_1 — €>\o¢*lei
and consequently,

e gleg 0,07 = e €5(0,67") = 6y

This implies
90y, 07", 0,,07") = 06, (2.73)

or in other words
Dy (B o d™"),0,(Bop™h)) = e 5. (2.74)

This says in particular that there exists an open disc D? around
0 on which ¢ is a homeomorphism (and thus a diffeomorphism)
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and such that ® o ¢~': ¢(D2) — R™ is a conformal immersion.

The Riemann Mapping theorem 2.10 gives the existence of a
biholomorphic diffeomorphism A from D? into ¢(D?). Thus ® o

¢~ o h realizes a conformal immersion from D? onto ®(D?) and
Y := ¢! o h is an isothermal chart.

We have been looking for a diffeomorphism ¢ from D? to D?
(not into D?), though, such that ®o) is conformal. To construct
such a 1, we will replace ¢ by its associated quasiconformal
homeomorphism f, introduced in Section 2.6: A computation
shows that (2.72) implies

<8xlgb, 8x]gb> = 26_2)\91']' = hU (275)
Note that we have
¢ (0ij) < (hij) < e (8). (2.76)

We can thus apply Corollary 2.16 to ¢ and deduce that there
exists a (quasiconformal) map f: D? — C, homeomorphic onto
its image, such that g := ¢ o f~1: f(D?) — ¢(D?) is a holo-
morphic function. Since ¢ is a local homeomorphism and f is a
homeomorphism, we have

d.97#0  on f(D?).
In particular g is conformal with
1
M%m=4%ﬂ%=;§WwL

Note that the following computation is again a local one, which
is why we can use (2.74).

(0,(B o f71),0, (o f)
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= (d(®0¢7)(0,,9),d(® 0 ¢7)(D,,9))

—

1 -
= 510:91°(0, (B 0671),0, (B0 d7))

1 2 2X\op~!
= 5l0:gl%e 7y

Applying the Riemann Mapping theorem 2.10 gives the exis-
tence of a biholomorphic diffeomorphism A from D? into f(D?).
Thus ® o f~! o h realizes a conformal immersion from D? onto

CI;(D2) and 1 := f~1 o h is the isothermal chart we have been
looking for. H

2.6 Some facts on Riemann surfaces

This section collects some useful facts on Riemann surfaces that
we shall need during the course. We follow [Jos97] and [IT92]. In
the sequel, a surface denotes a 2-dimensional smooth manifold.

Definition 2.11. Let X be a surface. An atlas on X with charts
;1 D* — U; C S is called conformal if the transition maps

gp;l o Yj: (p;l(UimUj) cC—=C

are btholomorphic. A mazimal conformal atlas is called a con-
formal structure on S.

A Riemann surface is a surface together with a conformal
structure.

Recall Example i) in Section 2.3 and note that Definition 2.11
provides that the transition maps of a conformal atlas are confor-
mal and preserve orientation. In particular, a Riemann surface
is oriented.

34



Remark 2.12. In other words, a Riemann surface is a complex
manifold of real dimension 2. Note that any holomorphic atlas
of a complex manifold M induces an almost complex structure
J on M, that is a section in End(T M) satisfying J* = —1, via

JOy, =0, and JO, = —0,,. (2.77)

Conversely, an almost complex structure J on an even-real-
dimensional manifold M is not necessarily integrable, i.e. the
differentiable structure of M cannot necessarily be defined by a
holomorphic atlas satisfying (2.77). However, this is true in
real dimension 2, such that any almost complex manifold of real
dimension 2 is in fact a Riemann surface.

Riemannian metrics and Beltrami coefficients.

Theorem 2.13. Let (X,g) be an oriented surface with a Rie-
mannian metric. Then (3, g) admits a conformal structure.

For proving Theorem 2.13, the goal is to find for each coor-
dinate neighborhood (Uj, (z;,y;)) from an atlas {(U;, (x;,y;))};
isothermal coordinates (u;, v;) for the Riemannian metric g such
that it is represented as

p; (du? + dvf) , (2.78)

for p; being some positive smooth function. Setting w; = u; +
ivj, the atlas {(Uj,w,)}; defines then a conformal structure on
>.. Note that the Chern moving frame method, as used in the
proof of Theorem 2.9, is one way to find isothermal coordinates.

We want to give the rough idea of an alternative proof for
finding isothermal coordinates, which is related to Beltrami co-
efficients. If the Riemannian metric ¢g is in local coordinates
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(U, (z,y)) given by
g1 dz® + 2g10 dxdy + goo dy?,
setting z = x + iy yields the representation

oldz + pdz|?, (2.79)

1
=7 (911 + 922 + 24/ 911922 — 9%2)

is a positive smooth function on U and

where

o 911 — g22 + 21612
H= 2
911 + 922 + 24/ 911922 — 91y

is a complex-valued smooth function with

(2.80)

|| ooy < 1.

To find an isothermal coordinate w = w + 7v, note that such
satisfies
2

: (2.81)

p (du® + dv?) = pldw]? = p|w.|* |dz + Y= gz
w

z

using the notation from (2.78), i.e. p > 0 being a smooth func-
tion. Comparing (2.79) and (2.81), we deduce that an isothermal
coordinate is an (a.e.) diffeomorphic solution w to the Beltrami
differential equation

Wz = Qw,, (2.82)

where p with ||p||z~@) < 1 is given by (2.80) and is called
the Beltrami coefficient induced by the Riemannian metric g.
The following theorem gives that (2.82) has a quasiconformal
solution for any Beltrami coefficient.
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Definition 2.14. A quasiconformal map f: C — C is an orien-
tation-preserving homeomorphism of C

i) such that f, and fs are in L} (C);

i) for which there exists a constant 0 < k < 1 such that

| fz] < E|f] a.e. on C.

Theorem 2.15 (Existence of quasiconformal mappings with
complex dilation p, [IT92], Theorem 4.30). Let u € L*>(C,C)
satisfy

||l ooy < 1.

Then there exists a homeomorphism f: C — C which is a qua-
siconformal mapping of C with complex dilation pu, i.e.

fi = :ufz

f 1s uniquely determined by the normalization conditions

f(O) =0, f(l) =1, f(OO) :f(OO)

We are now in the position to fill the gap we left in the proof
of Theorem 2.9, using the existence of quasiconformal mappings
for arbitrary Beltrami coefficients. We first make the following

observation.
Given ¢ € W1>(D? C), define

hij = <8xi¢a axj¢>7

where (-,-) denotes the canonical inner product in R?. If the
symmetric 2 x 2-matrix h satisfies

¢ H(655) < (i) < ¢ (63y), (2.83)
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h = |d¢|? defines a metric. From (2.79) and (2.80) we obtain
do|* = o|dz + pdz|?, (2.84)

where .
0:¢ hii — hoo + 2ihyo

= /_L = .
0.9 hi1 + hag + 2+/hi1hay — b2,
Recall that 4 is a Beltrami coefficient with ||p| z(p2) < 1.

Corollary 2.16. Let ¢ € WH*(D? C) such that
hlj = <a$1¢781‘3¢>

(2.85)

satisfies
¢ H(0i7) < (hi) < ¢ (3ij)-
Let p be the associated Beltrami coefficient, given by (2.85) and
f be the quasiconformal mapping with complezx dilation u (ex-
tended by 0 outside D?), given by Theorem 2.15.
Then ¢ o f~1: f(D?) — ¢(D?) is holomorphic.

Proof. In [IT92], Proposition 4.13, it is computed that the com-
plex dilation gy is of the form

B _
Mf—1:—<f=,uf o f7h.
Consequently,

O:(po f 1)y =0upo f-(f)s+0ap0f 1 (f).

— w¢ o f_l T (f_l)z + (:uf 8w¢) © f_l ) (f_l)z

BEES
-

= (py Duip) o 7 ( LU+ (.

=0
and thus ¢ o f~1: f(D?) — C is holomorphic. O
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The classification of Riemann surfaces.

Theorem 2.17 (Uniformization Theorem). Let X be a compact

Riemann surface of genus p. Then there exists a conformal dif-
feomorphism

U: Y — Y,
where Y/ is
i) a compact Riemann surface of the form H/T', where I' is a

subgroup of PSL(2,R) acting freely and properly discontin-
wously on H, if p > 2;

ii) a compact Riemann surface C/aZ + bZ, where a,b € C, if
p=1
iii) the Riemann sphere S2, if p = 0.
A corollary of Theorem 2.17 is the following.

Theorem 2.18. Let X be a compact Riemann surface, where
the conformal structure is induced by the Riemannian metric g.

Then there exists a conformally equivalent Riemannian metric
h on X,

g=¢*h,
with
e constant (sectional) curvature Kj and
e unit volume: vol,(X) = 1.

Such h s unique if the genus of the surface is larger than one.

Moreover, we have

<0 > 2
K< =0 if and only if genus(X) ¢ =1
>0 =0
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3 The space of weak immersion with L?-bounded
second fundamental form

3.1 Definition

Let > be a smooth 2-dimensional closed oriented manifold. Let

go be a smooth reference metric on X.
One defines the Sobolev spaces W*?(¥,R™) of measurable
maps from X into R in the following way:

k
WkP($,R™) = {f: > — R™; Z/ IV FIP dvoly, < -I—oo}.
1=0 /%

Since Y is assumed to be closed, this space is independent of
the choice of gy: For any two smooth reference metrics gy and
g1, one can find a constant ¢ > 0 such that for all p € ¥ and
X el,M

clgo(X, X) < q1(X, X) < c go(X, X). (3.1)
We now want to define a weak notion of immersions ®: ¥ —
R™. We want
95(X,Y) = (d®(X),dD(Y))

to define an L°°-metric on X.
Therefore, we require ®: > — R™ to be a Lipschitz immer-
sion, i.e. a map satisfying

i)
d € Whe(Z,R™),

ii) e >0st.Vpe X, X el ,M
¢ go(X, X) < gz(X, X) < c go(X, X). (3.2)
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Condition ii) ensures the non-degeneracy of the metric gz. Note
that this condition is again independent of the choice of gy, due
to (3.1).

For a Lipschitz immersion we can define the Gauss map as
the following measurable map in L>(X), taking values in the
Grassmannian G7,_o(R™) of oriented (m — 2)-planes in R™:

*mﬁA@ﬁ
10,,® A 8,

nq; =

for an arbitrary choice of local positive coordinates (z1,x2).

We say that a Lipschitz immersion $: ¥ — R™ has L2-
bounded second fundamental form if

iii)
i € WH(2, Grp_a(R™))1,

In other words, condition iii) requires
/z|dﬁ|§U dvol,, < +00.

Summing up, we have the following definition.

Definition 3.1. The space s, of Lipschitz immersions with L>-
bounded second fundamental form s defined as

Ey = {CI): Y — R™ measurable s.t. i), i) and ii1) hold} :
19The Grassman manifold Gr,,_2(R™) can be seen as being the submanifold of the

Euclidian space A™2R™ of (m — 2)-vectors in R™ made of unit simple (m — 2)-vectors.
Then one defines

W2(D? Gry—a(R™)) == {ii € WH(D?, A" R™) ; ii € Grpp—2(R™) ace.}.
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Definition 3.2. For ® € Es, denote by
I(®) := / uﬂ{f dvol,, = / |di]; dvol,, (3.3)
5 5

the L*-norm of the second fundamental form of 3.

—

Note that the identity in (3.3) holds by (2.29). Thus, I(P)
can also be interpreted as the Dirichlet energy of the Gauss map

iig. Moreover, I(®) is finite due to condition iii) in the definition
of 82.

3.2 Fundamental results on integrability by compen-
sation

3.2.1 Classical results from Calderon-Zygmund theory
Recall from classical Calderon-Zygmund theory the following

theorem.

Theorem 3.3. Let f € L'(D?). Then there exists a unique
solution in Wy (D?) of

Ay = f in D>
(3.4)
¢ = 0 on OD?
and ¢ € WyP(D?) for all p < 2, with
IVOllLop2y < Cp || fllL2(p2).
One might ask to which optimal space beside (., L(D?)

the function V¢ belongs to. It certainly does not belong to
L*(D?): if this was true in general, this would also hold for the
Radon measure f = Alogr on D?. But

Viegr = 1& ¢ L*(D?).
r
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Observe, however, that % is an element of the weak L?-space

L*>(D?) of measurable functions f: D* — R such that

[z = sup {A ] € D% [f(@)] > A} } < oo
A>0

The space (L**,| - |120) is a quasi-Banach space, equivalent
to a Banach space. This means that the quasi-norm | - |72 is
equivalent to a norm ||-||z2.~. We have the continuous embedding
L? ¢ L*»* 11 Furthermore, it can be checked that, since D? is a
bounded domain, for all p < 2,

LP(D?*) c L**(D?) (3.5)
continuously.

One shows that (L?* || - ||z2~) is the dual space to a space

named Lorentz space L*', which is made of measurable functions
f such that

/OO {z: |f(z)] > AHY? dX < oo.
0

See [Gra0O8] for further details and more material on weak L”
and Lorentz spaces.
We have the following result.

Theorem 3.4. Let f € LY(D?). Then for the unique solution ¢
in Wy''(D?) of
Ap = f in D?

¢ = 0 ondD?

HMore generally, for p < oo and  C R™ open, one defines LP:*°(£2) to be the space of
measurable functions f: Q — R such that

ey i=sup { Al € @3 |£(@)] > M} < o0
A>0

This space defines a quasi-Banach space for the quasi-norm | - [1s. ) and for 1 < p < oo
this quasi norm is equivalent to a norm. LP(€2) embeds continuously in LP-*°(€2).
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we have V¢ € L*>*(D?) and

IVl 22y < C || fllLr(p2)-

Sketch of proof of Theorem 3.4. One checks that the gradient of
the Green’s function for D? ([GTO01], Chapter 2.5) satisfies

sup |||V K[ (2, y) || 2. 2y < 00
y

Since

Vo(r)= [ V.K(z,y)f(y)dy, (3.6)

D2
we have

Vol < | [ 19.K il

L2:°°(D?)
< | IVeE @ )l f@)ldy - GD

< sup HvxKHLim(m) Hf”Ll(D?);
Yy

which is the result.

From this proof one also derives immediately the following:

Theorem 3.5. Let X = (X1, X3) be a vector field in L*(D?).
Then for the solution of

A¢ = divX in D?
¢ =0 on 0D?
we have ¢ € L*>*(D?) with
|0l z200(p2) < C || X || 2212

45



Indeed, we have

oz) = | K(z,y) divX dy
D2

B —/ ale(LU,y) Xl + a»L2[{(':U’y) X2 dy
D2

and the result follows as in (3.7).

Furthermore, one can proceed in a similar manner as in the
proof of Theorem 3.4 and use estimates of the gradient of the
Green’s function Ky on a closed surface ¥ ([Aub82], Chapter 4)

satisfying
1

UOZQO (E) 7
to obtain the analog of Theorem 3.4 for a closed, oriented and
connected surface 3.

A Ky = 0yy —

Theorem 3.6. Let X be a closed, oriented and connected sur-
face. Let f € LY(X) such that

/f dvolg, = 0.
2
Then there is a unique solution ¢ in WH(X) of

Ap = f in D'(X)
and it satisfies

1962wy < Conll Fllzg -

One might also ask about the regularity of ¢ solving (3.4).

Combining Theorem 3.3 and the Sobolev embedding
. 1 1 1
Wy'(D?) = LV(D?),  —=-—,
prop 2
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one deduces that

¢ € () LUD?.
qg<oo

This is not fully optimal: Using the embedding
W 2)(R?) — BMO(R?),

where BMO(R?) is the John Nierenberg space of functions of
Bounded Mean Oscillation, one obtains that the extension of ¢
by 0 is BMO. Note that

BMO(R?) 2 L¥(R?)
where for instance log |z| € BMO(R?) \ L>(R?).

3.2.2 Wente’s integrability by compensation

In a famous work Henry Wente produced CMC tori immersed
in R? and discovered some “improvement” in the integrablility
of ¢, the solution to (3.4), as well as the one of V¢, when f is a
Jacobian of W2-functions.

Theorem 3.7. [Wen69] Let a and b be two functions in W12(D?),
and let ¢ be the unique solution in Wy (D?) - for 1 < p < 2 -
of the equation

—~A¢ = 0;,040,,b— 0,b0p,a  in D?
(3.8)
o = 0 on 0D?.
Then ¢ belongs to C° N WL2(D?) and
Dl 2) + IVOllL2p2) < C IVall 22y VOl 22 (39)

where C' 1s a constant independent of a and b.
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Proof. We shall first assume that a and b are smooth, so as to
justify the various manipulations which we will need to perform.
The conclusion of the theorem for general a and b in W1?(D?)
may then be reached through a simple density argument. In this
fashion, we will obtain the continuity of ¢ being the uniform
limit of smooth functions.

Observe first that integration by parts and a simple applica-
tion of the Cauchy-Schwarz inequality yield the estimate

[ ok == [ 086 <ol a0~ 50,0l
< 2([¢loc|[Vall2 VD2
Accordingly, if ¢ lies in L>(D?), then it automatically lies in
WI’Q(D2).

Step 1. Given two functions @ and b in C$°(C), which is
dense in W12(C), we first establish the estimate (3.9) for
N L T TN
¢ = Dy log — 0ya 0yb — 0;b0ya| . (3.10)
Owing to the translation-invariance, it suffices to show that

[P(0)] < Co IVallzze) [Vollz2(c)- (3.11)

We have
$(0) = L ogr aa 0,b — 9,0,

27T R2

1 ¥ [t o [_ 0b o (. 0b
_—%0/0 logra(a%>%<a—r> dr db

1 (% [t 8b dr
. a 2 g,
o7 J, /O 90 1

48



Define @, = 5- 27T a(r,0)de, and since f() ab df = 0, there holds

2w +00 ab dr
27‘_/ / CL—GT % ?dQ

Applying successively the Cauchy-Schwarz and Poincaré inequal-
ities on the circle S, we obtain

~ 12
1 [*dr ([T S el
< — — a— .|’ —
o< [ (/ a ar|) |5
1 ~12 2
<i +00ﬁ /QWg 2 /271’@
_27TO T 0 6(9 0 8(9

Inequality (3.11) may then be inferred from the latter by apply-
ing once more the Cauchy-Schwarz inequality.

Returning to the disk 122, we can extend a and b to C by
setting a(z) = a(%z) (and b similarly) outside of D2, Then

IVall ) = 2 Vall 22y, [1VOllzc) = 2| V0 2(p2). (3.12)

Let ¢ be the function in (3.10). The difference ¢ — ¢ satisfies
the equation

Alp—¢) = 0 inD?
p—¢ = —¢ ondD2
The mazimum principle and inequalities (3.11), (3.12) imply
16 = Oll =) < 0]l =@p2) < ClIVall2p2) Vbl 202).

With the triangle inequality |||@]lsc — ||]los] < ||¢ — @|lso and
inequality (3.11) again, we reach the desired L*-estimate of ¢,
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and therefore, by the above discussion, the theorem is proved.
]

The following result, due to S. Chanillo and Y.Y. Li is a
generalization of Wente’s theorem 3.7.

Theorem 3.8 ([CL92]). Let a and b be two functions in WH2(D?).
Let (a")1<; j<2 be a 2X2 symmetric matriz-valued map in L>°(D?)
such that there exists C' > 0 for which

C7L ¢ < a¥(z)&g; < C €]

for all € = (£&1,&) € R? and all z € D?.
Let o be the solution in W'P(D* R) for any 1 <p <2 of

%

Oy, [a7 Op,A] = 04,0 04,0 — Dyya Dy, on D?

o = 0 on OD?.
(3.13)
Then ¢ € L*NW2(D? R) and there exists C > 0 independent
of a and b such that

lellz2) + 1Vl 2 < CNIVall 22y 1VOlz2p2)- (3.14)

3.2.3 Integrability by compensation on Riemann surfaces

Integration by compensation is natural in the framework of
surfaces. An example provides the following generalization of
Wente’s inequality to Riemann surfaces, due to Topping ([Top97])
and Ge ([Ge98]).

Theorem 3.9. Let (X, g) be a Riemann surface, a,b € W1?(X)
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and ¢ the solution in WH(X) - for 1 <p <2 - of

([ x,Agp = daANdb on X
60 onoxm oz (315
L o(p) = 0 at a certain p € 3, if 0¥ = ().

Then ¢ belongs to W12 N C%(X) and satisfies

[Ol=s) + [[VOll2s) < C Va2 V]2,  (3.16)
where C' 1s a universal constant, not depending on 3.

Note that the operator x,A, in (3.15) as well as the norms
in (3.16) are conformally invariant (and thus it makes sense to
consider them on a Riemann surface).

3.2.4 Some more results in integrability by compensation

Theorem 3.10 ([Bet92], [Ge99]). Let a be such that Va €
L>®(D?). Letp € (1,00) andb € W'?(D?). Then the W, (D?)-
solution ¢ of*?

A¢p = 0pa Opb— 0pya Opb  in D?
o = 0 on OD?
is in W, "(D?) and
V@l ep2) < ClIVall 12e0(p2) | V|| 1 D2).-

121f p < 2, the Jacobian 0., a 0,0 — dz,a Oy, b is understood in the weak sense

Oz, @ Oyyb — Opya Oy, b= div [a VD]

Since Va € L?°°(D?) we have that a € LI(D?) for all ¢ < co and hence aV+b € L"(D?)
for all < p.
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4 Existence of isothermal coordinates in the
weak framework

Given a Lipschitz immersion ® € & with L-bounded second
fundamental form, we want to show the existence of isothermal
coordinates for :

For all p € ¥ there exists a neighborhood U of p and a bi-
Lipschitz diffeomorphism v: D* — U such that 1 is a (weakly)
isothermal chart for q;, i.e. satisfying

(0, (B 01), 85, (B 01h)) = 0 ae. in D?
(4.1)
10,, (B 0 1h)| = |8,,(Porp)| ae. in D

In the proof of Theorem 2.9 we presented the Chern moving
frame method in order to show the existence of isothermal coor-
dinates in the smooth case. We now want to apply this method
in the context of Lipschitz immersions with L>*-bounded second
fundamental form and prove the following analogon, where we
require an additional energy restriction:

Lemma 4.1. Let ® € Ep2 such that

8
/ |Vﬁ(§‘2d$1d£€2 < —7T (42)

D2 3
Then there exists a homeomorphism 1 of D?, locally bi-Lipschitz,
such that the map ® o1p: D?> — R™ is conformal, i.e. it satisfies

(4.1).

To prove Lemma 4.1 we construct a local Coulomb tangent
moving frame with controlled W12-energy. We shall do so in
two steps: In subsection 4.1 we will explore that under assump-
tion (4.2) it is possible to "1ift” the Gauss map and to construct
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a tangent moving frame with bounded W!2-energy. After that,
in subsection 4.2, we will show how to turn the latter into a
Coulomb frame with controlled energy.

Finally, in subsection 4.3, we will see that, by means of a
result on integrability by compensation, we can use the Chern
moving frame method also in the weak framework and conclude
Lemma 4.1.

4.1 Hélein’s energy controlled lifting theorem

The following lifting theorem was proven by F. Hélein in
[Hé102].

Theorem 4.2. Let i € W'2(D? Gr,,_»(R™)).
Then there exists a constant C > 0, such that, if one assumes
that

8
/ V|2 derdes < —, (4.3)
. 3
then there exist &, e € Wh2(D? S™ 1) such that
n= *(51 N 52)13, (44)
and
2
/ Y OIVE doyday < C | |Vii]® day, das. (4.5)
D25 D

13Condition (4.4), together with the facts that the & are S™~!-valued and 7 has norm
one, implies that €; and €5 are orthogonal to each other.
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4.2 Construction of local Coulomb frames with con-
trolled W'2-energy

Proof of Theorem 4.1. Let ® € Epz satisfy (4.2). Due to Theo-
rem 4.2, there exists a frame

(f1, f2) € WH3(D?, §m1)? (4.6)

with controlled energy. Consequently, one can proceed as in the
proof of Theorem 2.9 and look for the minimizer of

Js

among all § € WH3(D? R), in order to produce a Coulomb
frame on D?. This Lagrangian is convex on the Hilbert space
W12(D?* R) and goes to +o0 as ||0]yrz — +oo. Then there
exists a unique minimum satisfying

do + (f1,df>)

2
dvoly,
9

d*s [d0+<ﬁ,dﬁ>} — 0 in D?
e (49 [0+ (fLdf)|) = 0 ondD?,

where 1yp2 is the canonical inclusion of dD? into D2. Then
€ := €1 + i€y given by

e=e’f (4.7)
is Coulomb, as desired:
d* [(e1,der)] = 0 in D?
(4.8)
Lope (*¢ [(€1,dE2)]) = 0 on 0D?.
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4.3 The Chern moving frame method in the weak frame-
work

With a Coulomb frame (€}, €;) satisfying (4.8) at hand, we are
now in the position to apply the Chern moving frame method
from 2.5. This however has to be done with the additional diffi-
culty of keeping track of the regularity of the different actors at
each step of the construction.

By the weak Poincaré Lemma, there exists A\ € Wh?(D?)
satisfying
d\ = x,(€,dés)

/(BDQ)\ o (4.9)

The second equation of (4.8) implies that the restriction to
0D? of the 1-form d\ is equal to zero. Hence this last fact
combined with the second equation of (4.9) implies that A is
identically equal to zero on 9D?. With the notation introduced
in Section 2.1, observe that

d(&,,de) = (dey, dey) = (dfr, dfs), (4.10)
by (4.7) and the change of gauge formula (2.61). We have then
ds,d\ = —(df1,df) on D?
(4.11)
A =0 on 0D?.

In the canonical coordinates of D?, this reads as

s, | VAL ()90, = O F3. 00,2) — (0. 00, )
on D?
A =0 on 0D2.
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Since

<a.131ﬁ7 al‘zf_é> - <a$2ﬁ7 81‘1f;> = Z 8$1f1,j '6$2f2,j _angl,j '8x1f2,j
7=1

is a sum of Jacobians of W12-functions, due to (4.6), we are now
in the position to make use of Theorem 3.8, a generalization of
Wente’s theorem on integrability by compensation. It gives us
that

A € L™(D* R). (4.12)

Let (f1, f2) be the frame on D? given by
dd(f;) = fi, i=1,2.

An easy computation shows that its dual frame satisfies

(€,8,,®) dry € L®(D?), (4.13)

Mw

k=1

for i = 1,2. Denote by (ej, e2) the frame on D? such that
d(e;) = &;.
By (4.7), we have
et =el ties =V (ff +if;)

which is in L>(D?) due to (4.13). From the proof of Theorem 2.9
follows that
die™e}) =0  inD'(D?).
Applying the weak Poincaré Lemma gives a map ¢ = (¢1, ¢o)
satisfying
dp; == e el

7
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Exactly as in the proof of Theorem 2.9, using Corollary 2.16,
one shows that there exists a homeomorphism 1 of D?, locally
bi-Lipschitz, realizing an isothermal chart for @ (i.e. satisfying

(4.1)). []
Lemma 4.1 immediately implies the following theorem.

Theorem 4.3. [Existence of isothermal coordinates]

Let ® € E,. Then for each p € X there exists a neighborhood
U and a Lipschitz diffeomorphism 1) from D? into U such that
W is an isothermal chart for @, i.e. satisfying (4.1).

Proof of Theorem 4.3. Let p € ¥ be an arbitrary point. Choose
any chart ¢: D? — U around p € U. Due to condition iii), we
can assume that

8T
dii=  Pdridas < —
/pz' Mgop| dv1dy < =,

possibly after restricting ¢ to a sufficiently small neighborhood
of ¢ 1(p) = 0. Thus, d o p € Epe satisfies the assumptions of
Lemma 4.1, which then gives us a bi-Lipschitz diffeomorphism
Y of D% /9 such that @ o @ o1 is conformal. p o is the desired
isothermal chart around p. ]

Corollary 4.4. [Existence of a smooth conformal struc-
ture| Let X be a closed smooth 2-dimensional manifold. Then
any d e & defines a smooth conformal structure on Y. In par-
ticular there exists a constant curvature metric h of unit volume
on Y and a Lipschitz diffeomorphism U of ¥ such that do
realizes a conformal immersion of the Riemann surface (3,h)
and h and gg are conformally equivalent.
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Definition 4.5. If h is a conformal structure on X, a map

—

£:(2,h) = R is called (weakly) conformal if it satisfies
(0,,€,0,6) =0 ae inX

10,.€] = |0,,€]  a.e. in D

Proof of Corollary 4.4. > can be covered by finitely many isother-
mal charts (U;, 1;)i=1....n, due to Theorem 4.3 and the fact that
) is compact. For each ¢ = 1,...,n, the map ® o 1); realizes a

.....

conformal Lipschitz immersion of D?, denoted by
Vigg = e (dat + da?).

If U;NU; # 0, the map ¢; " oth;: ¢, (U;NU;) — Cis conformal
and positive (hence holomorphic) almost everywhere:

(W o) (dy' + dy?) = ¥j(e PV gg) = NN (da! + da?).

It follows that %’1 o 1); is harmonic on U; N U;. From standard
distribution theory follows that it is holomorphic everywhere on
U; N U;. Thus, the system of charts (U;, ;) defines a smooth
conformal structure c on X..

The second statement follows from Theorem 2.18. ]
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5 Sequences of weak immersions

5.1 Compactness question

Eventually we will be interested in finding a minimizer of the
Willmore energy. More specifically, we will look at a minimiz-
ing sequence of weak immersions with L?-bounded second fun-
damental form and ask if it has a limit with respect to some
notion of weak convergence and how this limiting object looks
like.

Recall that in Section 2.3 we showed that the Willmore energy
is invariant under conformal transformations in the target. To
get an idea what kind of convergence is the best we can hope
for, let us study an example: Assume d e &y immerses a torus
in R3. Figures 1,2 and 3 show that composing ® with sequences
of conformal diffeomorphisms of R? of different types produces
sequences CI;k., whose limit does not immerse a torus anymore.

Here, for a € R™, the map i, € Conf(R3 U {co}) denotes the
inversion at a,

, r—a

lg: T H— ————.
|z —al?
Note that i, is a diffeomorphism from Bg(a)\ B.(a) to By/-(a)\

@ e /

0 0 L 0

Figure 1: Dilation. B, = k. (Loss of energy and topology.)
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0 0 0

0 0 0

Figure 3: Inversion o Dilation. & := dist(az, ®(X)) 44, o B, where a; —
®(X) \ {0}. (Loss of energy and topology.)

By/r(a) for any 0 < € < R < oo and thus, for a € R™ \ (%),
W(igo0®) = W(D).

These examples illustrate that, given a sequence o, € Ey,
say with sup, H(@k) < o0, we cannot expect that @, has a
limit, which still immerses the surface ¥ (in a weak sense).
In fact, we need to compose with conformal transformations
= € Conf(R™ U {oo}) (with the center of inversion of =y not
being contained in ®4(X)) to avoid degeneracies as shown in
Figures 1 - 3.
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Furthermore, when passing to the limit there might be energy
concentration in single points. Figure 4 provides an example of
how such a loss of energy in the limit might occur.

To allow composing with conformal transformations along the
sequence in order to obtain a reasonable (weak) limiting object
is not enough: We also need to make a compactness assumption
on the conformal classes induced by (5k Let Wy: (X, hg) — X2
be the Lipschitz diffeomorphisms from Corollary 4.4 such that

‘1_}]{ = ék oW,: (E,hk) — R™

are conformal, where each hj; denotes the reference metric of
constant curvature and unit volume of the conformal structure
induced by ®;. Since W are elements of the invariance group

Diff ¥ (2) of the Willmore functional, we have W (¥;) = W (®}).
We make the following compactness assumption (CA):

The conformal classes (3, hi) are contained in a compact
subset of My, the moduli space of X.

This assumption is necessary for the following reason: If the
conformal classes degenerate, we might not only lose energy but
also topology in the limit, which is irreversible and has to be
avoided. Such a situation is shown in Figure 5. Note that there

inversion

Figure 4: Loss of energy, no loss of topology.
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Figure 5: Loss of energy, topology and conformal class.

is no way to preserve the genus in the limit: One can “save” one
hole (e.g. by applying dilations and inversions as in Figure 3),
but one will lose the other two ones at the same time.

Before using the previous observations to define a notion of
weak convergence, we note the following fact:

If a sequence of ®, € E satisfies the compactness assumption
(CA), the conformal classes (X, hy) of constant curvature and
unit volume, induced by q?k resp., satisfy (up to subsequences)

hi — hoe  in CYEZ) VIEN,

where (3, hoo) is the limiting conformal structure of constant
curvature and unit volume.

Definition 5.1. A sequence (ng € & satisfying assumption
(CA) with hy, — he is called weakly convergent if there exist

Lipschitz diffeomorphisms W of ¥, conformal transformations
Zr of R™ U {oo} with

&, (X) N {center of inversion of =} =0
and finitely many points a1, ...,an € X, called blow-up points
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such that
fk == 0P oW, (E,hk) — R™
18 conformal, and there exists a map 5;0: > — R™ such that
)
£ 18 conformal from (X, hy) into R™;
i)

—

= 6o weakly in WX(S\ {ar, - an}),  (51)
log [d)[* — log |déw|*  weakly in (L)7,(S\{a1, ..., an});
(5.2)

)
& — o weakly in W2 N (L>)*(2). (5.3)
The following lemma shows that the Willmore functional W

and the energy functional I are lower semicontinuous under weak
convergence.

Lemma 5.2. Let (X, hy) be a sequence of conformal structures
on X, where hy denotes the associated metric of constant cur-
vature and unit volume. Assume it satisfies assumption (CA),
with hy — hso.

Let &.: (3, h) = R™ be a sequence of conformal maps in Ex,
with

sup ]1(5,;) < 00 (5.4)
k
and Ex: (3, hoo) — R™ a conformal map such that ii) and i)
from Definition 5.1 are satisfied, i.e. there exist ay,...,ay € X
such that
& — & weakly in VV;E(E \ {ai,...,an}) (5.5)
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and

log |dé|* — log|déx|  weakly in (L*);,(S\ {as,...,an}).

(5.6)
Then for any K € X\ {ay,...,an}, we have
/ \1"—_[’500|2dvolgoo < limkinf/ ‘ﬁ§k|2d7}0l9k (5.7)
K K
and
/K \dﬁgm@wdvolgoo < limkinf/K \dﬁgk|;kdvolgk. (5.8)

Proof. Since the &’s are conformal, the mean curvature vector
in isothermal coordinates can be written as

— ]_ B —
Hf_;c = 56 2)\kA§/€7

where \;, := log \ax1§|.
Let K € ¥\ {a1,...,ax} be compact. Note that, due to
(5.5),

A& — A&y weakly in L3(K). (5.9)

Moreover, using again (5.5) and applying Rellich /Kondrachov,
we obtain for all 1 < p < oo a subsequence such that

3x1§:}§/ — (9331500 strongly in LP(K).

(5.6) ensures that |9,,&| > C a.e. for C > 0 independent of k.
Thus, we have

1 1
e MW = —— — S = strongly in LP(K).
|0, |02, §oc
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This, together with (5.9), implies

— 1 _ , — 1 _ — —
£, [voly, = 56 Ak A&y — 56 AWA&)O = Hgoo\/volgoo

in D/(K). (5.10)

But note that A&, is uniformly bounded in L2(K), due to (5.5),
and e ™ is uniformly bounded in L*(K), due to (5.6). It fol-
lows that ﬁii \/voly,, is uniformly bounded in L*(K) and con-
sequently, the convergence in (5.10) is a weak convergence in
L*(K). Lower semicontinuity of the L*norm under weak L*-
convergence implies the desired result.

To prove (5.8), note that, by hy — heo, (5.4) implies that

Sl;p/ ]dﬁgkﬁoodvolhm < 0.
5

Thus, up to subsequences, there exists i,, € W1?(X) such that
g, =T weakly in WH*(X).

We will show that 7., equals ﬁfm on any compact set K &
Y\ {a1,...,an}, which in turn implies (5.8), by lower semicon-
tinuity of weak W12-convergence and hj — h again.

Given any p < oo, we have, modulo extraction of a subse-
quence, strong convergence ﬁfk | — Tls in LP(X), by Rellich/Kon-
drachov for compact manifolds (see [Aub82], Theorem 2.34).
After passing to a further subsequence, we can assume that

iz, =i A in X, (5.11)

Note that in isothermal coordinates, we have
fig, = ¢ W % (axlgk, A a@gk,) . (5.12)
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Applying Rellich/ Kondrachov, (5.5) implies that for any p < oo,
there is a further subsequence such that

A&y — dén strongly in LP(K).
By passing to a further subsequence, we obtain
dé/ — d{oo a.e. in K.
This implies in particular that

* (axfk/ A amg;/) — % (6351500 A 83;2500) a.e. in K. (5.13)

Observe that supy [ Ay |lwi2x) < C, due to

L or V25|
V| = ‘Vlog (—|V§k’\>| <C+-—=,
V2 V&

(5.5) and (5.6), which implies sup, |[V&y| > ¢ > 0. Conse-
quently, we can assume that

A — Aoo in L’(K) and a.e. in K, (5.14)

after extraction of subsequences. (5.12), (5.14) and (5.13) imply
that
ﬁfk/ — e P 4 (8951500 A 8@500) a.e. in K.

\ . 4
VvV
Moo

(5.11), together with uniqueness of the limit, gives the desired
result that 77> and 7. coincide on K. ]

Theorem 5.3 (Weak almost-closure theorem). Let 3, € &
such that
sup [(Py) < o0 (5.15)
k
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and such that assumption (CA) is satisfied.

Then there exists a weakly converging subsequence of o), (in
the sense of Definition 5.1).

In the next two subsections we shall prepare the proof of
Theorem 5.3, which will be finally given in Subsection 5.4.

5.2 Control of the conformal factor

Let Q;k € & be a sequence of weak immersions. Corollary 4.4
tells us how to fix a gauge, namely one can find Lipschitz dif-
feomorphisms Wy: (3, hy) — X such that

‘1_}]@ = 5/€ oW,: (E,hk) — R™

are conformal, where each hj, denotes the reference metric of
constant curvature and unit volume of the conformal structure
induced by ®;. Denote

_ 20
9z, = € hy..

A priori the conformal factors e could go either to 4+o00 or 0 as
k — oo. In both cases, the limiting map will not be an element
of &y, in the first case failing the Lipschitz condition and in
the second case failing the non-degeneracy of the metric. The
question that we want to investigate now is therefore: Can the
logarithms of the conformal factors, that are ayj, be controlled
in the L®-norm by sup,, I(®;,), when we let k — oo?

The first result is a global bound for «y, in the L**°(3)-norm.

Theorem 5.4. Let ®; € Es: be a sequence of Lipschitz itmmer-
sions with L?-bounded second fundamental form such that

sup I(P},) < oo.
k
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Let Wy, be Lipschitz diffeomorphisms of ¥ such that
‘1_}]{ = (5/{ oW,: (Z, hk) — R™

are conformal, where each hy denotes the reference metric of
constant curvature and unit volume of the conformal structure
induced by <13k Furthermore, we make assumption (CA), that is
the conformal classes (X, hy) are contained in a compact subset

Of ME.
Denote gi, == ®rgrm and

gr = e*¥ Ry
Then
Sup |daug|| 205y < 0.
Proof. Since gp = €**hy, by (2.52), we have for all k € N
—Apap =K, — Kp,. (5.16)

This identity, together with (2.23), gives us the following es-
timate for Ay, ay in Lj (¥):

/Z|Ahkozk|dvolhk S/Ee2ak\ng|dvolhk+/E|th\dvolhk

1 >
- /Z |ng‘d/UOlgk + |th‘ S §/E ‘Hq;k fQJkdUOlgk + ‘th‘ (517)

—

< —supl(®) + C =: C,
k

N | —
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where we used that we chose h; to be the constant curvature
metric of unit volume and hj, — hs. Since clzlgo < hi < k9o
and due to hy — hy, (5.17) gives also the estimate

[An vl L1 () < C

for all £k € N. Applying Theorem 3.6 yields thus the desired
uniform bound for doy, in L>*(X2):

ldal| 25 < Cop [Amklls, () < Coy - € (5.18)
[]

We now shall investigate the evolvement of the logarithms of
the conformal factors in the L*-norm. This is done locally,
wherever the second fundamental form does not concentrate
“too much energy”.

Theorem 5.5. Let ), € Es; be a sequence in Ex, which satisfies

sup [(P},) < oo.
k

Furthermore, we make assumption (CA): the conformal classes
(32, hi) are contained in a compact subset of the moduli space of
Y. As before, let Uy be Lipschitz diffeomorphisms of ¥ such that

‘1_}]{ = 5/{ oW,: (E,hk) — R™

are conformal, where each hi denotes the reference metric of
constant curvature and unit volume of the conformal structure
induced by oy,

Moreover, let o be a sequence of isothermal charts satisfying

8T
- 2
sup /D2 Vi, o, | dr1dTs < 5 (5.19)
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Denote
(\Dk O ka)*ng = 62)\k (dl?% + d.ﬁlf%)

Then there exist constants ¢, € R such that

Sl;:p H>‘k — Ck-HLoo(Q) < OQ, (520)

for any set Q € D?.

The following example shows that in general we cannot con-
trol the A\; in L> when deleting the constants c; in (5.20):
Compose the weak immersions \17k with dilations s in R™, for
some s; € R. Due to the conformal invariance of the Willmore
functional, we have I(U},) = I(s;¥};). In contrast, the dilations
are reflected in the logarithms of the conformal factors, that is
>‘8k\17k = /\\f'k + log sy.

Note that this example also shows that the constants c; are

a priori not controlled, when k — oc.

Proof of Theorem 5.5. Assuming (5.19), for each k£ € N, we can
apply Hélein’s lifting theorem 4.2 to obtain the existence of f?“
and f¥ in W'2(D?, §™1) such that

_ _ o
N = N0, = *(1 A S2),

and

2
/ Z VP doyday < C / Vi drydas,
D2 i—1 D2

where 77}, := ﬁ\f,kwk.
Using the notation introduced in Section 2.1, the factors A
satisfy the following equation:

ANy = —(V [,V [3). (5.21)

71



This can seen by observing that, by (2.45), the latter equation
holds for the frame (fF, f¥) being replaced by the frame (&%, &%)
given by

& = e, (U}, 0 o).

7

Furthermore, the change of gauge formula (2.62) leaves the right
hand side of (5.21) invariant. Observe that the right hand side
of (5.21) is a sum of Jacobians, more specifically

—(VEFE VR = (00 fF 00, 3) = (00 fF, 00y J3)

m
k k k k
= Onfl; - 0n f5; = Ou L - On £,
j=1

Let py be the solution to

A/J/k‘ - Z;nzl awgf]]i] : 8.’171][2]{1] - 8331]01% * 8x2f2k’j on D2
pr = 0 on OD?.

Wente’s Theorem 3.8 gives us the estimate

IV 1|l 2(p2) + || pek]| 2o (D2

< CZ/DQ (|Vf1k,j|2 + ‘Vka,j‘Q) dx1dxy (5.22)
=1

S C |Vﬁk‘2d£€1d£€2 S C,
D2

where we used (5.19) in the last step such that the constant C'
is independent of k.
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We now consider the harmonic rest v := A\ — pg. Due to
Theorem 5.4, which gives a global estimate of day in L*>*(%),
and the strong convergence h;, — h,, we have a uniform bound

Sl;J;p HV)\]CHLQ,OO(DQ) S C.

Together with (5.22) (and the fact that L? < L** continu-
ously), this yields v, € L»*(D?) and

Sllip HVI/]C||L2,00(D2) S C.

From (3.5), we know that
HVVkHLP(DQ) S Cp |’vyk’|L2,oo(D2)
for all p < 2. Applying Poincaré’s inequality yields

vk — Dkl ze(p2) < Cp | VUk| £0(D2),

where 7, denotes the average of v, on D?.
Since W'P(D?) < W' #?(dD?) — L'(0D?), we obtain

sup HVk: — DkHLl(@DQ) < (.
k

Using the Poisson representation formula for harmonic functions
on D? yields

[ = Zillor) < Ca llve — Pkl ap2)
for any Q € D? and thus

SI;P vk — Dkl () < Co.

Combining this result with (5.22) gives us

Sup 1Nk — ekl z=) < Ca,
for any set Q) @ D?, where ¢, := .. O]
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5.3 The monotonicity formula and consequences

As always, let X be a smooth closed oriented surface. The fol-
lowing lemma is a corollary of Simon’s monotonicity formula.

Lemma 5.6 (Simon’s Monotonicity formula). Let ® € & be a
Lipschitz immersion with L>-bounded second fundamental form.
Denote by M := ®(X) the immersed surface.

Then for any point xo € R™ and any 0 < t < T < oo, we
have

Area (M N Br(zog))  Area(M N Bi(xo))

T2 t?
1 —
> ——/ |H|? dvol,
4 J MO(Br(20)\Bi(w0))
1 7 1 7
- = (x — o, H) dvol, + 2 (x — z0, H) dvoly.
MQBT((L'()) MOBt(l'O)

For a proof see [Sim84] or [Riv13].

Definition 5.7. Let ® € Es. For xog € R™, define the density
0., € N at xy as
: 1 =
O, = tli%l ps) Area (CID(E) N Bt(a:o)) : (5.23)
whenever the limit exists.
To simplify notation in the proofs of the following corollaries,

we introduce for fixed xy € R the quantities
W(t) = / AP dvol,, (5.24)
MﬂBt((I}O)
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—

Y(t) = %Area (#(2) N Bi(xo)) (5.25)

Corollary 5.8 (Existence of the density). Let ® € Es. Then
the density 0,, exists for every point v € R™.

Proof. Let zy € R™ be an arbitrary point.
Using the Cauchy-Schwarz inequality, we obtain for any ¢ >
0:

1 —
= (x — 0, H) dvol,
1= JMnB, (x)

1 ) 1/2 . 1/2
< </ M dvolg> (/ | H|? dvolg>
t \JmnB,(zo) U MNB (o)

< Y(t)1/2 W(t)l/Z <

(Y1) + W(t)),

N | —

(5.26)

where we again denote M := &(X). Since W (®) < oo, we have
W(t) — 0 for t — 07 and thus, as a direct consequence of
Lemma 5.6, we obtain for 0 <t < T < o0,

(1—0i(1)) Y(t) <Y(T) (14 0(T)) 4+ 0, 1(1).

Hence,
lim Y () = 0,,

t—0t

exists. n

Corollary 5.9 (Li-Yau inequality). Let $ € &,. Then for any
Ty € Rm,

1 .
0,, < —/ |H|? dvol,. (5.27)
Am Jx

™
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Proof. Let o € R™ be an arbitrary point. Note that for T" > 0,

1 =
x — xo, H) dvol
T2 MﬂBT(.”L'())< > J

2 (14 D 5 5.28
< T2 (H(I)HLOO(E) + \xo\) Area((I)(Z))l/2 W(q))l/Q ( )

T—o00
— 0,

with M := ®(). Moreover,

% Area(B() N Br(zo)) < % Area(B(2)) 12% 0. (5.29)

Using Lemma 5.6, (5.26), (5.28) and (5.29) gives
1 [ -
Z/ |I{|2 d’UOlg Z (1 — Ot(l))Y(t) + Ol/T(l)-
%

Hence, if we let T" — oo, we obtain

1 1 -
0, = lim =Y () < 4—/ |H|? dvol,,.
s

t—0+ 7 T

Corollary 5.10. Let & € & and
W(®) < 8. (5.30)

Then the immersion ® is in fact an embedding.

Proof. For every point zy € R™, the density 6,, exists and is an
element of N. If (5.30) holds true, Corollary 5.9 implies that
0., € {0,1}. This means that ® is an embedding. O
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Corollary 5.11. Let d e &,. For any o € X and t > 0,

Area(D(X) N By(xo)) < §W(cf>)t2. (5.31)

Proof. By Lemma 5.6, (5.26), (5.28) and (5.29) we have

%Y(t) < G + %) W(®) + o1z (1).

For T — oo, the result follows. ]

Corollary 5.12. Let ® € & and zy € R™. If 0., # 0, then for
any T' > 0 we have

5 2 T2 o
Area(®(2) N Br(xo)) > —T? — | H|*dvol,. (5.32)
3 2 MOBT(Z‘Q)

Proof. By Lemma 5.6, we obtain for 7" > 0,

0, = lim Y (t)

t—0+

1 1 —
<Y(T)+-W(T) + —2/ (x — 29, H) dvol,
4 T2 JavnBo (o)

< Sy (1) +3W(T),

where we used (5.26) in the last step. Hence, if 6,, > 1, then

Area (5(2) N BT(:UO)) > T2~ yw(r).
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5.4 Proof of the almost-weak closure theorem

Proof of Theorem 5.3. Let d;, € & be a sequence satisfying the
assumptions of Theorem 5.3. Let U be diffeomorphisms of X
such that U, := &) o Uy (3k, h) — R™ is conformal for any
k € N, where h; is the metric of constant curvature and unit
volume of the conformal structure induced by dy,.

Define for each & € N and x € X a number p;, > 0 by

8
Pz = inf {p >0 s.t. / |diig |7, dvoly, > —W} . (5.33)
Bt@) 3

and
Pooe := liminf py ;. (5.34)

k—o00

Step 1: The case when there are no concentration points. We first
want to investigate the case in which the second fundamental
form does not concentrate anywhere, i.e. we assume that

Poo i= 1n0f pog, > 0. (5.35)
TEY

We will prove that under this assumption, no blow-up points
occur such that the limit ¢ is in &y

Step 1la): Translating and dilating U, to control the conformal
factors in L® and to bound the image. Assumption (5.35) gives

us
81

/B - |ditg, |i, dvoly, < 5 (5.36)
000/2 z

for all z € ¥ and large enough k > k,. By conformal invariance
of the Dirichlet energy, (5.36) implies that assumption (5.19) is

satisfied for any sequence of conformal charts {¢}}r>k, around
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an arbitrary point z € 3 with ¢¥(D?) = B/})”“ jo(@). Since we
further suppose (5.15) and condition (CA), we are in the as-
sumptions of Theorem 5.5. Thus for any Q € D?, we have

sup [|A; = ¢l =) < Ca, (5.37)
x,k>k,
where A} (cf resp.) are the logarithms of the conformal factors
(the obtained constants resp.) in the charts ¢y.

.....

enough.

We denote \;, = ay+0y, for hy = €*7*(dx? +dz3) and \Ij,ngm =
e? ;.. Again due to the strong convergence hj, — hso, there is
a uniform bound

=1,...

This and (5.37) imply for all & > ky := max{k,,,...,k,;, } and
1=1,...,n,

lag — ¢

LB (v:))
< A — e Le(B o) + ||of L8 (o) (5.38)
<M+ Cq=: é,

where Q0 € D? is chosen in such a way that ¢, (Q) D B, _(z;)
foralle=1,...,n.
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As aresult of (5.38), observe that if BZ:OM(@-)QBZZM(%) # 0,

we have
ey — ¢’ <2C.
Since Y is path-connected, this yields

sup |cyt — ¢’| < nC. (5.39)
k>ko,ij

Next, we compose each \f/k with a translation and dilation,
conformal transformations in R™, in the following way: Define

by im e (\fjk _ \flk(xo)) (5.40)

for some zy € ¥ and ¢ := ¢,
The Willmore energy does not change, i.e. we have

W (B) = W(Fy) = W(dy).

What we have achieved by dilating, however, is that &, the
logarithms of the conformal factors of the new conformal im-

mersions W, are uniformly bounded in L®(D?):

We have &, = o, — ¢;', and thus for ¢ = 1,...,n and all
k Z kOv

il oy < ok = Gl gy THGT = s o

< (1+n)C,
by (5.38) and (5.39). Since {Bgi/4($i)}i:1,...,n cover X, this yields

sup |||z < (1+n)C =: C. (5.41)
k>ko
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Further, we performed the translation in order to bound the

image of U;, uniformly: U, maps zg € ¥ to 0 € R” and for any
point y € X, we have

—

= = vy o
Do) - Bulwn) < [ e, <00 (a2
o
where the constant is independent of £ € N, since supy, || & || ~(x)
and sup;, diam(X, hy) are finite. It follows that

—

U(X) C Be(0) forall k € N.

Step 1b): Weak W?*2-convergence of \i_;k Let ¢ be a sequence
of conformal charts and denote the logarithms of the conformal

factors of Wy o O as M. Then, by (2.42) the mean curvature
vector can be written as

. o2 =
and for all £ € N,
HA (\fl o )‘ ] _1 64;\’“]117 *dxydx
k© Pk o) 4 Jp k 142
1, 9 - 1, o3 -
< ZuenkHLm(D?)/ | Hy[*dvol,, < ZHBW%HLW(D?) W(®) < C.
¢r(D?) F
(5.43)
Moreover, for all £ € N we have
peg 2 -
Hv (xpk 0 cpk;)‘ —9 / e dpydas < O, (5.44)
L?(D?) D2
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(5.43) and (5.44) imply that

1/2

sgp | Ty, 0 Orllw22p2, ) < 00. (5.45)

To see this, let ux be the solution to
Apr, = A (\ik o gpk) on D?
pr =0 on OD?.
Then

<C (5.46)

HNkHWM(m) <C HA (‘I’k © @k)’ 12(D?)

—

for all £ € N. For the harmonic rest v := ¥y o ¢ — ui, we get
for | =1,2,all k € Nand Q € D?,

IV Yl z2(0) < Cra - Wil prone) < Cro, (5.47)

using W2(D?) — LY(0D?), the estimates (5.44) and (5.46)
and the Poisson representation formula for harmonic functions

on D?. (5.46) and (5.47) imply the desired result (5.45).

Due to the strong convergence hy — hy, (5.45) implies

sup H\NIkaWN(Z) < 0Q. (548)
k

Thus, we can extract a subsequence ¥, such that
Uy — & weakly in W%%(X) (5.49)

for some &, € W22(X).

82



Step 1c): & is conformal and log|d\ffk|2 2 log|dEs]? in (L)% (X).
Applying Rellich/ Kondrachov, (5.49) implies that for any p <
oo, there is a further subsequence, also denoted by U, such
that -

AV, — dés strongly in LP(3).

By passing to a further subsequence, again denoted by Uy, we
obtain

AUy, — dés a.e. in X. (5.50)

This implies that in any sequence of conformal charts, we have
fore,7 =1, 2,

e85 = 0y, Wi 0y, Uiy — 03,60 0n,€e @, in D2,

This yields )
Oy iloo O oo = €205, (5.51)
1

for Ao := 5 log §|d5;o|2. As a result & is conformal.
Denoting gz = e hy, and 9o, = e**h., we can use (5.41),

k o0
(5.50) and the dominated convergence theorem to conclude that

*

Qg — Qoo weakly™ in (L>(X))".

Step 2: The general case. We consider the general case and drop
assumption (5.35), which means that we allow concentration of
energy of the second fundamental form. This will imply the
occurrence of blow-up points.

Step 2a): Detecting the concentration points. For given k € N,
the collection {Bg;x(a:)}xeg forms a Besicovitch covering of X,
where pj, was defined in (5.33). The Besicovitch covering theo-
rem ([Mat95]) gives a subcovering {Bglfz(xk)}@e 1, such that any

7
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point in X is covered by at most cy € N balls, where ¢y does
not depend on k£ € N. In fact, I is finite and its cardinality
uniformly bounded in & since

8T
eI — <
iend- <y [

2
) [dng |y, dvolp,
i€l /’k,i(xi )

= / iel,: z¢€ Bpk,i(xf)} |dn¢,k\%k dvolp,
5

< cz/ \dn\f,kﬁk dvoly, = e, I(Dy) < C.
. :

Thus, we can extract a subsequence such that I is independent
of k (and finite) and such that for all 7 € I,

rh — (5.52)
Pki — Poo,i (5.53)
as k — oo, for some z’, € ¥ and py; > 0. Let

J = {Z el s.t. Poo,i = 0} and [0 = I\ J.

It is clear that (J;c; Bj (xi,) covers ¥. Note that the balls
Bg;j’i(xéo) are strictly convex: this holds if K;, < O0andif K, =
1 we assume w.l.o.g. that py; < 7. Consequently, the points
in Y which are not contained in the union of the finitely many
open balls cannot accumulate and therefore are isolated and
hence finite:

{ai,...;ay} =%\ <U Bgzv(xéo)> : (5.54)

i€ly
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Step 2b): Applying Step la away from the concentration points.
For arbitrary iy € Iy, choose s < py;,. Note that for k large
enough, Bf’;(a:gg) C BSLO(J;Z‘)) because pgi, — oo, and z}0 —
z' . Therefore we can assume that for all k € N,

Theorem 5.5 gives a constant ¢; such that
sup ||ag — crll o iy, < O 5.55
1 0t = 6l g, (5.55)
for any r < s;,. Define
Uy = (‘I_}k — ‘I_}k(wo))

for some xy € ¥. Let K € ¥\ {ay,...,ayx} be any compact set.
Note that, due to (5.54),

Poo i= Inf poo o > 0, (5.56)
ek

where p, was defined in (5.34). Thus, we can apply Step la to
any such compact K (and since K C X\ (U1, nBs(a;)) for
some 0 > 0, we restrict to compact sets of the latter form). For
0 < infies, poc.i, Wwe obtain

Sup 1G]l Lo (2 (Ui Bs(a))) < Cs, (5.57)

for a constant Cs depending on 4. Note that (5.57) implies,
similarly as in (5.42), that

Uy (3 (Uier,_nBs(a:))) € By (0) (5.58)

.....

for k € N.
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Step 2c): Using inversions to control \f/k(E) The previous results
do not give estimates on what happens in the balls Bs(a;). In
order to get an area control on the limiting map, we would like

to improve (5.58) and have the entire image ¥;(3) contained in
a ball.

Since Wy (Bs(a;)) could degenerate to infinity as k — oo, the
strategy is to bring this back to a ball around 0 by using in-
versions. If we can find a ball B,.(py) such that for all k£ € N|
U.(2) N By(py) = 0, then composing the maps ¥;, with the in-
version i: & — ——L2 yields i o Uy(X) C B1/,(0), as desired.

|z—pol?

The existence of such py € B1(0) C R™, r > 0 is given by the
following lemma, which follows from the monotonicity formula.

Lemma 5.13. Let cﬁk e &, with

sup W (®},) < oo. (5.59)
k

Then there exists py € R™ and r < 1 — |po| such that
()N Bypy) =0  forall k e N.

Proof of Lemma 5.13. Let S > 0 and place disjoint balls Bg(p;)
in the unit ball obtaining a total number of balls proportional
to 1/5™ (consider for instance a grid of length 25 and put a ball
Bs(p;) in each cube).

Fix k € N. If for a ball we have

Bsa(pi) N () # 0,

there exists ¢; € Bgo(p;) with 04, > 1. Since Bg/s(q:) C Bs(pi),
Corollary 5.12 gives

Area <(f>k(2) N Bg(pi)> > Area <5k(2) N BS/2(Qi)>
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52 S? -
>2 1 2 | [2dvol,, .
6 Bs/(4i) g
Since the balls Bg(p;) are disjoint and all contained in Bj(0),

% : ‘{z s.t. Bga(pi) N (f)k(z) 7 Q)}‘

2
< Area (@k(E) N Bl(0)> + 5 |H|*dvol,,_ (5.60)
8 B1(0) g':bk

3 62 -
< | — N
< (2 + 3 ) W(Py),

where we applied Corollary 5.11 in the last step.
Consequently, due to assumption (5.59), for S > 0 chosen
small enough, there exists for each £ € N a point p;, such that

Bsya(pi,) N Wi(X) = 0.
(If <% is the total number of balls Bg/s(p;) in B1(0), choose S > 0
in such a way that 72— > (% + %2) sup, W(®;).) Extract a

65m—2
subsequence such that p;, = py is independent of k € N. Bg/s(po)
is the ball we have been looking for. []

Proof of Theorem 5.8 continued. Recall (2.30) and apply Lemma

5.13 to the sequence ¥ and let B,(py) be the obtained ball free
of mass. Consider the inversion

r — Po

, 5.61

0. T +—
which is a conformal transformation of R™ U {co} such that

T1(2) N {center of inversion of 3y} = 0.
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Note that iy is a diffeomorphism from Br(p)\ B, (po) into By ,-(0)\
B1/r(0), for any R € (0,00). Thus,
. 1
HVZOHLOC(BR(po)\Br(pO)) + [ Vig HLOO(Bl/T(O)\Bl/R(O)) < Cg. (5.62)
Since i is conformal it satisfies the equation
dig(x) = "@R
for R € O(m) being some orthogonal matrix. (5.62) implies
that for the conformal factor, we have
191l 2(Btoo)\ B, (o)) < Cre (5.63)
Define for k£ € N,
Uy, = ig o Uy,
and let & = a; + v denote its conformal factor satisfying
e20k ) — 95 -
k
From (5.58) and the choice of B,(pg), we know that for § > 0
and all £k € N,

Uy (B\ (Uit Bs(a:))) € Bey(0)\ By(po).

Together with (5.57) and (5.63), this implies that for the con-
formal factors, we have again

D 229\ 01 orta) S Co: (5.64)
What we have gained by inverting is that

Ui(S) C Biy(0)  forall k € . (5.65)
Corollary 5.11 implies that for all £ € N,

. 2 3 -
/emkdvolhk = Area(V; (X)) < 5,3 Sup W(dp) <C, (5.66)
) ok

by (2.30).
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Step 2d): Weak convergence of \i_;k to &,. Since (5.64) holds for
any 6 > 0, and due to (5.66), we can argue exactly as in Step 1b)
and extract a subsequence such that

Uy — & wealkly in W22 (2 )\ {ay, . ..,an}). (5.67)
Furthermore, Step 1c) shows that EOO is conformal and we have
log |dU, > = log|dés]?  in (D)5 (2 \ {ai,...,an}).

It remains to prove Condition iv) from Definition 5.1. Since
hi. = hoo, (5.66) implies that

sup/ |d‘ijk|l2zoo dvol,_ < o0.
koJs

Together with (5.67), this implies that for any ¢ > 0,

aaaaa

where C' is independent of . Thus, Eoo extends to a map in
WL2(¥) and we have

Uy — & weakly in W2(X).

By (5.65),

sgp H\ilkHLoo(g) < 00

which implies in a similar way

=
A *

U, &, weakly in (L%)*(D).
This finishes the proof of Theorem 5.3 for f;; = 0. ]
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6 Weak branched immersions

6.1 Expansion at a blow-up point

Motivated by the compactness result of Theorem 5.3, the pur-
pose of this section is to find out more about the limit object E
of a weakly convergent sequence 3, € & satisfying sup;, ]I(ng) <
oo. The first observation is on the Gauss map ﬁg.
Lemma 6.1. Let 5 be the weak limit of a weakly convergent
sequence ®, € & in the sense of Definition 5.1 which satisfies
sup, I(®;) < oo. Then

ﬁg - W1’2(E).

Proof. Denote the blow-up points of é’ by aq,...,ay. If follows
from Lemma 5.2 that for any d > 0, we have

......
—

= limkinf]I(CI)k) < C.

Hence, 7iz € W2\ {ai,...,ay}) and since C' is independent

loc

of d, 7ig extends to a map in W"*(X). ]

The following lemma helps to understand the behavior of 5’
at its blow-up points.

Lemma 6.2. Let 5: D? — R™ be a weakly conformal map such
that log |VE| € L2 (D?*\ {0}) and € € W22 (D?\ {0}). Assume &
extends to a map in W12(D?) and that the corresponding Gauss

map Tig also extends to a map in W2(D?, Gry,_o(R™)).
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Then € € WL(D?) and there ezists n € N\ {0} and a
constant C' such that

(C = o(1)) |2"™" < 10:£] < (C +o(1)) 2" (6.1)

Remark 6.3. (6.1) tells us that the behavior of £ at its blow-up
point is just the one of a holomorphic curve such as

C— C?* 2+ (2229,

We thus call a blow-up point branch point if it has positive
branching order n — 1 > 0, where n € N\ {0} is given by
Lemma 6.2. (Note that if n — 1 = 0, there is no branching
and we can remove the singularity.)

Proof of Lemma 6.2. We can localize in order to ensure that

8
Vii? dody < —.
DQ‘ n5| Tray 3

Exactly as in Subsection 4.2, using Hélein’s lifting theorem, we
deduce the existence of a framing

¢:= (€1,6) € WH(D? 8™ 1 x g™ 1)

such that
<€1, €2> = 0, ﬁg: *(—)1 A _)2), (62)

/ ([Véil? +|Vél|] dedy <C | |Viid*dedy — (6.3)
D2 D2

and satisfying the Coulomb conditon

div(ey, Véy) =0 in D?

S (6.4)
(é’l, %> =0 on 0D?.
ov
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We introduce e; := dﬁileﬁ and ef to be the dual framing.
Denoting |8,£]2 = \any = ¢* we have that the metric g =
é:" grm is given by g = e [de + dyﬂ. Hence with respect to
the flat metric gg := [dmz + dyz] one has

—2X —2A

|€i|§0 = 90(61', 6@) =e€ g(ei, ei) =e

and since ei(e;) = 6;; we have that |ef|2 = e**. Since ¢ is

assumed to be in W12(D?), we deduce that
ei € L*(D?).
Since € is in W NW22(D2\ {0}, R™) and log |VE| € L2 (D?\

loc loc
{0}) we have that the framing given by f; := e 9,,¢ is in
L NWEA(D2\ {0}, R™). Since € is conformal the unit framing

l_qc loc

(f1, f2) is Coulomb:

div(fi,Vf) =0  in D*\ {0}.
Denoting by e the rotation which passes from (f1, f2) to (€1, &),
the Coulomb condition satisfied by the two framings implies that

6 is harmonic on D? \ {0} and hence analytic on this domain.
This implies that

el e L NW.A(D?\ {0}).

loc

As in Subsection 4.3 we introduce f € W12(D?) as the solution

to
df = x4(e1,déy) on D?
(6.5)
f = 0.
0D?
Then f satisfies

Ay,f = (VYe,Véy) on D?
f =0 on 0D?
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and Theorem 3.7 implies that f € C°(D?). As in Subsection 4.3,
we obtain for ¢ =1, 2

dle¥el]=0  in D'(D*\ {0}).

7

By the Schwartz Lemma the distribution d[e~/e] is a finite lin-
ear combination of successive derivatives of the Dirac Mass at
the origin but since e~/ef € L?(D?), this linear combination can
only be 0. Hence we have for : = 1,2

dle fe] =0 in D'(D?).

]

Hence, by Poincaré’s Lemma, there exists (o1, 02) € W1?(D? R?)
such that

—f *
do; = e el

The dual basis (0/001,0/005) = €/ (ey, es) is positive and or-
thogonal on D?\ {0}. Hence o = o7 + iy is an holomorphic
function on D?\ {0} which extends to a W'?-map on D?. The
classical point removability theorem for holomorphic maps im-
plies that o extends to an holomorphic function on D?. Possibly
after modifying o by a constant, we can assume that o(0) = 0.
The holomorphicity of ¢ implies in particular that

‘d0|go - \/§ e/\_f

is uniformly bounded and, since f € L>(D?), we deduce that A
is bounded from above on D?. This fact implies that E extends
to a Lipschitz map on D?. Though |do|, has no zero on D?,
o’ might have a zero at the origin: there exists an holomorphic
function h(z) on D? satisfying h(0) = 0, a complex number cg
and an integer n such that

o(z) =co 2" (1+ h(2)). (6.6)
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We have that locally
0y = 0,,€ — 10,,€ = dE(eer) — idE(el es) = el &) — idn)].
Hence, since f is continuous, we have that
10,€] = V2 /O (14 0(1)). (6.7)
Combining (6.6) and (6.7) gives
10.€] = 0,€] 0.0] =con V2 e/ |27 (14 0(1)). (6.8)
This last identity implies (6.1). O

Definition 6.4. Let (3, h) be a conformal structure on X, where
h denotes the associated metric of constant curvature and unit
volume. The space .7:(620”}{) denotes the set of measurable maps

é’: > — R™ that satisfy
i) £ € Whe(X);
i) £ (2, h) = R™ is weakly conformal;
iii) there exist finitely many blow-up points ay,...ay € ¥ s.t.
log|dé] € Ls.(2\ {ai, - .., an});
i) ﬁge Wh2(2, Grp,_2(R™)).

Remark 6.5. Let &), be a sequence in Es, with supy, H(Clgk) < 00.
Let hy. denote the respective metrics of constant curvature and
unit volume of the induced conformal structures, which are as-
sumed to satisfy condition (CA) with hy — he. Suppose o,
weakly converges to Eoo in the sense of Qeﬁnition 5.1. Then

Lemma 6.1 and Lemma 6.2 imply that £ is an element of

conf
F (b
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We are now ready to introduce the space of weak branched
immersions, which contains the closure of &, under weak con-
vergence.

Definition 6.6. Define the space Fx, of weak branched immer-
sions as the space of measurable maps d: Y — R™ such that
there exists a bi-Lipschitz diffeomorphism W of ¥ and a confor-
mal structure on X, with h being the associated constant curva-
ture metric of unit volume, such that ® o U € f(cgl}{).

Let 5 € f(czon}f) be a weak branched conformal immersion with
branch points {b;} and respective branching orders {n; — 1},
given by Lemma 6.2. Taking isothermal coordinates around b,
Lemma 6.2 gives us information on the behavior of the conformal
factor

A = log|8,,£| = log |0,,&] = log |8.€] — log V2
at 0 = w_l(bj). More specifically, we have

AN = 2K in D?\ {0}
(6.9)
Mz) = (nj—1)loglz| +O(1) in D?
where we used Lemma 2.5 on the regular part of E
—AN— 2K (6.10)

is a distribution on D? and its support is contained in {0}. The
Schwartz Lemma implies that it is a finite linear combination of
do and its derivatives. Since (6.10) is in [, L*(D?), standard
techniques show that no derivatives of ¢y can occur. The second
line in (6.9) yields that

—AN = K — 27(nj — 1)d. (6.11)
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In the same way, Lemmas 2.6 and 6.2 imply the following ex-
tension of Liouville’s equation to maps in F; conf

Lemma 6.7. Let £ € }"C(mf have the branch points by, ..., by

with respective bmnchmg orders ni—1,....,ny —1 € N\ {0},
given by Lemma 6.2 and let
g=eh.
Then « satisfies the following PDE in D'(3):
N
—Apo =Ky — Ky =21 (nj — 1)d,. (6.12)
j=1

The following lemma gives a control of the branch points with
multiplicity.
Lemma 6.8. Let £ € fconf have the branch points by, ..., by

with respective bmnch’mg orders ni—1,....,ny —1 € N\ {0},
giwen by Lemma 6.2 and let

g = e*“h.
Then N
;(”j —1) < %H() — x(¥). (6.13)

Proof of Lemma 6.8. Applying the identity (6.12) of distribu-
tions to the constant function 1 on X yields

N
2T Z(nj —1) = /EeQO‘Kg dvol;, — /EKh dvoly,
j=1

where we used (2.23) in the last step. O
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6.2 Weak sequentially closedness of Fy

We called Theorem 5.3 a weak “almost-closure theorem” because
starting from a sequence (f)k in & the weak limit map EOO is in
general not contained in the class &, but only in the strictly
larger space Fx. In the following theorem we show that the
space Fyx of weak branched immersions is in fact closed under
weak convergence, i.e. we obtain a weak closure theorem.

Theorem 6.9 (Weak closure theorem). Let &, € Fy, be a se-
quence such that

sup I(Py,) < oo. (6.14)
k

Suppose assumption (CA) is satisfied and thus, up to subse-
quences, for the constant curvature metrics hy of unit volume
of the conformal structures induced by Py, we have

hi = hoe  in CYX), foralll €N,

for he being the constant curvature metric of unit volume of
some conformal structure on 3.
Then there exists a subsequence of ®j which, in the sense
of Definition 5.1, weakly converges to an element of the space
conf
Pmof of Theorem 6.9. Compose with diffeomorphisms ¥y, to ob-

tain fk = <I>k oWV, € ]:fonf he)” Denote the branch points of §k by

o, ..., ka with respective branching orders nf —1, ... ,nNk —1e€

N\ {0}. (6.12) and (6.13) imply that

1 -
[Barls <2 (G1B - 2mu(D)) < C.
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Consequently, Theorem 3.6 implies that, as in the unbranched
case, we get a global bound

s%p |dok || 2005y < 00.

Thus, Theorem 5.5 holds true for a sequence of isothermal charts
wr. satisfying

8T
- 2
SL;p /D2 Vi, [“dzidzs < 3 (6.15)

and containing none of the branch points b%, .. ., b’f\,k.
Lemma 6.8 and condition (6.14) imply that the number of
branch points is uniformly bounded:

Ny,
Ne< Sk —1) < SI(d) - x(5) < C

. 4
Jj=1

Hence, we can extract a subsequence of f;; such that Ny := Ny
is independent of &’

We perform Step 2a) in the proof of Theorem 5.3 with the
only difference that when extracting a further subsequence in
order to obtain (5.52) and (5.53), we do this in such a way that
additionally, for each j € {1,..., No} there exists b3° € 3 with

b — b, (6.16)
as k' — o0o. Define
{dl, s ,dM} = {b(fo, e ooy ]OVOO} U {al, c ey CLN}, (617)

where the latter set of points is as defined in (5.54).
In Step 2b), if B;‘?(xé%) contains any of the points 03°, ..., b3 ,

choose a smaller ball B, C BQ;;C (z%) that is free of these points.
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Let 0 < 0 < min{min;ey, pi oo, t} be arbitrary small. Step la)
can now be applied to K = X\ UM, Bs(d;), with

i ing )
o0 = 1min 11 €T.,009 - .
p xEKp ’ 2

The choice of p,, makes sure that Theorem 5.5 can be applied,
i.e. we have a cover of balls satisfying (6.15) and containing no
branch points.

The rest of Step 2b) and Steps 2¢) and d) imply weak conver-
gence to some é’oo S ]:(Cg?lfoo) with blow-up points dy,...,dy. [
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7 The Willmore surface equation

In this section we shall work mostly in the simplest framework of
weak immersions into R3, though most of the arguments below
can be extended to the most general framework of weak immer-
sions into arbitrary Riemannian manifolds ([Riv08], [MR13]).

As always, ¥ denotes a smooth closed oriented 2-dimensional
manifold. In this section we will work locally in conformal charts
most of the time.

We first introduce the notion of weak Willmore immersions.

Definition 7.1. Let ®: X — R™ be a weak immersion in Es.. d
15 a critical point for W if

d -
Vi e CYS,RY)  SW(E+td)| =0 (7.1)
t=0

Such a weak immersion is called Willmore.

Weak Willmore immersions are characterized by an Euler-
Lagrange equation. We want to study it for the case m = 3.

Theorem 7.2 (Willmore surface equation). Let ®: D? — R? be
a conformal weak tmmersion in Ep2. ® is Willmore if and only

of
div |2VH — 3H Vi + H x viﬁ} —0 nD(DY. (1.2
Since it is a local property for a weak immersion b e Ey to be
Willmore, one can work locally in a disc-neighborhood of a point

and use isothermal coordinates on this disc. Thus Theorem 7.2
implies immediately the following.
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Corollary 7.3. ® € & is a weak Willmore immersion iof and
only if in any conformal chart, the following holds true:

cm2vﬁ—&ﬂm+ﬁxv%}ﬂ)mﬂuﬂ. (7.3)

Proof of Theorem 7.2. Let $: ¥ — R3 be conformal and in Epe,
and let
(I)t = q) + t’U_j

be any variation, for @ € C®(D? R3). For |¢| small enough, &,
is still in £p2 and we consider

W (®,) :/ |Hy|? dvol,, :/ H? dvoly,,
D> D2

where ﬁt := H; n;. We want to compute

Dy (3,

d
—9o | HZH
dt t

d
0 JH dvol, + [ H? — (dvol,,)
t=

o pe dt

(7.4)

Recall from (2.16) that H; = %Zi,j(gt)ij(l[t)ij where we denote
(Lt)ij = (Et(ﬁa:,», Or,), 1) = — (O, Ty, &Cj(f)). Consequently,

1 d i
= 5 Z E(gt) !
(]

y d .
+ g” [<(9x2 %nt

We have (g¢);; = <8xi<f>t, 6xj<f>t>, thus

d

H 0y 7, 0y, O
it <z”j>

t=0

,@ﬁ>+@ﬁ@wﬂ.&@
t=0

t=0

d . .

t=0
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Since Zi(gt)ki(gt)ij = 0j and g;; = e I, where Iy is the (2% 2)-
identity matrix, we have

d

%(gt)kj . e + e %(Qt)ky . =0, (7.7)
from which we deduce
G =—e S| = e ((008,0,8) +(0,8,0,0))
t t=0 t t=0
(7.8)
Note that we can write
d n ae; +be
5, it — 1 2
dt t=0

for two functions a and b. They can be identified as follows:

L od d -
eta = <eA €1, —y t:O> = — <£ (85,;1(1%)

dt
and similarly one obtains b = —e~* (9,1, 7). Thus,

g d -
> g7 <a — iy ,axj@>
irj dt iz

7ﬁ> — _<aa?1w7 ﬁ>7

t=0
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Observe

d _d 12
% ( - 7 (det(gt)m)

dvol,,)
Ml dt

dxl N dxg
t=0

— %e” % (911 (g1)22 = (90)32)

diCl N dfCQ

= (7.10)

1/d
= 5 (E(gt)ll

_ ((@mlcﬁ, B, @) + (8, B, a@@) dzy A ds.

where the last step is due to (7.6).
Plugging (7.5), (7.7), (7.9) and (7.10) in (7.4) yields

d
+ —(gt)22
o dt

) dﬂfl N dﬂ?g
t=0

d -
“Wi(d
dtW( t)




+ | H (8,,(0y,F, ) + Oy, (00,8, 7)) dydas
D2

+ / H? (<ax1ci>’,axlw> + <ax2<f>,ax2w>) diydas,
D2

where we used that

(O, 1, O, ) + (O, T, Oy T) = Y (0,71, 0
and

Partial integration gives

d -
“W(d
dtW( t)

=0

__ /D {0, (He0,71,0,,8) 0,8 + He M0,,7,0,,8) 0,,8) @) diydy
_ /D {00, (He0.,71,0,8) 0,8 + He 0,,7,0,,8) 0,,8) ) drydr

i /D (00, (00, H ) + 0y, (00, H ) ) drrdir

_ /D {0, (H20.,8) + 0., (H?0,,8) ,7) durdes

— / <3x1 (_HWT(amlﬁ) + Op H i — H* axl@)
D2

+0,, (—HWT((%Qﬁ) 49, H it — H? amq?) ,w> dz1das
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_ / <dw (—HVﬁ Y VH - H2V<f>> ,w> dzidzs.
D2
Thus, (7.1) holds if and only if
div <—HVﬁ L VH - H2vq3> ~ 0. (7.11)

Using Lemma 2.60 gives the desired result.
]

Note that in the proof of Theorem 7.2, the assumption of o
being an element of £p2 was enough to make sense of each line.

In particular, the quantity in (7.2) is an "honest” distribution
in D'(D?). Indeed, H € L*(D?) and consequently

VH e HY(D?, HVielL'(D?, HxV*ielL(D?.
(7.12)
Note that first an alternative Euler-Lagrange equation for
smooth Willmore immersions was discovered: by Shadow-Thomsen
([Tho23]) in dimension 3, for general m > 3 by Weiner ([Wei78]).
In dimension 3, it is

A H +2H (H* — K) = 0. (7.13)

In [Riv08] the equivalence of (7.2) and (7.13) for smooth con-
formal immersions is shown. Note that equation (7.13) contains
the nonlinearity 2H (H? — K), which is cubic in the second fun-
damental form. Thus, it has no meaning for weak immersions
with second fundamental form bounded in L?.

In the next subsection we want to address the question whether
weak Willmore immersions are actually smooth.

Observe that (7.3) is in conservative-elliptic form which is
critical in dimension 2 under the assumption of L>-bounded sec-
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ond fundamental form. Indeed, we write the equation as follows:

- 3 1 -
AH = div | S H Vit — S H x Tl (7.14)

As observed in (7.12), the second fundamental form being in L?
implies that
3

1~
5 H Vil — S H x V+ii € LY(D?).

Theorem 3.5 implies that

1 3 1 S
—log |z| * div |=H Vii + =V x H| € L**(D?).
o 2 2

Inserting this information back in (7.14), we obtain H € L.°°(D?)
which is almost the information we started from. This phe-

nomenon characterizes critical elliptic systems.
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7.1 Conservation laws for weak Willmore immersions

The key for studying the regularity of weak Willmore immersions
will be to discover conservation laws for them.

Theorem 7.4. Let ® € Ep: be a conformal weak Willmore im-
mersion. Then there exists L € L7>°(D? R?) such that

loc

VYL =2VH —3H Vii+ H x V*'ii. (7.15)

Moreover the following conservation laws are satisfied:
div [<E, quﬂ —0 (7.16a)
div [E X VA& +2H v%’} ~ 0. (7.16b)

Proof of Theorem 7.4. Since ® satisfies (7.3), by the weak Poincaré
Lemma there exists L € D’(D?) such that

V'L =2VH —3H Vii+ H x V*'7. (7.17)

Assuming ® € Epe, the right hand side of (7.17) is in H' N
LY(D?). We deduce from Theorem 3.5 that L is the sum of a

harmonic function and a function in L*»*°(D?), thus
L e L*>(D?).

loc

For proving (7.16a), note that
div [(E, v%}} — (VL,V+®) = —(V'L, V)
(7.18)
— —(—H Vii+ H x V', V).
Using (2.60), we obtain
(H Vit+ H x V'it, V®) = —4 ¢ H>, (7.19)
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Finally,

(=2H Vi, V®) = 2H (1(0y,, 0y,) + L(s,, 8s,)) = 4 €* H?,
(7.20)
which, together with (7.18) and (7.19) gives the first conserva-
tion law (7.16a).
For showing the second one, recall from (2.10) that

div [E x viq?} —V® x VL. (7.21)
Using again (2.60), we have
vV x (H Vi + H x viﬁ) = 2’ VB x VP =0. (7.22)
We compute

Ve x (2 VH -7t — 2H Vi)

=2VH- (V(f) X ﬁ) —2H (8;61(13 X Oy T + 0, X 896277)

NG 7

=0
=2 VH Vo,
(7.23)
Identities (7.21), (7.22) and (7.22) imply the second conservation
law (7.16b). 0

Having now found two new conserved quantities, as we did
for the first one 2 VH — 3H Vii + H x Vi, we can apply the
weak Poincaré Lemma in order to obtain ”primitives” of these
quantities.

Theorem 7.5. Let ® € Epz be a conformal weak Willmore im-
mersion and let L € LQ’OO(D27 R3) be as in Theorem 7.4, satisfing

loc

the conservation laws (7.16a) and (7.16b).
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There exist'* S € VVZ (2,00) (D%, R) and R € VVZ 200)(D2 R3)
such that

VS = (L, V'®) (7.24a)
ViR=LxV'®+2H V' (7.24b)

and the following equations hold:
VS = —(ii, V' R) (7.25a)
VR=7xV*R+ VS 7, (7.25b)

Proof of Theorem 7.5. Due to conservations laws (7.16a) and
(7.16b), and the Poincaré Lemma, there exists S € D'(D* R)
and R € D'(D? R®) satistying (7.24a) and (7.24b).

Since ® € W*(D?) and L € L2>°(D?), VS and VR are in
LQ OO(DQ)

loc
Next, we want to show (7.25b). Note that, by (7.24b),
ix VIR =i x (E x V@) YOH A x VEB. (7.26)
We have
i x Vi = Vo (7.27)

and

(7.28)

—(L,V*®) - ii+ L x V.

4We denote by W1 (%) the space of distributions in L? with gradient in L.
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From (7.24a) we know that
(L,V+®) = V3. (7.29)
Combining the identities (7.26), (7.27), (7.28) and (7.29) yields
ix VIR=-V'S i+ LxVd+2H V3.
On the other hand, from (7.24b) we know that
VR=LxV®+2H V.
The two last identities together imply (7.25b).

The first equation (7.25a) now follows easily from the second
one: Using (7.25b), we have

(7, V*R) = — (@i, i x VR) —(it, VS - i) = —VS8.
————
=0
O

Corollary 7.6. Let d € Ep be a conformal weak Willmore
immersion. Let L € LQ’OO(D2, R3) be as in Theorem 7.4 and S €

loc

Wl’(g’oo)(D2,R) and R € Wl’(2’oo)(D2,]R3) as in Theorem 7.5.

loc loc

Then the triple (5, S, E) satisfies the following system:

(AS = —(Vii, V' R) (7.30a)

JAR=Viix V'R + V'S - Vii (7.30b)
S - | = -

KA<1>:§(v S-VP+V Rchp). (7.30¢)

Proof of Corollary 7.6. (7.30a) and (7.30b) are obtained by tak-
ing the divergence of (7.25a) and (7.25b) respectively, recalling
(2.9) and (2.10).
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Furthermore, using (7.24b), we have
VP x VIR
= V& x (L x V48) +2H VE x V&
(7.31)
= (V®,V'®) L — (VD,L)-V*+® —2H 8, ® x 9,
— —(V®,L)-V'® — 4He? 7,
where ! := |8,,®| = |0,,P|. Using (7.24a), we obtain
4 H=-VS-V+® -V x V*R.

This, together with the representation (2.42) of the mean cur-
vature vector, implies the desired identity (7.30c). ]

Remark 7.7. Recently, Bernard ([Ber]) found that the three
conservations laws (7.3), (7.16a) and (7.16b) are due to Noether’s

theorem, 1.e. they correspond to particular symmetries of the
Willmore functional.

We recall Noether’s theorem for a functional of the form
L(u) = / l(u, Vu) dxdy, u € W (D* R™),
D2

for l(z,p) being C* wrt z and C? wrt p.
A wvector field X on R™ is called infinitesimal symmetry of [
if for all u € WH2(D?)

[(u, Vu) = l(F(t,u), V(F(t,u))),

where F(t, z) is the flow of X at time t started from z € R™ at
time 0.
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Theorem 7.8 (Emmy Noether, 1918). Let X be an infinitesimal
symmetry of . If u is a critical point of L, then

o (2 x(w) 0.

J = % - X (u) is called the Noether Current associated to the
symmetry X.

In [Ber|, Bernard considers variations of a smooth immersion
d: ¥ — R™ of the form

&, := & + (A9, + B), (7.32)

for B = Bf. (As before, we shall only consider the case m = 3
in the sequel.) He derives

— | Hy|“dvol t)
dt X ! t=0

— /E O [(é,WHdw <<Fl, VB)—(B,VH)+ H’ <ﬁ;)) ]dvolg,

A\ 7
-~

=J

(7.33)
where Xy C X 15 any smooth subsurface and
W = (A H + 2H(H? — K))ii

the Willmore operator. Recall from (7.13) that W vanishes for a
Willmore surface, i.e. a critical point of the Willmore functional.
Assuming that ® is a Willmore surface and choosing Al (93'(13 +B
in (7.32) as a translation, dilation and rotation gives then the
following associated Noether currents:
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Translation. For @ € R3, let
&, = +ta, e A=(d ¢70;D), B=(iad).
Noether current:
J; = (@, —VH@ + HV#@ + H*V®).
Note that
div(—=V Hii + HV#A + H*V®) = 0
is equivalent to the Willmore equation (7.3) in conservative
form (cf. (7.11)).
Dilation. For € R\ {0}, let
®, = & + tud, ie. AV =pu(g"9;®,®), B = plit, o).
Noether current:
S = g(i, vl(f)%
where L is defined as in (7.15).
div(L, V*+®) = 0
is conservation law (7.16a).
Rotation. For b € R3, let
&, = P+tbxd,  ie A= —(b,g"0;xP), B=—(bixd).
Noether current:
Jy = (b, —%E X V& + H x V),
Note that
dw(—%iquﬂﬁxv@) = —%dw@xv%nﬂv%) =0
is conservation law (7.16b).
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Inversion. Finally, considering a variation corresponding to a
translation and an inversion of the form

&, = O + ¢(|P*d — 2(D, @) D),

for a € R3, leads to (7.30c), i.e. the equation that estab-
lishes a connection between the potentials S and ﬁ, obtained
as primitives of the two former conservations laws, and the
immersion ®.

7.2 The regularity of weak Willmore immersions.

We are now ready to prove that weak Willmore immersions are
C™ in conformal parametrization. The starting point is the
elliptic system with quadratic non-linearities which are made of
linear combinations of Jacobians. It is somehow reminiscent to
the CMC (constant mean curvature) equation

Au=2H 0,,u X Oy,u, (7.34)

for H € R being a constant.

Wente showed that any W1?(D? R3)-solution of (7.34) is ac-
tually smooth. This makes us hope to get the same fact for
weak Willmore immersions. To put ourselves in the same start-
ing position as in the case of the CMC equation, we show that
VS and VR are not only in L2, but in fact in L2 This is an
easy consequence of the previous corollary, together with some
result on integrability by compensation.

Corollary 7.9. Let d € Ep be a conformal weak Willmore
immersion and L € L>>°(D? R?), S € W, 29)(D2 R) and R €

loc

I/Vl (2 OO)(DQ R3) be as in Theorems 74 and 7.5.

oc

Then VS € W,2(D2,R) and VE € W,2*(D?, R3).
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Proof. Appying Theorem 3.10 to the equations (7.30a) and (7.30b)
gives the result. ]

We can now attack the proof of the smoothness of weak Will-
more immersions, just as it works in the case of the CMC equa-
tion. We will need the following lemma.

Lemma 7.10. Let v be a harmonic function on D?. Then for
every point p € D?, the function

1
T — |Vo|* doidxy
" JB.(p)

1S 1MCTeasing.
Proof. See [Riv], Lemma IV.1.

Theorem 7.11 (Weak Willmore immersions are smooth.). Let
& € & be a weak Willmore immersion. Then ® is C° in con-
formal paratmetrization.

Proof. For any conformal chart, we can apply Theorems 7.4
and 7.5 as well as Corollaries 7.6 and 7.9 and obtain VS €
WhA(D?2 R) and VR € W,2*(D?, R?) such that the following

loc loc
system is satisfied:

(AS = —(Vii, V' R) (7.35a)

JAR=Viix V'R + V'S - Vii (7.35b)
S - | = -

kA<1>:§<v S.-Vd 4V RxVCI)). (7.35¢)

117



Step 1: Morrey decrease. Our first aim is to prove the existence
of a positive constant « such that

sup r / (!VS]Z + |V§|2) dxidxs < 0o. (7.36)
B.(p)

T’<1/4, pEBl/g(O)

Once this Morrey decrease for |V.S|2 + |VR|? is established, by
(7.35a) and (7.35b), we get one for |AS| + |AR| as well:

sup P/ / (|AS| + \Aﬁo dridre < 0o. (7.37)
(0) B..(p)

r<1/4, peBy ),

Then a classical estimate on Riesz potentials ([Ada75]) gives
that

VS, VR e LV (B1/2(0)) for some p > 2, (7.38)

loc
from which we will start the bootstrapping in Step 2.

To prove (7.36), we let g9 > 0 fixing its value later. There
exists some radius ry > 0 such that

sup / \Vii|? doidry < gg.
peBy /2(0) Bro(P)

Let p € B1/2(0) be arbitrary. Let Vg and ‘Ijﬁ be the solutions of

AUy = —(VA,VIR)  in B, (p)
(7.39)
Ug = 0 on 0B,,(p)
and
AUz = Vix VIR+VES- Vi  in B, (p)
) (7.40)
Vs = 0 on 0B,,(p).
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By Lemma 7.10 and the Dirichlet principle, the harmonic rests
USCZS—\IIS UEZ:é—qjﬁ

satisty

/ (IVosl? + [V5?) derdes
Br0/2p
(7.41)
1 o
< —/ (|V8|2+\VR|2) d .
4 By, (p)

Applying Wente’s Theorem 3.7 to (7.39) and (7.40) yields

/ (|vq15|2+ \v\flﬁ\?) dzds

By, (p)

gc/ %k dxlde/ (\vsﬁﬂvfzﬁ) di1ds
By, (p) By, (p)

gCgO/ (|VS\2+|VJ~?\2) dydas,.
By, (p

(7.42)

119



Putting (7.41) and (7.42) together yields

/ (IVSP +|VAP) dride,
Br0/2(p)

gz/ (\V\Ifs\2+|w7ﬁ\2> dz1dms
By, (p) (7.43)

+ 2/ (|V’US|2 + ‘VUEF) dl‘ldlCQ
BT0/2 p

1 H
< <2C€0+—>/ (|VS|2+\VR|2) dxidas.
2 By (p)

We now choose gy := 1/(8C'). Then iterating (7.43) yields

/ (\v5\2+|vé\2> dzydzs

Bz—j,«op
3’ .

< (—) / (|VS|2+\VR|2) dxdwy (7.44)
4 ro (D)

S Cro (2—]'7,,0)0"

where we choose

4 .
« := log, <§> : Cry = TOO‘/B o (|VS|2 + \VR|2) dxidzs.

Since o and 7 are independent of p € By 5(0), this gives (7.36)
for the sup taken over all » < ry. Noting that

sup r® / <\VS\2 + |Vﬁ\2> dxidxs
B,»(p)

ro<r<1/4, peB;/5(0)
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< roa/ (\VS’\Q + |V}_ﬂ2) dxidzry < 00
B, (0)
vields (7.36).

Bootstrapping. Note that (7.38) from Step 1 and (7.35¢) imply
that also
Vi € L} .(B1/2(0)).

loc

This and (7.38) we can use to bootstrap in (7.35a) and (7.35b)
and obtain that

VS, VR e L! (B1/2(0)) for all ¢ < oc.

loc

Bootstrapping this information in (7.35¢) yields
@ € W2I(B5(0)) for all ¢ < oo,

loc

from which we deduce that

il € Wh(By5(0)) for all ¢ < oo.

loc

The latter information injected back in (7.35a) and (7.35b) gives
V28, V2R € L (By(0)) for all ¢ < oo,

loc

and so on and so forth. Iteration gives that
O € WEP(By2(0)) forall keN, 1<p < oo.

Hence
D € Cpo(B1/2(0)),
which finishes the proof. ]

Finally, we want to remark that if one performs the steps in
the regularity proof more carefully and bootstraps in (7.14), one
obtains the following result.
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Theorem 7.12 (e-regularity for Willmore). Let e Ep be a
conformal weak Willmore immersion with |9,,®| = |0,,8| = €.
Assume that

VA 200(p2) < Cop.

Then there exists €y > 0 with the following property:
If
/ ‘Vﬁ|2 dﬂ?ldxg S €0,
D2
then

le* ’H|H%w(pg/2) + HVﬁH%w(ng)

< C (0, IV | 2 () /

D

7.45
|Vﬁ|2 daﬁldﬂfg. ( )

3/4

From the e-regularity (and Theorem 5.4), one sees easily that
one can pass to the limit in the Willmore surface equation (7.2),
if one considers a sequence of weak Willmore immersions with
a uniform L?-bound on the second fundamental form satisfying
(CA). This is possible at all points where there is no energy con-
centration. More precisely, one obtains the following theorem.

Theorem 7.13. Let @), € Es be a sequence of weak Willmore
immersions, which satisfies the compactness assumption (CA)
and

supI(®},) < oo.
k

Let EOO be the weak limit of a subsequence of ®;, in the sense of
Definition 5.1, which exists due to Theorem 5.35.

Then E s weakly Willmore away from its blow-up points.
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8 A minimization procedure for the Willmore
energy among weak branched immersions

We will now merge the compactness theorem from Section 6 and
the regularity theorem from Section 7.2 in order to present a
general approach for minimizing Willmore energy under various
constraints.

The first one is the topological constraint that ¥ (or in other
words the genus) is prescribed. We shall give a new proof of the
following classical result which has originally been derived with

different techniques ([Sim93],[BK03]).

Theorem 8.1. Let X be a closed, orientable 2-dimensional smooth
manifold. Then

inf W(®)

(f)Egg

15 achieved by a smooth embedding.

Proof. We present the proof for m = 3.

Because of the closure theorem 6.9, it is natural to work in
Fy, the class of weak branched immersions, instead of &;,. We
thus take a minimizing sequence 3, € Fy, i.e. satisfying

W(®y) N\, inf W(P).
dbeFs

In order to be able to apply Theorem 6.9 and extract a weakly
convergent subsequence, we need that the sequence ®;. satisfies
the compactness assumption (CA). To see this, we note two
facts:

i) For every genus g there exists a smooth immersion $: 2y —
R? such that W (®) < 8 (for m = 3 see e.g. [Kus89]).
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ii) If a sequence &, € & satisfies W(®;) < min{8m,w}},
it meets the compactness assumption (CA) (see [Riv13],
where also Simon’s definition of wy is recalled). For our

—

purposes, it is sufficient to know that infg_, W(®) < wy.
This follows in particular from [BKO03].

From i) follows that for sufficiently large k, we have
W (®,) < 8.

The Li-Yau inequality (5.27) and Lemma 6.1 imply that any
® € Fy with W(®) < 87 is in fact a weak embedding, i.e.
there are neither branch points nor multiple points. Thus we
can assume that &, € Es..

By ii) (and again i)) we can assume that ®; satisfy (CA).
Now we can apply Theorem 6.9, which gives us a weakly con-
vergent subsequence with limit é;o € }—gonf. By lower semiconti-
nuity of the Willmore functional (Lemma 5.2), we get W (£x) =
infg, - W(fﬁ) As above, by Li-Yau and the branch point lemma,

we deduce that EOO is actually in &y, and does not have multiple
points. Furthermore,

W(Ey) = min W(®) = min W (P). (8.1)
beFy dels

To conclude the proof one uses the following lemma, which is
proven in [MR13] for weak immersions from S? into a Rieman-
nian manifold.

Lemma 8.2 ([MR13], Lemma IX.5). Let € € &, be a conformal
weak immersion. Then W s Fréchet differentiable at & with
respect to variations @ € WH* N W?22(X R?).
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We apply Lemma 8.2 to the conformal weak immersion é;o €
Ey. Note that for small §, variations of the form 5;0 -+ w, for
|0 ypr1.00qmr22(sy < 0, are still elements of . Thus, (8.1) implies
that

deoo =0.

Corollary 7.3 implies that
. N = yd 1= .
div —QVHg ng—i- HgVTLg—HEX V ng} = 0.

The regularity theorem 7.11 implies that é’ € C*°. The fact that

—

¢ is an embedding was noted before. This finishes the proof. [
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